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Abstract  

The present manuscript deals with the estimation of population variance using auxiliary variable. Here 

we proposed an efficient dual to ratio and product type estimator of population variance of study 

variable utilizing auxiliary information in the form of coefficient of kurtosis and the population mean of 

the auxiliary variable. To the first order of approximations, the bias and the mean squared error of the 

proposed variance have been obtained. The optimum value of the characterizing scalar has been 

obtained. This optimum value of characterizing scalar minimizes the mean squared error of the 

proposed estimator. The minimum value of the mean squared error has been obtained for this optimum 

value of the characterizing scalar. A comparison of the proposed estimator has been made with the 

mentioned existing estimators of population variance. Through an empirical study, the performances of 

different estimators of population variance are judged by calculating mean squared errors of different 

estimators. It has been seen that the proposed estimators has minimum mean squared error among all 

mentioned estimators. 
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1. Introduction 

It is well known that for estimating any parameter, the most suitable estimator is the corresponding 

statistic. So for estimation the population variance the most suitable estimator is the sample variance. 

Population variance is one of the important measures of dispersion. Its role in our day today life is very 

important such as we are interested in knowing the estimate of the variation in the production of a 

particular crop, blood pressure, temperature etc. 

The role of auxiliary information is of very much importance as it enhances the efficiency of the 

estimator for estimating the population parameter of the main variable under study. It is used at both the 

stages of designing and estimation of survey sampling. In the present manuscript, we have used it at the 

estimation stage only. In the present study, the study variable is Y and the auxiliary variable is X and both 

the variables are closely related with each other.  When the study variable and the auxiliary variables 

have positively association with each other and the line of regression of the study variable Y on the 

auxiliary variable X passes through origin, then the ratio type estimators are used for improved estimation 

of the parameters of the population under study. Whereas the product type estimators are used for 

improved estimation of parameters under consideration when the auxiliary variable X and the study 

variable Y are negatively correlation with each other. The regression type estimators are used for the 

improvement in estimation, when the line of regression does not pass through the origin. 

Let the population to be investigated is finite and consists of N distinct and identifiable units. Let 

( , ), 1, 2,...,i ix y i n= be a random sample of size n from this bivariate population (X, Y) using a Simple 

Random Sampling without Replacement (SRSWOR) scheme. Let X and Y be the population means of 
the auxiliary and the study variables respectively, and let x  and y  are the corresponding sample means 

which are unbiased estimators of population means X and Y  respectively. 

2. Review of Literature of Variance Estimators 

As mentioned earlier, the most appropriate estimator of population variance is the corresponding 

sample variance defined by, 

 
2

0 yt s=  (2.1) 

The above estimator is unbiased and up to the first order of approximation, its variance is: 
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Isaki (1983) used the auxiliary information in the form of population variance and sample mean of 

auxiliary variable and proposed the following traditional ratio estimator of population variance as: 
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The Bias and Mean Square Error (MSE) of the estimator Rt , up to the first order of approximations 

respectively are,  

 )]1()1[()( 2204
2 −−−= λλγ yR StB  (2.4) 

 )]1(2)1()1[()( 220440
4 −−−+−= λλλγ yR StMSE  (2.5) 

Singh et al. (2011), based on Bahl and Tuteja (1991) exponential ratio type estimator for the 

population mean, proposed the following exponential ratio type estimator for the population variance as,  
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The MSE of the estimator 1t , up to the first order of approximation is given by,  
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The product type estimator for the population variance, based on Bahl and Tuteja (1991) product type 

estimator can be defined as, 
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The MSE of the estimator 2t , up to the first order of approximation is given by, 
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Upadhyaya and Singh (2001) utilized the mean of the auxiliary variable and proposed the following 

modified ratio estimator of population variance as, 
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The bias and the mean squared error of the estimator 3t  up to the first order of approximation 

respectively are, 
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The product type estimator based on the Upadhyaya and Singh (2001) estimator in (2.10) may be 

proposed as, 
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The bias and the mean squared error of the estimator 4t  up to the first order of approximation 

respectively are, 
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Asgar et al. (2014) by using the population mean of the auxiliary variable, proposed the following 

improved ratio and product type estimators of population variance respectively as, 

 







+
−

=
xX
xXst y exp2

5  (2.16) 

 







+
−

=
Xx
Xxst y exp2

6  (2.17) 

The bias and mean squared error of above estimators up to the first order of approximation 

respectively are, 
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Many more estimators of population variance in the literature have been proposed by different 

authors utilizing various parameters of the auxiliary variable. In the present study we have also proposed a 

dual to ratio and product type estimator of population variance using coefficient of kurtosis and the 
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population mean of the auxiliary variable. 

3. Proposed Estimator 

Motivated by Vishwakarma et al (2014) and Upadhyaya and Singh (2001), we propose an improved 

ratio estimator of population variance as, 
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where α  is a suitably chosen characterizing constant and is obtained by minimizing the MSE of the 

proposed estimator *2ˆ
αS  and )()(* nNxnXNx −−= xgXg −+= )1( , )/( nNng −= . 

In order to study the large sample properties of the proposed estimator *2ˆ
αS , we define 
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Expressing *2ˆ
αS  in terms of ie ’s ( 1,0=i ), we have  
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Expanding the right hand side of (3.2), simplifying and retaining the terms up to the first order of 

approximation, we have 
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Subtracting 2
yS  on both sides of (3.3), we get 
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Taking expectations on both sides of (3.4) and putting the values of different expectations, we get the 

bias of *2ˆ
αS , up to the first order of approximations as, 
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From (3.4), we have up to the first order of approximation as, 
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Squaring both sides of (3.6), we have 
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Taking expectations on both sides of (3.7) and putting the values of different expectations, up to the 

first order of approximation, we get the mean squared error of *2ˆ
αS  as, 
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The minimum mean squared error of *2ˆ
αS  for this optimum value of F  is, 
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4. Efficiency Comparison 

From equation (3.10) and (2.2), we have 
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From above equation, we see that the proposed estimator *2ˆ
αS  is better that the estimator 0t as it has 

lesser mean squared error than the estimator 0t . 

From equation (3.10) and (2.5), we have 

 )ˆ()( *2
min αSMSEtMSE R − 0])1(2)1[( 2

212204
4 >+−−−= λλλγ yS , if, )1(2])1[( 22

2
2104 −>+− λλλ (4.2) 

When the above condition is met out, the proposed estimator is better than the estimator Rt .  

From equation (3.10) and (2.7), we have 
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When the above condition is fulfilled, the proposed estimator *2ˆ
αS  performs better than the 

estimator 1t . Thus it will be preferable over 1t  under above condition. 

From equation (3.10) and (2.9), we have 
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Under the above condition, the proposed estimator *2ˆ
αS  is better than the estimator 2t  as it will 

have lesser mean squared error as compared to estimator 2t . Thus it will be preferred over 2t .  

From equation (3.10) and (2.12), we have 
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Thus we see that the proposed estimator *2ˆ
αS  has lesser mean squared error than the estimator 3t . 

Thus it will be more efficient than the estimator 3t . 

From equation (3.10) and (2.15), we have 
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Thus we see that the proposed estimator *2ˆ
αS  has lesser mean squared error than the estimator 4t . 

Thus it will be preferred over the estimator 4t . 

From equation (3.10) and (2.19), we have 
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It is clear from above equation that the proposed estimator *2ˆ
αS  is having lesser mean squared error 

as compared to estimator 4t . Thus it will be more efficient than the estimator 4t . 

From equation (3.10) and (2.21), we have 
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Which shows that the proposed estimator *2ˆ
αS  is better than the estimator 6t  as it has lesser mean 

squared error as compared to 6t . 

5. Numerical Illustration 

To judge the theoretical finding of the proposed estimator in the form of its performance of the 

proposed estimator regarding its mean squared error, an empirical study has been carried out using 

following two real populations. The Sources and the parameters for two populations are given below; 

Population I- Source: Murthy [6] 

X: output 

Y: Number of workers 

25=N , 25=n , 875.283=X , 8465.33=Y , 352.0=yC , 746.0=xC , 9136.0=yxρ , 

2667.240 =λ , 65.304 =λ , 0475.121 =λ , 3377.222 =λ  

Population II- Source: Gujarati [3] 

X: Average (miles per gallon) 

Y: Top Speed (miles per hour) 

81=N , 21=n , 4568.112=X , 086.2137=Y , 1248.0=yC , 48.0=xC , 
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691135.0−=yxρ , 59.340 =λ , 82.604 =λ , 4137.121 =λ , 110.222 =λ  

Table 1. Percent relative efficiency (PRE) of different estimators with respect to 0t . 

Estimator Pop-I Pop-II 

0t  100.00 100.00 

Rt  102.04 * 

1t  214.15 * 

2t  * 50.24 

3t  489.40 177.00 

4t  * 61.99 

5t  131.54 202.86 

6t  * 77.86 
*2ˆ

αS (Proposed) 747.49 521.28 

*Data is not applicable. 

6. Result and Conclusion 

The present manuscript deals with the estimation of population variance of study variable using 

auxiliary information. We have proposed a dual to ratio and product type estimator of population variance 

using coefficient of kurtosis and the mean of the auxiliary variable. Up to the first order of approximation, 

the bias and the mean squared error of the proposed estimator have been obtained. The optimum value of 

the characterizing scalar which minimizes the mean squared error of the proposed estimator is obtained up 

to the first order of approximation. From the table-1 of the numerical study and given in table-1 and the 

theoretical discussion in section-4, we see that the proposed estimator is having very less mean squared 

error as compared to other mentioned estimators of population variance. Thus it is the most efficient 

estimator of population variance among the class of all mentioned estimator of population variance. 

Therefore the proposed estimator should be preferred over all other estimators for the estimation of 

population variance. 
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