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Abstract

The aim of this paper is to spread the basic concept and the application of orthogonal collocation
finite elements method (OCFEM) to the field of engineering and science. OCFEM is based on
Weierstraf3s polynomial approximation theorem. In the formulation of PDE as strong form by
OCFEM, the differential operator represented by matrix in time and space is used for the translation
of PDE to algebraic equation. This paper explains the concept of matrix representation method of the
differential operator in time and space, the coordinate transformation matrix based on the partial
derivative of composite function and integration of element (for example, Consumption rate) or
element boundary (for example, Flux) by using Gauss Legendre ‘integration. On the other hand, this
paper presents the formulation of advection-diffusion-reaction equation (PDE) as initial boundary

value problem, which is Biofilm model, by differential operator of OCFEM.
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Introduction

The basic concept of the orthogonal collocation finite element method (OCFEM), which is the subject
of this paper, is based on orthogonal collocation method (OCM), which is considered to be a kind of
weighted residual method. Since it seems important for understanding OCFEM to describe the historical
evolution of the orthogonal collocation method, we will explain it using the literature ) of B.A. Finlayson.

In addition, since there is a risk of confusion about the interpretation of the basic concepts in the spectral



Basic Concept and Application of Differential Operator in Time and Space by Orthogonal
Collocation Finite Elements Method

collocation method, differential quadrature method ©, and spectral element method, which are said to be
the same concept as the orthogonal collocation method, we will not explain them here. The basic concept
of differential operators (matrix) is used for the explanation.

The orthogonal collocation method was first advanced by Lanczos (1938, 1956), Clenshaw, Norton
(1963), Norton (1964), and Wright (1964) used the Chebyshev polynomial to solve the initial value
problem of ordinary differential equations as an application example. This implicitly indicates that the
orthogonal collocation method could be used to solve the initial value problem of the evolution equation.
Villadesen and Stewart (1967) © applied the orthogonal collocation method to the boundary value
problem, and chose a collocation orthogonal polynomial (N+1st order polynomial) as a trial function that
satisfies the boundary conditions and in which the roots of the Nth order orthogonal polynomial give
collocations. On the other hand, the solution is simplified by directly calculating the solution of the
boundary value problem by giving it as the values of the solution at the orthogonal collocation (the root of
the orthogonal polynomial), rather than finding the solution as a coefficient of the polynomial. The entire
problem is replaced by a series of matrix equations, which can be easily solved by a computer. In addition,
an accurate quadrature equation is used (an orthogonal polynomial with weights w = 1-x? in the Jacobi
polynomial: also called the Lobatto polynomial), which makes it possible to integrate using the solution at
the orthogonal collocation. If the root of the Legendre polynomial used in this paper is chosen as the
orthogonal collocation, it can be seen that the numerical integration point of Gauss Legendre's numerical
integral (Gauss's numerical integral) is the same as the orthogonal collocation, so it can be almost
accurately integrated .

The orthogonal collocation method has been applied mainly to the field of chemical engineering
(advection-diffusion-reaction equations) ® =Y. Subsequent research on the orthogonal collocation method
was directed toward the finite element of the orthogonal collocation method, and the research was mainly
led by Finlayson et al. ®®. In order to know the past research and development direction of Finlayson et
al.'s collocation method on finite element (OCFE) ® ~ @V the outline of the contents of the paper by
Finlayson et al. is itemized and Ohkubo's current idea of orthogonal collocation finite element method
(OCFEM)) @@~ 8 il also be explained.

@ Finlayson et al. ®~™ formulated the basic equations on the internal collocations in the elements and

the boundary condition equations (Directre conditions, Neumann conditions, and mixed boundary
conditions) on the external collocations on the boundary by the orthogonal collocation method, and

used the mixed method in the collocation method of @.
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2 The selection method of polynomials as a trial function of OCFEM is a mixed method that uses a trial
function that does not satisfy both the basic equations and the boundary conditions, and finds a
solution that satisfies both the boundary conditions and the PDE. In the case of one-dimensional
spaces, the same method is used in OCFEM by Mikami et al. “” and Finlayson et al. However, in
order to facilitate the procedure of element connection in the mixed method for two-dimensional
problem, it is necessary to create a differential operator (matrix) that can be derived from the Lagrange
interpolation formula for two-dimensional space, and connect the elements at external collocations
according to the numbering of finite elements. It will be possible to further extend to
three-dimensional space.

@ In the case of a two-dimensional space, the representation of the interpolation equation using
orthogonal collocations as a function is two-dimensional Lagrange interpolation formula. When the
Hermite interpolation equation is used as in Finlayson et al, the concept of a differential operator
cannot be constructed. At each point of four corner collocation, least square method is used to put
together 4 boundary condition in corner collocation to one conditional equation.

@ Finlayson et al. focused only on rectangular elements as two-dimensional element shapes. In Ohkubo's
OCFEM, a coordinate transformation matrix from the local coordinate system to the global coordinate
system is created. The coordinate transformation matrix is a point-in-point transformation in its strong
form, and it uses the law of partial derivatives of composite functions to convert partial derivatives
from the local coordinate system to the global coordinate system.

® Differential operators (matrices) in space and time by OCFEM are not limited to abstract concepts, but
can be used to create concrete differential operators (matrices) for various orthogonal polynomials *®
Jacobi, Legendre, Tschebyscheff, Laguerre (0,00), Hermite (—oo,0). I believe that this suggests the
possibility of applying differential operators (matrices) in OCFEM to physics.

Based on these ideas, we have introduced the foundations of past researchers leading up to OCFEM and
Ohkubo's ideas. Differential operators (matrices), coordinate transformation matrices, and the area
integration within an element (Gauss numerical integration) and the line integration of element boundaries
(Gauss numerical integration) in OCFEM are described in each section. In order to formulate PDE’s
(advective diffusive reaction equation) by orthogonal collocation finite element method (OCFEM), we
performed an analysis using differential operators (matrices) in space and time, which is the basic concept
of the OCFEM.

This paper presents the results of the OCFEM formulation and numerical calculation of two-region

39



Basic Concept and Application of Differential Operator in Time and Space by Orthogonal
Collocation Finite Elements Method

biofilm model of the two-substrate limitation advection-diffusion-reaction equation which is Biofilm

model.

Basic Concept of OCFEM

The orthogonal collocation finite element method (OCFEM) is a method that uses the orthogonal
collocation method, which is said to be one of the weighted residual methods, on finite elements. In the
general finite element method, the Galerkin method is used as the weighted residual method, which uses
the same weight function as the trial function, but the orthogonal collocation method uses Dirac's delta
function. In a strong-form differential equation, it means that the residual is zero at the orthogonal
collocations. This can be expressed mathematically by the following formula.

The spatial two-dimensional linear partial differential equation is expressed by the following equations
(1) and (2).

u=L(u) : basic equation (1)

B(u)=0 : boundary condition )

L, B isalinear partial differential operator
Integrating the basic equation by multiplying Dirac's delta function at the internal collocation g and the
boundary condition by multiplying Dirac's delta function at the external collocation r yields Equations (3)
and (4), resulting in conditional equations (5) and (6) in which the residuals are zero at the orthogonal

collocation in the original basic equations (1) and boundary conditions (2).

[ (0= L)olx=xq poly—yq oty =0 ©)
[ B)s(x=xcJo(y—y, Jxay =0 (4)

i - L{ug)=0 5)

B(u,)=0 (6)

Ultimately, the orthogonal collocation method can formulate into an equation that the residual is zero at
the orthogonal collocation by directly substituting the polynomial approximation and the partial derivative
approximation of the polynomial in a strong form of partial differential equation. This implies Weierstraf3s
theorem of polynomial approximation and the approximation of partial derivatives of polynomials, and it

is thought that they converge uniformly as the order of polynomials approximating the unknown function
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to be found is increased “. In the orthogonal collocation method, the Lagrange interpolation equation
using the solution at the orthogonal collocation is used. In other words, it comes down to finding the
solution at the orthogonal collocation instead of finding the coefficient of the polynomial assuming that
the residual at the orthogonal collocation of the polynomial is zero, but by defining the differential
operator (matrix) of partial derivatives ¥, it is possible to easily translate partial differential equations
into algebraic equations. The differential operators (matrices) for one-dimensional orthogonal polynomials
can be calculated by the method of Hasegawa et al. ™ which calculate differential operators (matrices)
with high numerical accuracy even in numerical calculations by differentiating the Lagrange interpolation
equations. A two-dimensional differential operator can be created using a one-dimensional differential
operator (the derivative of the coefficients of the Lagrange interpolation formula), and it can also be
extended to three dimensions. In order to explain the relationship between Weierstraf3s theorem of
polynomial approximation and the differential operator of the orthogonal finite element method, we will
consider a general one-dimensional polynomial.

Let u be the dependent variable and x be the independent variable of space. Again, emphasis is on
Weierstraf3s concept of polynomial approximation, in which a function is represented by a polynomial,
and as the degree increases, the polynomial uniformly converges to a function. Equations (7) and (8) show

the polynomial and the polynomial approximation u; in x;, respectively.

N+2
— -1 2 N N+1 7
Uu=>a, Xt =a,+ax+ax’ + +a x" +a,,X (7
=

N+2
_ -1 _ 2 N N+1
u = ¢’:’1J-71Xi =a5+a X taX +-eeee +ay X +ayuX

= @)
This is possible by using Lagrange’s the interpolation formula for orthogonal collocation, which is to
express a polynomial that is a continuous function with discrete values, and to obtain a polynomial from
discrete values. It shows that the discretization of continuous functions and polynomial representation
(continuous functions) are equivalent. Lagrange interpolation at orthogonal collocations is used as a
method of discretizing polynomials, and it can be seen that the differential operator (matrix) of OCFEM,
which will be described later, is the coefficient for solving the Lagrange interpolation equation.
In the case of OCFEM, where there is a discontinuity at a certain point, it can be handled. Suppose that
a region is divided into m elements piecewise. At a discontinuous point, the discontinuous part can be
represented by subtracting the discontinuous amount at the boundary between the elements and taking the
balance (performed by the external collocation of elements).

In determining the coefficients of a polynomial (as a continuous function) or determining the dependent
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variable u; in the independent variable x; (discretization), the position of the root x; of the Nth order
orthogonal polynomial of the element interval (e.g., the Nth order Sifted Legendre polynomial) is
important. It is important that the differential operator is calculated by the value of this orthogonal
collocation (the root of the orthogonal polynomial), and it is necessary to consider the meaning of the
weight function with respect to the orthogonality of the orthogonal polynomial. The use of orthogonal
collocations can solve the Runge phenomenon @@ which were disadvantages of the equally spaced
Lagrange interpolation equation. Although N has not been explained here, in the orthogonal collocation
finite element method, N represents the number of internal collocations in the element, and in the case of
one dimension, two are the boundary condition points (external collocations) at both ends of the element,
and the number of local collocations in the element is N + 2 (X1, X2, X3, ..., Xn+2) by adding the number of

internal collocations N and the number of external collocations 2.

Differential Operators (matrices) with Respect to Space 3

The induction of differential operators in OCFEM is described below, which is a matrix (differential
operator) that acts on the solution vector in order to obtain the differential vector of a discrete solution.
The method of deriving a differential operator by differentiating the orthogonal polynomial is described

below.
On two-dimensional polynomials and differential operators (matrices)

If we assume that the dependent variable u changes only for the independent variables x and y in space,

with the time t fixed, then the polynomial of the space two-dimensional is given by the following equation

(9).
N;+2 . N,+2 ) N;+2 N,+2 ) )
) :(ZaiXHJ(Zbiyj_ljz X7y, ©)
=L i

i=1

Xy
Let the p be the number of the local collocation in a element, and( P y")

is the spatial coordinate value
of the collocation p. In the collocation p, u, is expressed by the following equation (10).
N;+2N,+2

Uy =2 D %Y, d; (10)

i-1 j=1
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The following shows the induction of a partial differential operator matrix up to the second order of the

two dimensions, and the following equation is obtained by partial differentiating equation (9) to the

second order.

i i—1 i-2 j—ld"
P2 H(I Xyt
au N;+2 N,+2
—= j-x Ty,
ay ; J:l( ) '
azu N;+2 2+2.

= -1 =g
Pl ;(I Ni—2)x"®yitd,
62u N;+2 Np+2
S7= 2 2 i-1i-2xy 7,
y i=1 =1
aZU N;+2 N, +2

= (i-2)(j —1x"*y " 2d,
oxoy ‘I ‘4

The partial derivative at collocation p is as follows (12) from equation (11).

N;+2 N,+2

ou

= = X 2y
), & JZ( 1)x,
6U N, +2 NZ+2
ay p IZ::A j:l P :
azu N;+2 Np+2 .
— = i—1)(i X d
e -2 Z-0-2x,
aZU N;+2 N,+2

= -1)(j-2)x d
o7, Z H(J )(i-2)x"y;
azu N;+2 Np+2 . .

= i-1)(j-1)x;?y)?d
axayp — j:l( )(J ) P y

(11)

(12)

In order to represent Equation (10) and Equation (12) as vectors and matrices, define vectors and matrices

as shown below.

u= [up] : Solution vector for collocation p (p=1,2,...,

Q=[xyi*] 1i=1,2, ..., Ne+2(column), j=1, 2, ...,
(N1+2)(No+2) (N +2)(N,+2)matrix
d= [di,-]: Coefficient vector of polynomials, i=1,2, ..., N;+2,j =1, 2,

vector
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OX OX|,

][z
] | oyl
o’u QAE
ax x>
2]
S RERR

o%u | | d%u
oxoy | oxoy| |

D, =[(i—0x52y1*] :The numbers i, j, and p are similar to Q,(Ny+2)(Ny+2)>(N;+2)(No+2)matrix

} : Vector of first-order partial derivative with respect to x of u

: Vector of first-order partial derivative with respect to y of u

} Vector of second-order partial derivative with respect to x of u
p

} : Vector of second-order partial derivative with respect to y of u

: Vector of cross-partial derivatives of the second order with respect to x and y of u.

=[(i )xpty) ] The numbers i, j, and p are similar to Q,(N;+2)(N2+2)>(N;+2)(N,+2) matrix
D, =i -1)i- 2)Xip’3y,’;’1] : The numbers i, j, and p are similar to Q, (N1+2)(N+2)(N;+2)(N,+2)matrix
=[(-D(-2)%"" ] . The numbers i, j, and p are similar to Q, (N1+2)(N,+2)><(N;+2)(N,+2)matrix
Doy = [( -1 -1, 72Y,j{2] : The numbers i, j, and p are similar to Q, (N1+2)(N,+2)>(N;+2)(N,+2)matrix

According to the above definitions of vectors and matrices, Equation (10) and Equation (12) are

represented as follows equations (13) and (14), respectively.
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H=0d (19
Yopg [2]-n
| Ox oy
IG&Y o
S (12
Y
ou | _ D,d
| Oxoy
Here, from equation (13)
d=Q'u (15)
Therefore, the partial derivative vector of Equation (14) is represented as follows.
6”} =D, d=D,Q'u=A_u
| OX
ZH =D, d=D,Q'u=A,u
o%u §
a)(?:| = D2><d = szQ 1U = BXU
- (16)
o%u 4
6y72 = D2yd = DZyQ u= Byu
[ 6% §
6x8y} =D,,d=D, Q" u=C,u

where A, A, B, B, C, isadifferential operator (matrix), which is expressed by equation (17)

below.
DO ASDR (17)
B, =D, Q" B, = DzyQ’l
ny = DZXyQil

A differential operator (matrix) has the action of a discrete differential operator, and the differential

operator is defined as the following equation (18). [It seems that it is necessary to prove that this is true

mathematically]
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_E )
X X
o
62
2:| = BX = AXAX (18)
62
z} =B, =A/A,
L .
p 8y:| =C,=AA, =AA,
X

It has been numerically verified that even if the order of the derivatives is reshuffled in cross-partial
derivatives, they are equal and commutative. When the differential operator (matrix) defined by equation
(18) is applied to the solution vector, each partial derivative vector is obtained. When calculated
numerically by Equation (17), the inverse matrix is included, so when the order (internal collocation order
N1, N2) increases, a differential operator (matrix) with poor accuracy is calculated. It can be seen that the
differential operator (matrix) is the same as the coefficient matrix (collocation constant) derived using the
two-dimensional Lagrange interpolation formula. In the next section, we show that differential operators

are represented and computed using the two-dimensional Lagrange interpolation formula.

Calculation method using the Lagrange interpolation formula for differential operators
(matrices) ®9®

The two-dimensional polynomial is expressed by the Lagrange interpolation formula, as shown in
Equation (19), where the position of the collocation is (x;, y;) as the root of the Sifted Legendre polynomial.
The range of the Sifted Legendre polynomial is (0,1), and the range of the Legendre polynomial (-1,1) is

converted to (0,1).

N;+2 N, +2

u(x,y)= Zl: leli(x)lj(y)u(xi’yj) (19)
where - ,
(v — S X=X ) :Nﬁ Y — Yk
V=TI = wo=1Ty = (20)
ki k= j
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The above equation (19) is partial differentiated by x and y, and the partial derivative at the collocations

m (number in the x direction) and n (humber in the y direction) is shown below.

N;+2 Np+2

ou

& :Z Zli’(xm)lj(yn)u(xi’y]‘)
m,n i=1j=l

au N;+2 N,+2 ,

Y )3 Zli(xm)lj(yn)u(xi,yj)
m,n i=1 j=1

62 N;+2 Ny+2 )

a_)(ljmn= i=1  j=1 Ii(xm)lj(yn)U(Xi,yj) (21)

82 Ny +2 N,+2 )

5‘: =3 L) (v)u(x0yy)
m.n i=1 j=1

azu N;+2 Np+2 , ,

6X8y m,n= i=1  j=1 II(Xm)Ij(yn)U(XI,y])

From equation (21), the differential operator (matrix) is represented by equation (22), where (') and (")

are first-order derivatives and second-order derivatives respectively.

)
B, =1,)1;(v,) (22)
B, =1,0x,)17(y,)
Cy =(x)15(y,)

Differential Operators (Matrices) with Respect to Time @34

If we fix it in space g and express the dependent variable u in space g with a polynomial with respect to

time, we get Equation (23).

N, +1

ut= Y bt (23)
j=1

u? : The value of the dependent variable for the change in time when the spatial collocation q is fixed.
bi" : Coefficients of the polynomial with respect to time when the spatial collocation q is fixed.

The first-order derivative of equation (23) with respect to t yields Equation (24).

auq N;+1 . .
- = Z (j _:I_)tl’zb;1 (24)
at j:1

u’'and first order derivative with respect to t at time collocation i are as follow equation.
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N, +1
q _ a4 j-1
uf =" bit,

= (25)

N, +1

= Z(j_l)tij_zqu

i =

au
ot

representation by vector and matrix are as follow

u'=Qb"  Q=[t"]

ou’ . - (26)
— |=Db* D=|(j-1ti?
{ p } [(i-9t7]
First order derivative with respect to t of u is as follow
q
{%} =Db’ =DQ U =AU @)

it can be seen from the basic concept of partial derivatives that the differential operators (matrices) of the
first order are derived by the same way of thinking as space, but this differential operator (matrix) with
respect to time does not depend on the space g.

Since the differential operator (matrix) of time can be created using the same concept as the differential
operator (matrix) of one-dimensional space, it can be obtained by differentiating the one-dimensional

Lagrange interpolation formula with orthogonal collocations.

Coordinate Transformation Matrix Required for Unstructured Grids*?¢9~

(16)(22)

In the Galerkin method, which is one of the weighted residual methods, it is expressed in the form of an
integral, and the conversion to an unstructured grid is possible by using Jacobian. However, in the
OCFEM (Orthogonal Collocation Finite Element Method), the partial derivative at the discrete
collocations (orthogonal collocations) in the element must be converted from the local coordinate system
to the global coordinate system (unstructured grids), which can be achieved by using the concept of partial
derivative of the composite function. This transformation must be performed for a total of five partial
derivatives (including cross-partial derivatives) for the dependent variable u, two for first-order partial
derivatives (&, n) and three for second-order partial derivatives (&, n). The reason why it is not necessary to
convert the higher-order partial derivatives of 3 or more orders is that it is necessary to convert the PDEs

of the higher order to the PDEs of the second order or less. It has been shown that this makes it easier to
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set boundary conditions.
Define the coordinate transformation function used for the composite function for converting the local

coordinate system to the global coordinate system (unstructured grid) as shown in Equation (28).

X:g(QE’ﬂ) 28
y=h(&,7) )

If the dependent variable is u, the partial derivative of the composite function is calculated as shown in
Equation (29).

ou _ou ox 6u oy

65 8x6§ oy o0&

u_uox oudy (29)
on oxon oy on
The partial derivative of the second order can be derived as follows.
Qu_ofouox oudy) dufox +ﬂﬂix+ d'u 5X5Y+@U Y :iuﬂglual
082 of\oxoc oyor) ox?\og)  oxoyofof  oyoxofof oy*\og)  oxoE oy o0& (30)
a2y oo
o\ og oxoy\og \og ) oy*\og)  oxog® oy os
Pu_ofuo uy a(a)a o ox, o xdy o 6y T oudx oudly
on®* onloxon oy 677 ox*\ on oxoy 0n én  oyox on én  oy? ox on® oy on’
Y222 2) 2] 2 n. 20 @
“ox?len ayox\ on \an ) ay’\on) “axon® oy oy
ou aa_ug ou dy | _ 0% ox ax 62u6'y8x 8%%@ @ﬂg ou 9% 8u62y
ocon  on\ ox o& 8y6§ T X’ on o0& axay o OF ' oyox 6 OF | Oy2 O OF | Ox 0&0n | By oo
az x\(ox), du(oxdy xoy), . g Lou & ou o (32)
o axay o& an on o6& ay o& ox 0&on oy 8&on
When the above equation group (29) ~ (32) is represented as a matrix, it becomes as Equation (33).
fa ]| 2—2 % 0 0 0 I au
o0& ox
ou x Y 0 0 0 au
on on on , , oy
ofu | | &x 2%y (& ¥y XY u
ot |7l ogt ot g o¢ ocoe) | o (33)
u | | a2x oy [asz 8y]2 (ax ay] o’u
2 2 2 A a 2 ——— ayz
5727 on on on n on on 2
Ou || oty (axYax) () ) (exay, axay)| Lt
Locon| oz oeon \oe \on) \o¢)on) \ogan " anac | |Lox0y

49



Basic Concept and Application of Differential Operator in Time and Space by Orthogonal

x
o¢ o¢
x o
on on
o*’x %y
T: 2 2
o¢ o¢
o*’x %y
on®  on?
o%x %y
| 660n  0&0n

| 0&0n |

0

0

%)
)

Collocation Finite Elements Method

&) Gelar

and if the inverse matrix isJ =T | differential vector of u is represented equation (35) as follow

u

6772
0%

ox oy oxoy
og on  on og

(34)

(35)

J represents the transformation of partial derivatives in local coordinates to partial derivatives in the

global coordinate system, and this J is named the coordinate transformation matrix. Eliminating u from

Equation (35), we consider the transformation of the differential operator from the local coordinates to the

global coordinate system, and it is expressed as Equation (36).

&)
LR,

‘%&’\@%\@

'
&

0
o¢
0
on
62

(36)

S
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If the elements of J are J;j (i=1,2,3,4,5 j=1,2,3,4,5), the following equations (38) are obtained from
equations (36) and (37).

A, =d0A + A, +3.B. +3,,B, +3,.Cy,

A, =JA +I,,A, + 3,8, +3,,B, +3,.C,

B, = Ja A +J5A, +33B, +3,,B, +35C, (38)
B, =JuA: +J A, +3,,B.+3,,B, +3,C,,

ny = J51Ag + \]52A,l + JS3Bé + J54Bn + JSSCéﬂ

The following relationship that was established in the local coordinate system (&, 1)

B,=AA, B,=AA,

- _ (39)
C,=AA =AA,
is not true. (in numerical calculation)
The coordinate transformation function is as follow specifically for quadrilateral elements.
X=28 +8,5 +a,n+a,5n (40)
y=b +b,¢+bn+b,n
OX oy
—§:a2+a477 £:b2+b47]
X
a_:as+a4§ ﬂ=b3+b4§
n on
0%X o%y
— 0 —
2 2
on on
%X o%y
=a, =My
o&on o&on

For ay, ay, as, a4, by, by, bs, by, equations can be derived (calculated) by correlating the four corners of
the global coordinate system (X, ¥) [(X1, Y1), (X2, ¥2), (X3, ¥3), (X4, Y4)] to the four corner points of the local

coordinates (& #)[(0, 0), (1, 0), (1, 1), (1, 1), (0, 1)]. Using these a;, a,, as, a4, by, by, bs, and by, the partial
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derivative values for the coordinates of Equation (40) are calculated, and the coordinate transformation
matrix J is specifically calculated.

First, fix the rows of the partial differential operator matrix, for example, if you fix the i rows, the
matrix T is calculated for the i collocations (&, #;) because we are focusing on the i-collocations. J is
calculated using the inverse matrix of the matrix T with respect to the i-collocation, and from equation
(38), the i row of the partial differential operator matrix of the global coordinate system (i collocation) is

calculated.

Local Numbering within an Element ¢9®)

As a simple example, in order to represent the orthogonal collocations using the roots of the orthogonal
polynomial in the x-direction of the Nth order and the roots of the orthogonal polynomials in the
y-direction of the Nth order, the numbers of the roots in the x- and y-directions are i=2~N+1 and j=2~N+1
as internal collocations. i =1 and N+2, j =1 and N + 2 are boundary points (element boundary points
(nodes collocations (side collocations), node collocations (4 corner collocations)): external collocations)
(Fig. 1). Here, N is the number of internal collocations in the x and y directions, and N = N1 = N2 for

simplicity. Similar to (i, j), (m, n) have the same numbering.

4 13 12

1
[e] e o] I
4 5 54 % o
15 2o 9 % o

el o (s}
16 17 18 19 8

1 5 6 7 2

Fig.1 allocation of collocation in a element

If N =3 (Fig.1)
Internal collocation, 3>3  (N>N)
Node collocations (4 corner collocations) (external collocation), 4

Nodes collocations(side collocations)(external collocation) 4>3  (4>N)
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Total collocations: 5>6=25 4+4>N+N>N=(N+2)(N+2)
(i, j) corresponds to the local collocation number p=1~(N+2)(N+2), and the collocation position is
ordered as follows. (1~25 in the example in the figure 1)
p=1~4 Node collocations (4 corner collocations) (external collocation)
p=5~4+4N Nodes collocations(side collocations)(external collocation)
p=5+4N~(N+2)(N+2)internal collocation
external collocation :r =1~4+4N (4 corner collocations:1~4)
internal collocation :q =5+4N~(N+2)(N+2)
(Total collocation=external collocation—+internal collocation)
The global collocation number T is represented by the element k and the local collocation number p by
the following relation.
T =IE(p,k) (42)
Here, IE is a function that relates p, k and T. (where K is the element number)
Thus, if the numbering (i, j), (m, n) in the x and y directions corresponds to the local collocation number
p in the element, the differential operator (matrix) becomes a square matrix of (N+2) (N+2) < (N+2) (N+2).
This differential operator (matrix) is not regular, and when formulating the basic equation and the
boundary condition equation, the differential operator (matrix Aqp) Of the internal collocation q is used
in the basic equation (established by the internal collocation), and the differential operator (matrix Ay) of
the external collocation r is used in the element boundary condition expressed by partial derivatives. The
number of all points for the element is p = g + r, where q is the number of internal points and r is the
number of external points (number of element boundary points). If the differential operator matrix is
divided into a matrix of qp (not a square matrix: an internal collocation differential operator matrix Aygp)
and a matrix of rp (not a square matrix: an external collocation differential operator matrix Ayp) , the
PDE’s is formulated by the basic equation (internal collocation) and the boundary condition equation
(external collocation) using the differential operator, and by superposition (element connection), it

becomes an overall regular square matrix, which results in solving a system of equations.
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Gauss numerical integration in OCFEM @9

Area integration of the quadrilateral element

As a specific example, the preparation for calculating the total substrate consumption rate in a biofilm
region (Biofilm) by the Gauss integral formula is shown below. The relationship between the global

coordinates (x, y) and the local coordinates (¢, #) is expressed by the following equation (43).

x=¢(&m), y=v(&n) (43)

n A
(0, 1) (1,1 y
(0, 0) (1,0)
A % X
Local coordinate system Global coordinate system

(no representation of orthogonal collocation)

Fig.2 Local coordinate system and Global coordinate system in case of quadrilateral element

In the case of the quadrilateral element shown in Fig.2, the conversion formula from the local coordinate

system to the quadrilateral element of the global coordinate system is expressed by Equation (44).

X =8y +858 + 87 +8,87]
y =Dy +0,& +byn +b,8n

The coefficients a; and b; are obtained from the correspondence between the four corners of the

(44)

rectangular element, which is the local coordinate, and the four corners of the quadrilateral element, which

is the global coordinate (Fig. 2).

a =X

by =y,

A =X—X%

b, =y, -V (45)
a3 =X =X

by =Yy,—y1

a = (X1+X3)_(X2 +X4)
by :(y1+y3)—(y2 + Y4)
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In the x—y coordinate system, let the integrable function be f(x, y). In the &—# coordinate system, it is

expressed as follows.

f(x y)=f (& n)w(n) (46)

Here, Jacobian for integrating conversion from a x—y coordinate system to a £—# coordinate system in a

certain integral region is expressed by the following equation.

o o
|J(§,7)|:M‘:aé on_oy oxdy
’ D(¢m)| |y oy| ocon onos (47)
og  on

:(az +a477)(b3 +b4§)_(a3 +a4§)(b2 +b477)

Therefore, the integral is expressed by Equation (48).

H flxy)dndy = HB f(p(&n)w(&n))d(En)dadn (48)

where A is the area of quadrilateral elements in the global coordinate system, and B is the region of
rectangular elements in the local coordinate system. Here, since f(p(¢, #7), w(& #)) has already been
calculated by the orthogonal point finite element method (OCFEM), it is possible to calculate the integral
using the weights in the £—# coordinate system. Note that the orthogonal collocation of the Legendre
polynomial in OCFEM and the integration point of Gauss's integral formula are the same.

Specifically, the discrete representation is as following equation (49). Since the integrating point is the
internal collocation of the element, the weight of i = 5 + 4. N~(N+2)(N+2) and the Jacobian use give the

discretized integral formula (49), where the total number of elements in the global coordinate system is m.

[, FOuy)dxdy = [[ f(p(&m).w (£m)3 (S m)dédn

(49)
m (N+2)(N+2)
~ Z Z f! (¢(§i’ﬂi)’!//(§i177i ))Wi ((az +a,n, )(bs +b4§i)_(a3 +8,¢; )(bz +b,m, ))
j=1 i=5+4:N
(k= 1~N) :number of internal collocation in & direction
(I=1~N) :number of internal collocation in » direction
(i=4+4N+1+N(k-1))
W, =W, W, (50)
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Wy, Wy is weight in the one-dimensional direction,

Wi is weight in the two-dimensional direction.

Line integrals on the boundary edges of quadrilateral elements

In order to specifically calculate the flux flowing into and out of the biofilm surface, it is necessary to
prepare a line integral that calculates the total flux on the edge corresponding to the surface portion of the

quadrilateral element on the biofilm surface.

i (X-l, .V-l)

o (xa, _Y':l)

CAn

Local coordinate system Global coordinate system
Fig.3 Local coordinate system and global coordinate system in a side of quadrilateral element

As shown in Fig.3, the edges (X, y) of the global coordinate system are represented by the sides (&) of the
local coordinate system.

x:a1+a2§:¢(§)
y=b1+b2§=‘//(§)

when =0, (X, y)= (X ¥s) (52)
when &=1,(xY)=(X,, Y,)

From the relationship of the above equation

(51)

X3:a1 611=X3
Y3 =b by =Y, (53)
X4=a1+a2 32=X4—a1=X4—X3

y4:b1+b2 b2=y4_b1=y4_y3

Line integration of f(X,y) is represented by as following equation.

[ Fxy)ds=] t(o(&)w(£)) (j—g{j—gdg (54)

Specifically, the line integration at the sides of the global coordinate system is shown as follows.
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IL f(x, y)ds:jI f(xy)ya; +bidé (55)

Representation of discrete Gauss integration is as following equation.

II f(x, y),/aj +b2d¢ ziA:Wif (X, yi),faf +b?
:Zwif(¢(§i),y/(;)),/a§+b§ (56)

W, : Weights at the integration point i of the Gauss integral formula

Formulation and Numerical Calculation of Biofilm Model by Differential
Operator of Time and Space in Orthogonal Collocation Finite Elements

Method

The three main tools of OCFEM are differential operators of matrix representation in space and time,
coordinate transformation matrices for unstructured grids, and numerical integration using Gauss
integration points that are the same as Legendre's orthogonal collocations. In this paper, we present an
example of numerical analysis using OCFEM of an advection-diffusion-reaction equation with a nonlinear
reaction term, which is a two-substrate limit biofilm model in two regions (biofilm region and diffusion
layer region) @29 proplems in these two domains with different partial differential equations suggest
the application of OCFEM to coupled problems such as fluid-structure systems. In this paper, we use a
biofilm model as an example, but the main purpose is to expand the application of OCFEM to partial

differential equations (PDES) in science and engineering.
Biofilm model on membrane

Regarding the problem of OCFEM accuracy (comparison with exact numerical solutions), we will leave
it to the literature @@ dealing with Laplace equations and heat conduction equations, and here, we will
focus on the biofilm model described by the advection-diffusion reaction equation, and the concentration
distribution (OCFEM), substrate consumption rate (area within the element), and flux on the biofilm
surface (line integration of the element edges) are discussed. The basic equations and boundary conditions
for the biofilm region described by the advection-diffusion reaction equation of the two-substrate limit and

the diffusion layer region described by the advection-diffusion equation in which microorganisms are
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absent are shown below.

Biofilm domain :

2 2
B BB p 95 b 5 ¢(s,c)=0
ot ox oy ox? oy?
oC oC éC o%C o%C

S & v b, S by L2 —af(s,C)=0
a X 6}/ cf aXZ cf ayz 0!( )

Diffusion layer domain :

S 85 oS 0%s 8°S
Ay P PP

oy oy (58)
oC aC  oC o°%C o°%C
ot OX oy OX oy

where specific substrate consumption rate is represented by following equation (24)

(57)

VxS C
f(s,C)=—"%
5.) Ks+S K, +C (59)

The a is the stoichiometric ratio of substrate S and oxygen C.

PRy
)

(=

Diffusion domain

®

©)

Biofilm domain

(3) Membrane
Fig.3 Boundary condition in example domain

The schematic diagram of the boundary condition is shown in Fig.3, and the boundary condition
equation is shown in M~ &), The same is true for C.
@O S=S, C=C,

@ Boundary between biofilm and diffusion layer

(US—DSfEJH vS—DSf§ m:[uS—DsﬁjH vS—Dsﬁ m (60)
oX oy OX oy
(3 on membrane :
oS 0S
DSf&I_'_DSfEm:O (61)
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@(US - Dy Z—i)l +(uS - D, %)m =0 (62)

oS oS
® [uS — Dy 5) +[uS — Dy Ejm =0 (63)

Initial condition :

s=2 C="2 (=0) (64)

Element boundary condition(Element connection condition) :

{us - Dy Z—Sjl +[VS - Dy ﬁjm} = {(us - Dy g—sjl +(VS - Dy ﬁ]m}

" ay el " 6y e2 (65)
{uc -D, §)I +(VC -D, ﬁlm} = {(UC -D, §jl +(VC -D, @]m}

ox oy ox oy

where,
S: Substrate(glucose) concentration[mg/1]
C: Oxygen concentration[mg/I]
u,v: Advective velocity[cm/s]
Dy Diffusivity of substrate within Biofilm [cm?/s]
D.s: Diffusivity of oxygen within Biofilm[cm?/s]
Ds: Diffusivity of substrate in water[cm?/s]
D.: Diffusivity of oxygen in water[cm?/s]
X,y: Position within Biofilm or Diffusion layer[cm]
t: Time][s]
f(S,C): Specific substrate consumption rate[1/s]
vmax. Maximum specific substrate consumption rate[1/s]
Ks: Saturation coefficient for substrate[mg/l]
Kc: Saturation coefficient for oxygen[mg/l]

a: Stoichiometric ratio between substrate(S) and oxygen(C)
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Formulation of Biofilm model by differential operator in space and time

Here, the formulation by OCFEM in the biofilm and diffusion layer at the internal collocation of an
element is shown. The partial derivative of space and time is expressed as a differential operator (matrix)
as follows. q is the internal collocation, p is the total collocation (external collocation r and internal
collocation q), and i and s are time collocations.

Internal collocation : Biofilm

AsSes +UgiPqpS i +VeiygpS pi ~ Dar BrgpS i = Dy By Sy — 184, C) =0 (66)
AuCos UG A LC i +VA,C i — Dy BquCpi - DCf BywCpi —af(S;,Cy)=0

Internal collocation : Diffusion layer
AusSes HUGA LS Ve ALS i — DB LS, — DB, S, =0 (67)
AiCp +U A LCli VA, CLi —D.B,,C, —DB,,C, =0

The formulation by OCFEM for element boundary conditions (fluxes at common collocations of adjacent
elements is continuous) and boundary conditions can be done in the same way. Note that the same way is
described for oxygen.

Element boundary condition(Element connection condition) :

((us ~D,A,,S, )1 +(vS, —DyA,S,) ) ((us —DyA,,S, )1 +(v,S, ~DyA,,S,)m )ezzo (68)

Xrp=p yrp—p xhp™p yhp™'p

Conditional expressions for the collocation of four corners within the region in the element boundary

conditions (element connection conditions) is guided using the concept of least squares.

kg {((Urs - D, Axrpsp)l (VS - D, AVFPSP) ) _((uhs D, AthSp)I (VhS D, Ayhpsp) )kM}
ke=km

{((ur - Dsf A«r ) Ikm + (Vr - Dsf Ayrr ) m, )ke _((uh - Dsf Axhh ) Ikm + (Vh - Dsf Ayhh ) My, )ke+1} =0 (69)

m : Number of elements sharing one corner, ke, ke+1 : Elements and Adjacent Elements, km : Nodal edges
through one of the four corners, r, h : Local number of shared collocations at the nodes of one element and

adjacent elements.
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Boundary condition : (refer to Fig.3) the same way is described for C.
@ S=S, C=C,

@ Boundary condition between Biofilm and Diffusion layer :

(uS, —DyA,S, )1 +(vS, ~DyA, S, Jm=(uS, - D,A,,S, )| +(vS, - DA, S, )m (70)

Xrp—p yrp—p s’ xhp~p s” lyhp™p

3 On membrane :

D, A,,S,l +DyA, S, m=0 (71)
@ (uS,-DA,,S,)I+(vS, DA, S,)m=0 (72)
® (uS,—DyA,S, )l +(vS, —DyA,,S,)m=0 (73)

Calculation of substrate consumption rate and flux by area and line integration

(D Calculation of substrate consumption rate :

The substrate consumption rate of the biofilm can be calculated by integrating the specific substrate
consumption rate at the collocation of each element of the biofilm (S_Consum). Since orthogonal
collocations which are the roots of the Legendre polynomial are used for integral point, the
Gauss-Legendre numerical integration formula for the area can be used with high-precision. The

following is a specific numerical integration formula.

m (N+2)(N+2) v Sj Cj

S C = smax =i _ L X W, ) (b, +b,&E ) — ) (b, +b,n. 74
_Consum JZ:; N KS+SiJ Kc+CiJ f |((az+a477|)( ), + 45:) (a3+a4§|)( , + 477|)) (74)

The above equation is described as a quadrilateral element.
@ Calculation of inflow and outflow flux :
The flux of inflow and outflow on the surface of the biofilm is determined by linear integral.
Gauss-Legendre's numerical integration formula can be used, and high-precision integration is possible.
N
Flux = Zwi f(x;,y; WaZ +b3 (75)
i=1

Where

oS oS
f(x,y.)=|uS -D,—| [I+|vS -D_., —
( i y|) ( i~ sf ax‘ij [l i sf ay

xip™ p yip~p

]m:(uisi—Dsz S, )l +(vS; ~DyA,S,)m  (76)
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The above equation describes the flux on the side of the quadrilateral element.
In the biofilm model, the substrate consumption rate and the flux balance of inflow and outflow must

match at steady state.
Computational conditions and biofilm model parameters

The calculation conditions and the biofilm model parameter values in Table 1 used for numerical
calculations are shown. Fig.5 and Fig.6 show examples of rectangular element division (Casel) and
quadrilateral element division (Case?2) in the case of 5>6 internal collocations in one element, respectively.
Calculation condition :

Substrate (Glucose) concentration in bulk liquid : 10mg/I

Oxygen concentration in bulk liquid : 4mg/l

Advection in the direction of y by membrane suction : -7um/s

Space internal collocation in one element : 232, 535, 77

Time internal collocation in time element: 1, 2, 3, 4

Time element DT: 0.01(when time collocation is 1),

0.1 (when time collocation is 2,3,4)

Total time of calculation.: 20sec(steady state at 20sec)

Initial condition: Discontinuous initial conditions are given by using the initial concentration distribution
in the diffusion layer and the biofilm as 1/2 of the concentration of the bulk liquid, and the upper boundary

of the diffusion layer as the concentration of the bulk liquid.

Table 1 Parameter of biofilm model

param eter ofbiofilm m odel sym bol param etervalue

D iffusivity of substrate in Biofim | D 0.25x10cm */sec
D iffusivity of oxygen in B iofilm D s 1.37%x10%cm 2/sec
D iffusivity of substrate n w ater D, 0.694 x 107%cm %/sec
D iffusivity of oxygen in w ater D, 3.01 x107%cm %/sec
M aximum specific substrate rem ovalrate | ¥ gp ax 0.0002662 (1/sec)
Stoichiom etric ratio of sbstrate and oxygen o 0.5
Saturation constantofsubstrate K, 5mg/|
Saturation constantof oxygen K. 0.15m g/|
Density ofbacteria in B iofilm X+ 25000m g/|
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Results and discussion in computation

Fig.6 and Fig.7 show the concentration profiles of the substrate (glucose) and oxygen in the biofilm
models of the rectangular element (Casel) and the quadrilateral element (Case2) after the calculation time
of 20 sec, respectively.

Fig.8 and Fig.9 show the concentration profiles of the substrate (glucose) and oxygen in the non-steady
state after the calculation time of 1 sec in the biofilm model of the rectangular element (Casel) and the
quadrilateral element (Case2), respectively. Although the initial conditions were spatially discontinuous,
the concentration distribution after 1 sec (time element 0.01, time internal collocation 1) was shown to be
stable with respect to space.

Fig.10 and Fig.11 show the total substrate consumption rate of the biofilm model in the unsteady state
of the substrate (glucose) and oxygen in the biofilm model of the rectangular element (Casel), the total
substrate flux flowing into the biofilm surface (inlet flux), and the total substrate flux flowing out of the
membrane (outlet flux). and the change in flux balance of all substrate fluxes in and out over time. Before
the aging time of 4 sec, the total substrate consumption rate (Consumption rate) and the flux balance (Flux
balance) change non-stationarily and do not coincide, but after the aging change is 7 sec or more, the total

substrate consumption rate and flux balance become a steady state, and the substrate consumption (unit

time) consumed

Fig.4 elements number:12>& interior collocation (5>6=25) Fig.5 elements
(Casel) Rectangular element in diffusion and biofilm domain (Case2) Quadrilateral elements in diffusion and biofilm domain

=N =S
N N —r B 7|
Substrate profile (interval 0.5mg/l) Oxygen profile (interval 0.05mg/l) Substrate profile (interval 0.5mg/l) Oxygen profile (interval 0.05mg/l)
Fig.6  Steady profile of substrate and oxygen (after 20sec) Fig.7  Steady profile of substrate and oxygen (after 20sec)
[Case 1:rectangular element (interior collocation 7 X 7) ] [Case 2:Quadrilateral element (interior collocation 7 X 7) ]

Substrate profile (interval 0.5mg/1) Oxygen.profile (infervél 0.0SmQ/I) Substrate profile (interval 0.5mg/l) ) Oxygeﬁ profile (interval 0.05mg/I) )
Fig.8  Unsteady profile of substrate and oxygen (after 1sec) Fig.9  Unsteady profile of substrate and oxygen (after 1sec)
[Case 1:rectangular element (interior collocation 7% 7) ] [Case 2:Quadrilateral element (interior collocation 7x7) ]
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Fig.10  Time variation of consumption and flux balance Fig.11  Time variation of consumption and flux balance
of substrate (Casel: rectangular element) of oxygen (Casel: rectangular element)
(time collocation 1)  (interior collocation 7 X 7) (time collocation 1)  (interior collocation 7 X 7)
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Fig.12  Time variation of consumption and flux balance
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o 1 2 3 4 5 6 T 8 9
elapsed time(sec)
Fig.13  Time variation of consumption and flux balance

10

of substrate (Case2: Quadrilateral element)
(time collocation 1)  (interior collocation 7 X 7)

of oxygen (Case2: Quadrilateral element)
(time collocation 1)  (interior collocation 7 X 7)

by the biofilm and the balance of the substrate mass (unit time) flowing into and outflowing into the
biofilm coincide. It shows that the balance of substrates in steady state is consistent. Figs.12 and 13 show
the changes in the consumption rate and flux balance of the substrate and oxygen over time in the biofilm
model of quadrilateral elements, and show the same behavior as the biofilm model of rectangular elements.
Fig.6~Fig.13 shows the calculation results when the number of internal collocations selected in the spatial

element is 7>7 and the number of internal collocations in the time element (0.01) is 1.

Table 2 Unsteady and steady-state calculation values of substrate consumption rate and flux balance (time internal
collocation number 1, time increment 0.01)(Unsteady calculation is the value in steady state (time 20s)) [Rectangular

element: Casel]

substrate substrate consum ption rate @ g/s - cm %) substrate flux balance M g/s = cm %)

intemalcollocation

intemalcollocation

unsteady calcu lation

steady calcu lation

unsteady calculation

steady calcu lation

2x2 8.121382663E-06 8.121382675E-06
5x5 8.121955997E-06 8.121956008E-06
1x7 8.121972148E-06 8.121972160E-06

2x2 8.121382702E-06 8.121382675E-06
5x5 8.121956035E-06 8.121956008E-06
1x7 8.121972187E-06 8.121972160E-06
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Table 3 Effect of the number of internal collocations in time on the convergence of substrate consumption rate and

flux at 0.5 sec.(Number of collocations in the space: 7>7, Biofilm morphology [Rectangular element: Casel])

tim e intemalcollocation

substrate consum ption rate

biofim surface flux

m em brane outflow flux

1

7.269323411E-06

1.196666138E-05

2.834574954E-06

1.268561257E-06

1.197539826E-05

2.832248287E-06

1.268569034E-06

1.197526570E-05

2.832236852E-06

2
3
4

1.268569198E-06

1.197526671E-05

2.832237129E-06

Table 4 Effect of the number of internal collocations in time on the convergence of substrate consumption rate and

flux balance in steady state (20 seconds)[Rectangular elements: Casel]

tine intemalcollocation | substrate consum ption rate flux balance
1 8.121972149E-06 8.121972187E-06
2 8.121972149E-06 8.121972187E-06
3 8.121972149E-06 8.121972187E-06
4 8.121972149E-06 8.121972187E-06

The effects of the space and time collocations (time element 0.01: time internal collocation 1, time element
0.1: time internal collocation 2, 3, and 4) on the substrate consumption rate and flux convergence behavior are
described using Table 2~Table 7. Table 2 shows the convergence of the calculated values of the
non-stationary PDEs and stationary PDEs of the substrate consumption rate and flux balance numerically
calculated by the number of internal collocations in space, and the convergence to a certain value is observed. It
is shown that the steady-state value of non-stationary PDEs (after 20 sec) and the calculated value of stationary
PDEs match up to 7 significant digits. Table 3 shows the effect of the number of internal collocations of time on
the convergence of substrate consumption rate and flux after 0.5 seconds in numerical calculations of
non-stationary PDEs, and shows that the consumption rate and flux converge as the number of internal points
of time increases.

Table 4 shows the effect of the number of internal collocations of time on the convergence of the substrate
consumption rate and flux balance in the steady state (after 20 seconds) of non-stationary PDESs, and it can be
seen that the calculated values of the substrate consumption rate and flux do not depend on the number of time
collocations. The substrate consumption rate and flux balance in steady state are consistent up to 8 significant
digits.
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Table 5 Unsteady and steady-state calculation values of substrate consumption rate and flux balance (time internal
collocation number 1, time increment 0.01)(Unsteady calculation is the value in steady state (time 20s))

[Quadrilateral elements: Case?]

substrate substrate consum ption rate (m g/s + cm D) substrate flux balance m g/s + cm 2)
intsmalcolocaton | unsteady ca lcu lation steady calcu lation ntemalcollocation| Unsteady calcu lation steady calcu lation
2x2 7.945250017E-06 7.945250025E-06 2x2 7.945249985E-06 7.945249965E-06
5x5 7.945368876E-06 7.945368884E-06 5X5 7.945368844E-06 7.945368823E-06
1x1 7.945372917E-06 7.945372926E-06 %1 7.945372886E-06 7.945372865E-06

Table 6 Effect of the number of internal collocations in time on the convergence of substrate consumption rate and

flux at 0.5 sec.(Number of collocations in the space: 556, Biofilm morphology [Quadrilateral elements: Case2])

tine intemalco location | substrate consum ption rate | b iofilm surface flux |m em brane outflow flux
1 7.037619540E-06 1.165297510E-05 2.794081582E-06
2 7.037597629E-06 1.165325589E-05 2.794064515E-06
3 7.037605746E-06 1.165312835E-05 2.794052791E-06
4 7.037605915E-06 1.165312908E-05 2.794053100E-06

Table 7 Effect of the number of internal collocations in time on the convergence of substrate consumption rate and

flux balance in steady state (20 seconds)[ Quadrilateral elements: Case2]

time intemalcollocation | substrate consum ption rate flux balance
1 71.945368876E-06 7.945368844E-06
2 1.945368876E-06 7.945368844E-06
3 7.945368876E-06 7.945368844E-06
4 7.945368876E-06 7.945368844E-06

Table 5~Table 7 is a model of quadrilateral elements, and in terms of content, it shows the same trend as
the rectangular element model in Table 2~Table 4. However, Table 7 shows the case of spatial internal
collocations 5>, and the substrate consumption rate, which is the steady value of the non-stationary PDEs,
and the flux balance were consistent up to 8 significant digits.

From the above, it is considered that the meaning of Weierstrass's theorem @ of polynomial
approximation and the approximation of partial derivatives of polynomials (extension of Weierstrass's
theorem) is that they converge uniformly when the order of the polynomial approximation (the order of
the internal collocations) that approximates the unknown function to be found is increased. This cannot

be said accurately because it has not been mathematically proven, but it is thought that it can be inferred
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that the tendency is to converge when the order of the polynomial (the number of internal points) is
increased. Therefore, the differential operator of the orthogonal collocation finite element method is
considered to be one of the important analysis methods for numerical analysis because it has a

mathematical meaning.

Conclusions

The following findings were obtained from the formulation of the biofilm model using OCFEM, the
numerical calculation of the concentration distribution, and the calculation of the substrate consumption
rate and flux balance at the boundary of the biofilm region as a numerical integration of the concentration
distribution.

(D The formulation of the biofilm model using the differential operator (matrix) of OCFEM vyielded the
results of a reasonable concentration distribution, and the numerical integration of the concentration
distribution of the biological region and the boundary yield yielded a reasonable substrate
consumption rate and flux balance in the boundary region.

@ By using a higher-order differential operator (matrix) with the order of the polynomial representation
of the concentration in space, we were able to show the convergence of the substrate consumption rate
and flux balance, which is the integral of the concentration distribution.

(3 The consistency between the substrate consumption rate and the flux balance at the biofilm boundary,
which is the integral of the steady-state value (concentration distribution) of the non-stationary PDEs
and the calculation result (concentration distribution) of the stationary PDEs, was accurately
consistent, and when the order of the time collocation in the nonstationary case (assuming that the
time-related differential operator (matrix) was of a higher order) increase, the integral value of the
substrate consumption rate and the flux balance converged to a certain value.

@ Numerical calculations of OCFEM have shown that Weierstraf3s theorem of polynomial approximation
and the approximation of partial derivatives of polynomials converge at each point by increasing the
order of the polynomial (order of internal collocations: order of differential operator (matrix)) that
approximates the unknown function to be obtained. By making it higher order (mathematically close to

), the arrangement of the orthogonal collocations becomes dense and can be expected to converge

uniformly.
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The above results can be inferred from the numerical calculations of OCFEM, and it goes without saying
that they must be strictly proved mathematically, but from an engineering point of view, the practical use

of OCFEM and potential is considered to be high.
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