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Abstract
In this work, a new univalent integral operator defined by Opoola differential operator is studied.
Some geometric properties of the new univalent integral operator are established.
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Introduction

In this chapter, we give the basic definitions and provide the background for the study.
Definition 1.1

Unit disk is the set of complex numbers whose modulus is less than 1. That is,
U={z:z13.
Definition 1.2
A function f(z) is said to be analytic at a point z, if there exists a neighbourhood |z—2z,|<¢J atall

points of which f'(z) exists.

Definition 1.3

An analytic function f(z) is said to be univalent in a domain D if it does not take any value twice.
ie Vz,z, € D f(z))="1(z,) if z,=12,.

Definition 1.4

Aclass A isaclass of analytic univalent functions f(z) of the form
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. (L.1)
f(z)=z+) a7, zeU
k=2

where U ={zeC:|z|<1}
Definition 1.5
A domain is said to be a convex domain if the line connecting any two points in the domain lies entirely

inside the domain.

Geometrically, a function is said to be convex if the unit disk is mapped to a convex domain.

Literature Review

Let A be the class of analytic functions f(z) as defined in (1.1)

The Salagean differential D" operator for univalent functions is defined as
D°f (2) = f(2)

D'f (z) = zf '(2)

and

D"f(z) = D{D"*f (2)}, (neN)

it f(z)=z+) az"
k=2

D"f(z)=z+) k"az" (neN)
k=2

(Sezgin et al, 2004)

Al-Oboudi Differential Operator for univalent functions

Let A be the class of functions f(z) of the form

f(z)=z2-> a7z a >0 zeU (2.1)
k=2
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where U ={z:|z|<1}
Al-Oboudi Differential Operator Dj : A— A is defined as

DYf(2) = (2)

D:f(2)=(@1-0)f(z)+05zf'(z) and

Dl f()=2- 3 [1+(k-1)6az" 820, (neN,) 520
k=2

(Bulut, 2010).
Let A denote the class of all functions as defined in (1.1)

Breaz and Breaz (2005) considered the integral operator defined by

1

G,.()= {[n(a—l) +1[ (gla))“l,---,(gna»“ldt}"(“‘”” Gyer g, €A

and proved that the function G, , is univalent in U . They noted that for n=1, the integral operator

G, defined by

1
G,(2) = {ajoz (g(t))“dt}“ was obtained.
Breaz and Breaz(2007) gave univalence condition of the integral operator G, , introduced in Breaz and

Breaz (2005).

Theorem 2.1 (Bulut, 2009)

Let g, e AVi=1---,n, ne N satisfy the properties

431vZeu,vi=1,---,n and aeC with |a—1|£%
n

2°9i(2)
(9:(2))*
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Then the function

1

Gn,a (Z) = {[n(a —1) +1]IOZ (gl(t))a—l .. '(gl(t))a_ldt}n(al)ﬂ

(9,---g, € A) isunivalentin U .

Theorem 2.2 (Bulut, 2009)

Let M >1, each of the functions g; € AVj €l,---,n satisfy the inequality

2[D"g, ()]
(D"g,(2))"

431(26U,meN0) and aeC with

a—1<— "% Re(n(a—1)+1)> Rea >0
> (M, +1)
i1
If |D"g,(2)KM,. (zeU,jefL--n})

Then the integral operator G, , defined by

[24

_ 1
Gn,m,a(z)={n(a—1>+1jj H(Dmg,-(t»“ldt}”‘“’” zeU,neN,
J=1

meN,, aeC, where g,,---g, €A and D" is the Al-Oboudi differential operator is in the

univalent function class S.

Properties of univalent analytic functions have been considered by several researchers. (Sezgin et al, 2004,

Mostafa and Aouf, 2009, Fadipe Joseph and Opoola, 2010, Mahzoon, 2011, Noor et al, 2013).

More examples on differential and integral operator or combinations of the forms of operators were

studied by Ibrahim and Dorus (2019), Oros (2021) and Park et al (2021).

Definition 2.1

Let nnmeN, A2>0. Denote by DR} :A— A, the operator given by the Hadamard product of the
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generalized Salagean operator DR and the Ruscheweyh operator R",

DR™ f (z) = (DRI *R") f (z), zeU

If f(z)=2+> a2’ €A

j=2

n (4§D,

Then DRI"f(z)=z+3[A(j-1)+1] 7 zeU

ni(j-y!

If f(z)=z-) a2 T

j=2

Then DR f (z) =z —i[ﬂ(j ~1)+1]" e+ =Dt oy

2, (i —1)! 2, zeU

for 2=20mneN,feT,T :{f eA: f(z):z—Zajzj,?ZEU}

i=2

Also, after some computations DR]"™"f (z) = (1— 2)DR"" f (z) + 2z(DR]"" f (z))" was obtained.

(Andrei, 2015)

Definition 2.2 (Andrei, 2015)

Alb Lupas and Andrei (2021) defined the integral operators Fﬁ"",}z”m and Gf;z,,m for functions f, €T,

T :{f eA: f(Z)=Z—Zaij,ZeU}
j=2

neRjie{l,-- I} eR,np >0,iefl,---, 1} asfollows

. :( DR™f,(t) )" DR™ f (t) )"
Frr, (@) :JO (ﬂfl()J (%I()} dt

31



New Results on Univalent Functions

G, (@) =[ (ORI f,0))", (DR} f,®))"dt for A>0,mneN,zeU

Aoy
By using differential operator DR} given in Definition 2.1 and the integral operators F,""  and

AT

Gf;:w1 , some subclasses of analytic functions f €T were introduced and investigated.

Definition 2.3
The class D(5),0 >1 consists of the functions f €T that satisfy the inequality

Re(l+wj <o, zeU
(DRI f(2))'

where DR]"f (z) is as defined in Definition 2.2.

(Alb Lupas and Andrei, 2021)

Definition 2.4

Geometrically, a function is said to be convex if the unit disc is mapped to a convex domain.

Preliminaries

Lemma 3.1 General Schwartz Lemma

Let the function f(z) be regularinthedisk U, ={zeC:|z|< R} with | f(z)|<M forfixed M .If

f(z) has one zero with multiplicity order bigger than m for z =0, then

@12l (2eUy)

m

0 M
The equality can hold only if f(z)=¢" R z"0<O<m

(Bulut, 2010)
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Theorem 3.1 (Alb Lupas and Andrei, 2021)

Let 7 >0,and f eD(5,) for ief{l---,1} with & >1.

A

|
Then G)". (z) € D(&"), with &= n(5-1)+1, zeU
i=1

and D(9) is as defined in Definition 2.5.
(Alb Lupas and Andrei, 2021)

Definition 3.1

Let S denote the class of analytic functions defined by
h(z)=z-) az‘ a >0 zeU
k=2

where U ={zeC:|z|<L}\\ that are analytic and univalent in the unit disk D satisfying the

normalisation h(0)=0 and h’(0)=1

Theorem 3.2
Let 1 be a complex number with Ren >0 and h(z) e R, R is the class of analytic functions h(z)

of the form
h(z)=z-) az" a, >0 zeU
k=2

where U ={zeC:|z|<1}

1_| 7 |2Rer7
Ren

zH ”(z)|

If H satisfies -
H'(2) |

<1 (zeU)

then for any complex number z with Rer > Rer the integral operator

HT(Z):{TItT_lh'(t)dt} is in class S, where 7 is a constant and the class S is as defined in
0

Definition 3.1. (Bulut, 2010)
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Definition 3.2

A function heR is said to be univalent close to convex of order p, if it satisfies the condition

Re[h'(z)] > p forsome p?0<p<1), meN, andforall zeU . (Bulut, 2010)

Definition 3.3

Afunction heR issaid to be univalently convex of order p, if it satisfies the condition

zh"(2)

Re (1+
h'(2)

]>p forsome p (0<p<l),meN, andforall zeU. (Bulut, 2010)

Definition 3.4

Also a function heR issaid to be univalently starlike of order p , if it satisfies the condition

Re(mj >p forsome p(0<p<l),meN, andforall zeU. (Bulut, 2010)

h(2)

Main Work

Opoola differential operator for univalent functions

Let R be the class of analytic functions h(z) of the form

h(z)=z-) az" a, >0, zeU (4.1)
k=2

and analytic in the unitdisk U ={zeC:z|<1}.
Opoola differential operator $D_{\mu, \beta, \xi}*{m}h(z) : A\rightarrow A$ is defined as

D;m:,ﬂ,:h(z):Z_kzzl[l+(k+,5—,u—1)§]makzk,ak >0 (4.2)

meN,0<u<pBZ>0
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with D°,.h(z) = h(2)

When m=1

D, ;:N(z)=7- [1+(k+,[3—y—1)§]akzk

D, .h(z)=2- Zakz —§Zkakz —ﬂgzakz +y§2akz +§Zak

D, .h(2)=é2- §Zkakz vz- Zakz +ﬂ§( Zaksz
—ﬂf[l—gaﬂkj—ﬁ(l—gakzkj—ﬂfﬂﬂfz

D,,h(@) = éz[l > ka?' j+h(z)+/3§h(z)—u§h(z>—§h(z)+(ué—/f«f)z

D,.5cN(2) = &2 (2) +[1+ BE — p& — &]n(2) + (ué - L)z

D, 5N(@) = E2'(2) +[1+ (8- u-1)E]N(@) +[(u - B)E] 2

Remarks

Remark 4.1

(). When u=p and &£=1, Opoola differential operator becomes Salagean differential operator

where

D"h(z) =z+ ) k"az", (neN,)

k=2
is the Salegean differential operator.
(if).  When p=p and &=5, Opoola differential operator becomes Al-Oboudi differential operator

where
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D;‘h(z):z+i[1+(k—l)5]nakz", (neN,), §=0
k=2

is the Al-Oboudi differential operator.
Many authors have investigated subclass of analytic and univalent functions using the Opoola Differential

Operator (Opoola, 2017)

Definition 4.1

Letne N, me N,,7 €C, we define the integral operator H(z) by

H(2)=[n(z-1)+1]’ H(D ““)} dt zeU

where h eR (i€l2,---) and D;‘ﬂyé is the Opoola differential operator.

Theorem 4.1

Let M, >1, and let each of the functions h e R (i €l,---,n) and satisfies the conditions

(). ZZ[Lhi(Z)J—J.‘Sl zeU, meN,
(D"h (2))
(i), 11 2P| (-0 +10(7 - <~ yeC and

> 2M; +1

i=1
(iii). |D"h(z2) <M, (zeU,iefl,---,n}), then the integral operator H(z) defined by (4.1)isin S
Proof

Since h eR (i€l---,n).By (4.2), that is Opoola differential operator which is
D, (D) =2-Y [1+(k+p-u-1)¢] 82",
k=2

a20meN,,0<u<p, £>0 with D"h(0)=0 we have
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D"h(2)
VA

=1- Z[1+ k+B-u-1)¢] az" (4.3)

and mio V zeU where heR (i€l2,--) and Dﬂﬂg is the Opoola differential
z

operator.

Also From definition (4.1), let

H(2) =[n(7-1)+1]]’ H(D “(t)J it (@)

Differentiate (4.4)
H'(2) = [n(r - 1)+1]H[D ';(Z)j @5)

(4.5) implies that
InH'(2) =[n(r -0 +1(y - 1)iln{Dm:(z)j s)

and (4.6) is equivalent to

INH'(2) =[n(7—1) +1](7-Y (I D"h ()~ In 2) 47
i=1
Differentiating (4.7)
H"(2) (D"h(z)) 1 i
H'(2) =[n(n-1)+1(7- 1)21:( D™ (2) Zj (4.8)
_| |2Re77
Multiplying (4.8) by z, taking the modulus of both sides and multiplying by we have

1_| 7 |2R97] ZH "(Z)| . 1_| 7 |2Ren
Ren H'(z2) | Ren

[n(n-D)+1](n -

o(z(D"h(z))
;[ D"h(2) 1}‘
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R e 4) g iﬂf(omn ¢) D‘Dmhi Z(|+)1}
Rer Flomenl z |

B [ R e S M LR ol
Rer || (D"h(2))? z
12| -0 +21(7 1) Z{ 2*(D"h(2)) _4 D"h(2)|, |D"h(2)|,
Ren i=1 (Dmhi(z))2 z z
Note the following:
(i) 2*(D"h(2)) y D"h(2) _ z(D"h,(2))
. (D"h(2))* z D™h(2)
(if). By the condition of the theorem
%—431 anc  |D"h(2)EM. (zeU,iefl...

we have that

_ 2Ren " 1— 2Ren N -1 n
|27 | 2H"@) (2P0 —) A0 -]y 4w, +1), |21
Ren H'(Z) Reﬂ i=1

n

Z(ZMi +1)

1-|z["™"|zH"(2) <1—|Z|2Re’7 [n(7-1)+1](7-1)
Ren H'(z) Ren

But from the Theorem

1| 2P| In(p -1 + 17 - |« — T

D (2M; +1)

i=1

38
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Therefore,
1-| z |PRe zH”(z)| Ren Z(ZM 1)
Rep | H(2) | Ren> (2M, +1) =
i=1
1_|Z|2Reﬂ ZH”(Z)| 1 Z(ZM +1)<1
Re77 H'(Z) | Z(ZM +1) i=1
which gives
1_| 7 |2Rer] 7H ”(Z)| §
Ren H'(z2) ‘

thus, by applying Bulut (2010) theorem.

H(2) = [y -D+1][’ H[D h“)]

isinclass S

Theorem 4.2

Let h(z) eR such that

D h(z) 2-p
‘H [n(n 1)+1]

then the integral operator H(z) is univalently close to convex of order p,where 0< p<1.

Proof

Let H(@) =In(r -1 +1][; H[D h(t)j
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H'(2) = [n(y — 1)+1]H(D h(z)]

H'@-Y=

[n(7 1)+1]H(D h( )} 1

~ - 1)+1]H[D “(Z)j 4

H'(z n(n-1+1 D" h(Z) 1
[H'(2)~4=|In(7 -1 +1[ |
H'(2)-1= HKMJ [n(7-1+1]- 1 _
N i D"h (z)
)
But from the condition of the theorem
D"h (2) ’ 2—p
‘H{ z j [n(n 1)+1]
therefore
G|
[n(7-D+1]
-1 <41-p|
IH'(z)-1 <|1-p|, 0< p<1
since 1> p IH'(z)-1<1-p,

Therefore, by definition (3.2), the function H(z) is univalently close to convex of order po.
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Theorem 4.3

Let h(z) eR such that

2—p
1+[n(m -1 +1(7-1)

. (2(D"h,(2))
Z[ D™ (2) j<

then the integral operator H(z) is univalently convex of order p,where 0< p<1.

Proof

Let H(2)=[n(r-D+1[’ H(D h(t)J dt
H'(2) =[n(y - 1)+1]H(D ';(Z)j

zH”" (z) z(D"h (2))
H'(2) =[n(7-1)+1(»- 1);( D™h (2) 1j

1+ zH”(z)
H'(2)

zH"(2)

H'(2)

=\ D"h(2)

~ [+ (7 -D+1](r 1)Z[Mj 1- 4

=\ D"h(2)

~[n(7 -1 +11¢7 - 1)2(MJ 4

zH"(2)
H'(z)

=|In(7-2) +1(7 - 1)2(%) 4

ZH"(2)

_[&( 2(Dh (2)) DD 1
g(—Dmhi(z) ]‘[(n(ﬂ ) +1)(n7 - 1)] Z( o)
D"h,(z)

i=1

H'(2)
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But from the condition of the theorem

©.(2(D"h (2)) 2-p
Z[ D™h (2) j‘<

= [n(7-1) +1](n-1)

Therefore
H"(2)| _ 27p ~D+Dr7 -1 : ‘
H(z)| [[n(n D)+ - 1)] [(n(n o )][( 12)_1)]( 1)‘
n(n—1)+1(n -
ZH"(2) P
i |
since 1> p Z:";(ZZ)) <l-p

Therefore, by definition (3.3) the integral operator H(z) is univalently convex of order p.

Theorem 4.4

Let h(z)eR such that

[1+(k+ﬂ L~ 1)5] ak, [1+(k+ﬂ = 1)5] .,z .
k <1 P zeU
J:H(D oF

then the integral operator H(z) is univalently starlike of order p,where 0< p<1.

Proof

Let H(2)=[n(7-D)+1]f] H[D h(t)j dt zeU
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H'(z) = [n(7 - 1)+1]H[D h(z)j 7eU

{[n(n 1>+1]H[D h(z)j }
zH'(z) _ i

HE2) - zeU
NG —1)+ l]J'H(D h(t)j
Z{[n(n1)+1]ﬁ(:m(z)] }

ZH'(Z)_4= 1 zeu
H(z)
[n(7 - 1)+1]jH(D h(t)j dt

{[n(n 1)+11H D “‘Z) } (- 1)+11[ﬁ =8 h“)]

o0 i=l

zH'(z) .| _
Hz) |

[n(7-1)+1] ] n [D ['(t)] dt

[n(n — 1)+1][2H(D h(z)] -T1 . (D h(t)J }
i=1 o i=1l U

zH'(z) _
H(z) n(n - 1)+1]IH[D h (t) jn .
But b ?(t) 1- Z[1+(k+,8 L~ 1)5] a t*

IH[D h(t)j dt—z—(n—1)§[1+(k+,B—,u—1)§]makjZ? zeU

n

H[%j Lt :1—(n—1)i[1+ (k+B-u-1&]"a, 2 zeU

i=1

zeU
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Now we have

z[l—(n—l)i[1+(k+ﬂ—,u—1)§]mamzk1}—|:z—(77—1)2[1+(k+,b’—y—1)§]"”ak,iZk:|

k=2 =
= zelU

z—(n—l)i[lJr(k +,B—y—l)§]mak‘lz?

zH (2) _1‘
H(2)

2= (-0 [1+ (s p-u-De]ra 2~ 2+ -0 Y [+ (k4 p-u-0El s, 2
k=2 k=2 zeU

zH'(z) o _
Hz) |

2= (DY [L (e p-u-eTa, 2

zH’(z)_]{(n_l){ D e Y LN } .
" Z—(n—l)Z[1+(k+ﬂ—ﬂ—1)§] a,t

, @ 1){2[1+(k+ﬂ u-ela, Z[1+<k+ﬂ u-0¢l"a, 2 }
L(Z)—]_‘: ZEU
H(2) J-H[D h(t)] "

But from the condition of the theorem

Z[1+(k+,3 = 1)95] ak. Z[l+(k+ﬂ H= 1)9&] 82" 1-p
JH(D h(t)J dt KR
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Therefore
H'(2) | _[=D1-p
H(z) n-1
zZH'(2)
“1<| 1 0<p«l
H(2) 4 |:-p | 0<p
since 1> p H@) <1-p.
H(2)

Therefore, by definition (3.4) the integral operator H(z) is univalently starlike of order p .

Conclusions

In this work, a new univalent integral operator defined by Opoola differential operator is studied. Some

geometric properties of the new univalent integral operator are established. Furthermore, some definitions,

remarks, preliminaries relevant to the work were considered.
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