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Controllability of a Neutral
Stochastic Evolution Equation

Sanjukta Das*

Abstract

In this paper the controllability of a stochastic impulsive second or-
der system with infinite delay is investigated. Simple Lipschitz condi-
tions are used to prove the controllability. This approach also removes
the need to construct the controllability Gramian operator and associ-
ated limit conditions used by the authors in [20], which are practically
difficult to verify and apply. An example is provided to illustrate the
presented theory.
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1 Introduction

Neutral differential equations are functional differential equations in which
the highest order derivative of the unknown function appear both with and
without deviations. Neutral differential equations with unbounded delay ap-
pear abundantly as mathematical models in mechanics, electrical engineering,
medicine, biology, ecology etc. Hence it is a widely studied topic in several
papers and monographs for instance, partial neutral differential equation
with unbounded delay arise in the theory of heat conduction of materials
with fading memory. For instance, one may see [7],[8],[12], [I5],[16], and the
references cited therein. Second order neutral differential equations model
variational problems in calculus of variation and in the study of vibrating
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masses attached to an electric bar. Second order systems model various dy-
namical systems mostly by nonlinear partial differential equations of second
order in time.

Of late, much attention is paid to functional differential equation with
infinite delay. We refer [7], [9],[15],[16] for details. The literature related to
infinite delay mostly deals with functional differential equations in which the
state belongs to a finite dimensional space. As a consequence, the study of
partial functional differential equations with infinite delay is neglected. This
is one of the motivations of our paper.

Impulsive differential equations are known for their utility in simulating
processes and phenomena subject to short term perturbations during their
evolution. Discrete perturbations are negligible to the total duration of the
process. We refer[5],[10],[13],[17], [22] regarding discrete impulses.

In this paper the controllability of damped the second order stochastic
impulsive neutral differential equation with nonlocal conitions, modelled in
the following form is studied In this paper we study the existence of solution
and control for

pi(t 5, 2.)ds)] = [Az(t) + f(t, . /O po(t, 5, 2)ds)

t

+ Bu(t)]dt+/ o(t,s,xs)dw(s), tp #t € J:=1[0,T]
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(1.1)

where 0 < t; < to < ... < t, < T, n € N; z(.) is a stochastic process
with values in a real separable Hilbert space H. A : D(A) C H — H is
the infinitesimal generator of a strongly continuous cosine family on H. x; :
Jo = H, x4(0) = x(t +0) for t > 0, lies in the phase space B, defined in
preliminaries section. The functions f,g: JXxBxH — H, p: JxJxB — LI,
pi I XJIXxBH, (=12, 1} [2:B8—>H k=1,...,m, q:B" — B are
appropriate functions to be specified later. The control function u(t) belongs
to the space of admissible control functions L?(J,U) of a separable Hilbert
space U. B is a bounded linear operator from U into H. 0 =ty < t; < ... <
tm < tmi1 = T are prefixed points and Axz(ty) = x(t}) — (¢ ) denotes the
jump of the function z at time ¢; with Iy, as the size of the jump. z(t})
and z(t, ) denotes the right and left limits of z(t;) at ¢ = ) respectively.
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Likewise 2/(t;) and 2/(¢; ) denotes the right and left limits of /() at t = .
Let ¢(t) € L2(2,B) and x1(t) be H valued F; measurable random variables
independent of the Wiener process {w(t)}.

Recently, second order abstract partial neutral differential equation sim-
ilar to (1.1)) is extensively studied in [2],[3],[4],[I8]. As a matter of fact, in
these papers the authors assume severe conditions on the operator family
generated by A, which imply that the underlying space X has finite dimen-
sion. Thus the equations treated in these works are really ordinary and not
partial differential equations. In most of the papers the cosine family gen-
erated by the operator A is such that C(.) € C([0,T]; £(X)) which implies
that A is bounded. Hence motivated by this fact their various applications
the controllability of the stochastic partial neutral differential equation of
second order with infinite delay is studied in this paper using fixed point
technique. The compactness condition of the operator families generated by
A and other restrictive conditions have been omitted. An example is given
in the last section to illustrate the result.

2 Preliminaries

In this section some basic definitions and results for stochastic equations
in infinite dimensions and strongly continuous cosine families of operators
are recalled. For more details readers can refer [23],[11], [24]. The family
{C(t) : t € R} of operators in B(X) is a strongly continuous cosine family if
the following are satisfied:

(a) C(0) =1 (I is the identity operator in X);
(b) C(t+s)+C(t—s)=2C(t)C(s) for all t,s € R
(¢) The map t — C(t)x is strongly continuous for each x € X.

The one parameter family of operators {S(t) : t € R} is the sine family
associated to the strongly continuous cosine family {C(¢) : t € R} and it is
defined as S(t)x = fot C(s)xds, z € X, t € R.

The operator A is the infinitesimal generator of a strongly continuous
cosine family of bounded linear operators (C(t)):cr and S(t) is the associated
sine function. Let N, N be certain constants such that ||C(¢)| < N and
1S(t)|| < N for every t € J = [0,T]. In this work we use the axiomatic
definition of phase space B, introduced by Hale and Kato [7].

PC([0, a], X) is the space formed by normalized piecewise continuous func-
tion from [0, a] into X. In particular it is the space PC formed by all func-
tions w : [0,a] — X such that u is continuous at ¢t # t;, u(t; ) = u(t;) and
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u(t]) exists for all i = 1,2, ...,n. It is clear that PC endowed with the norm
|z|| pc = supies||z(t)]| is a Banach space. For any = € PC

o (), tE (titial;

SO, T € C([tl,tz+1],X)

Definition 1. [T/]:The phase space B is a linear space of functions map-
ping (—oo, 0] into X endowed with seminorm ||.||s and satisfies the following
conditions:

(A) If  : (—o0,0 +b] — X,b > 0, such that zg € B and 2|14 €
C(lo,0 +b] : X) , then for every t € [0, 0 + b) the following conditions
hold :

() x; is in B,

(id) lz@)] < H |||,

(iid) ||zl < K(t = o)sup{||lz(s) : 0 < s <t} + M(t — 0)]|zo ]|,
where H > 0 is a constant K, M : [0,00) — [1,00), K is continuous,
M is locally bounded and H, K, M are independent of x(.)

(B) The space B is complete.

Let (H, ||.||m, < -, >m) and (K, ||.||m, < .,. >u) denote two real separable
Hilbert spaces. £(K,H) denotes the set of all linear bounded operators from
K into H, with the usual operator norm ||.||.

As the system has instantaneous impulses,the phase space used by
Balasubramaniam and Ntouyas[I] is not applicable to these systems. There-
fore we use the abstract phase space B defined below.

Let [ : Jy — (0,00) be a continuous function with [y = fJo I[(t)dt < 0.

B ={C:Jy— H: (E|¢()]?)"? is bounded measurable on [—t,0] V¢ > 0
and [} 1(s) supger o (E[IC(0)][*)"/?ds < oo}

The phase space B, ||. || with the norm ||[js = [ 1(s) supge, o (EIIC(0)[|7)'/ds,
V( € ‘B is a Banach space.

LetJy = (tg,tks1] and Jp = (—o00,T). By = {z : Jp — H with
Tl trn] € C(Je, H) and 3 z(t;) and z(t)) with z(t;) = 2(t), z(0) —
(T, Tty oy,) =0 €B, k=1,2,...,m}.

Define a seminorm ||.|| on B¢ by ||z||r = ||¢]ls + sup(E||z(s)||?)/?, = €
Br.

Lemma 2.1. ([9]) Let x € B, thenV t € J, 2, € B. Also,

lo(Bllz(t)])'? < lladlle < llzolls +lo sup (Bllx(s)]*)"?

s€[0,t]
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Definition 2. A F; adapted cadlag stochastic process x : Jr — H is called
a mild solution of on Jr if x(0) — q(zy,, T4y, .oy 2y,) = g = ¢ € B
and 2'(0) = x, € H, satisfying ¢,x1,q € L(Q,H); the functions C(t —
$)g(s, s, [y pr(s, 7, 2:)dT) and S(t—s) f(s, x5, [ p2(s, 7,2, )dT) are integrable
on [0,T) such that

(1) {x¢:t € J} is a B— valued stochastic process.
(i1) Y t € J, x(t) satisfies
z(t) = C@)[e0)] + 5(t)[z1 + (0,20, 0)]
— / C(t — s)g(s,xs,/ p1(s, T, 2, )dT)ds
0 0

+ /OtS(t—S)BU(S)dS
N /Otg(t_S)f(s,ggs,/OSpQ(s,T,xT)dT)ds
N /OtS(t—s) / o (5,7, 2. )dw(7)ds

o0

+ BoctytC(t — t) I (w4,) + Soctp<tS(t — te) I (21,
(2.2)

; fO?” a.e. te [tj,tj+1], ] = O, 1,2, -~
(iti) Ax(ty) = [Mzy), A2 () = [2(zy), k=1{1,2,....m}

Definition 3. System (1.1)) is called controllable on the interval Jr, if ¥
initial stochastic process ¢ € B defined in Jy, 2'(0) = x; € H and xy € H; 3
a stochastic control u € L*(J,U) which is adapted to filtration {F;}ies such

that the solution x(.) of the system (1.1)) satisfies x(T") = xy where zy and T
are preassigned terminal state and time.

The following hypotheses are made to establish the main results.

(H1) 3 Mg, Mg, M, such that V t,s,€ J, and z,y € B, ||C(t)||* < M,
IS < Ms; E|| [ylpr(t,s,2) = pat, s,9))ds|* < My, ||z =y}

(H2) g : J x B x H — H is continuous and 3 M, > 0 such that V ¢ €
J, x,y, € B, 21,2 € Lo(Q2, H)

Ellg(t,z,21) — gty 22) | < My([lx = ylls + Ellz1 — 2|).
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(H3) V (t,s) € J x J, pa:JxJxPB — His continuous and 3 M, > 0 such
that Vit,s e J, z,y,€*B

t
Bl [ lpalt.s. ) = palto s, s < Mo = ol
0
(H4) f: J xB x H — H is continuous and 3 My > 0 such that V t €
J, x,Y, € %, Z1,%9 € ;CQ(Q,H)

E|f(t,z,21) = f(t,y, 22)* < My([lx =yl + Ellz1 — 22]?).
(H5) I}, I} € C(B,H), k=1,2,..,mand3 My, My, Mp, Mp such that

Va,yeB E|l ()" < My, E|F@)|* < Mp, Ell(z) = L))" <
Mplle =yl Bl (=) — BWI* < Mplle -yl

(H6) Vo € B, h(t) = lim. 00 fi)ca(t, s,¢)dw(s) 3 and is continuous. Also 3
M;, > 0 such that E||h(t)]|*> < M.

(H7) ¢ : J x J xB — L(K,H) is continuous and 3 M, > 0, M, > 0
such that Vs,t € J and z,y,€ B E||(7(t,s,x)||ig < M, E|o(t,s,x) —

a(t,5,9) 2 < Moz — yll3

(H8) W : L*(J,U) — L*(Q, H) defined as
Wu = / S(T — s)Bu(s)ds
J

is a linear operator with induced inverse W' taking values in L*(J,U)/KerW
[6]. 3 positive constants Mp and My, such that ||B||*> < Mp and
IW=H? < My

3 Main Results

The controllability of the distributed impulsive stochastic delay system (|1.1])
in Hilbert spaces is investigated in this section.

Theorem 3.1. Let (H1) — (H9) hold. If A <1 and A < 1 then the system
(1.1) is controllable on Jr, where

A = 28(1 + 8T*MpMg My ) [203T*{ McM,(1 + 2M,,) + MsM;(1 + 2M,,)}
(3.1)
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and

= {(120 + 60T*MpMsMy)
X [T2MCM9(1 + M,,) + TQ]MS]WJ‘(1 + M,,)
+ T*MsM,Tr(Q)
+

mMc > Mp +mMs Y Mp]} (3.2)

k=1 k=1

Proof. By hypothesis (H9), for any state function xz(.), the control is defined
as

up (t) = W Hay = C(T)[6(0)] = S(T)[x1 + 9(0, 20, 0)]

+ / C(T — s)g(s, zs, pl(STxT)dT>dS
0

- / S(T-S)f(s,l’s,/Sp2<S,T,IT)dT)d8
0 0

- /T S(T — s)[h(s) + / o(s, 7, x;)dw(r)]ds

0 0

— DoctyctC(T — ti) I (21,) — Soct,<tS(T — t) I} (24,) }
(3.3)

Let T : 87 — B defined by

Yz(t) = ¢(t)(t), t € Jo
Tz(t) = C@)[¢(0)] + S(t)[z1 + g(0,20,0)]
— / C(t —s)g(s, xs,/o p1(s, T,z )dT)ds
+ /t S(t — s)Bul(s)ds
+ /0 S(t—s)f(s,xs, /OSPQ(S,T, x,)dT)ds
. /O S(t — s)[h(s) + /080(8,7', 22)dw(r)]ds

+ Boc <Ot — te) I (w1,) + Bo<r,<eS(t — 1) IF (21,
Clearly Yz(T') = zy.

- e, ted
Let ¢ be defined as ¢(t) = { CH)[p(0)], teJ.
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Vo € B. So, ¢ € By. Let x(t) = z(t) + ¢, t € Jp. Then x satisfies (4.1)
iff z satisfies zp = 0, 2/(0) = 21 = 2/(0) = z; where

A) = S@+9(0.60.00+ [ it - BT (s)ds
0
_ /C(t—s)g(s,zs+$s,/sp1(s,7',zT+5T)dT)ds
0 0
S - s Nsa y Iy ~T NT d d
+ /0 (t—38)f(s,2s+ ¢ /Opg(s T, Zr + ¢r)d7)ds

S(t— s)[h ) T, 2 + &y )d d
+/0 (t— 3| <s>+/0 o153 + B )
+ BoettC(t — te) [ (20, + b1,) + Soct,<tS(t — t) I (21, + 1),

for ae. t € [t;,tj41], 7 =0,1,2,...,m. Here uig(t) is obtained from 1'

by replacing z; = z + ¢;. Let B = {y € By :1yo =0 € B}. V y € BY the
norm is defined as [|y[lr = [[yolls + sup(E|y(s)[I*)'/* = sup,e, (Elly(s)[*)'/2,
for (B9, ||.|lr) to be a Banach space. Let for some r > 0,

B, ={y € By :|lyl7 <r}.

Then B, C 8% is uniformly bounded and by lemma ({2.1])

lze + &l = 2(12ll% + o) N N
< 4(l5 sup El|z(s)[I* + l|zoll + 15 sup Ello(s)II* + lloll5)
s€[0,t] s€[0,t]
< Alg(r + Mc[E(|6(0)[7]) + 4]10]1%
= (3.4)

Let the map T : BY — B9 be defined by Tz(t) =0, V t € Jy and
Tz(t) = S(t)[z1+ g(0, do,0)] + /O t S(t — s)Bu! 5(s)ds
- /Ot C(t—s)g(s,zs + s, /OS pi(s, 7,2, + 5T)d7)ds
+ /Ot S(t — s)f(s,zs + bs, /Ospg(S,T, 2+ ¢-)dr)ds
+ /O " S(t— 8)[h(s) + /O (5,7 2 + Gr)du(r)ds
4+ Boctp<tC(t — ti) Ly (21, + Cgtk) + Soctp<tS(t — ti) 17 (2, + gtk),
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for ae. t € [tj,tit1], j =0,1,2,...,m. Clearly, the operator T has a fixed
point which is equivalent to show T has a fixed point. Also from the hy-
potheses Y is continuous as all the functions involved in the operator are
continuous.

Let z, z € BY. Then using equation , the hypotheses and lemma
it can be derived that

l? S0P

SMyA{E||y1||* + Mc(E||6(0)]|?) + 2Ms[E||x1]* + 2(M, | 6|3 + Co)]
2T° Mo [M,([1 + 2M,,]r* 4 2C1) + Co] + 2T* Mg[M/([1 + 2M,,1r* + 2C3) + Cy]

+ + IAN =

2T°Mg(My, + TTr(Q)M,) + mMc > Mp +mMg» M} = bl,
k=1 k=1

(3.5)
and

E Juf 50— 0]

< 10 Mw{T?*McMy(1+ M,,) + T*MsM(1 + M,,)
+ T*MsM,Tr(Q) +mMc Y Mp +mMg»  Mp}sup E|2(t) — Z(t)|”
k=1 k=1 s€J

(3.6)
C’1 = Tsup(t,s)eJXJp%(tvsao)v 02 ‘= SUDP¢eg ”g(t7070)|’27
Cs := Tsupg gesxs P3(t,5,0), Cy = sup,e, || f(£,0,0)]]*. Now it is to be
proved that Y(B,) C B} Suppose on the contrary Vr > 0, 3 a function
2"(.) € B, but T(z") does not belong to B,, i.e. [|[T(z")(t)||* > r for some
t € J. Although by the hypotheses

ro < E[TENO) -
< TMw{2Ms[E|z|* + 2(M, ]| 613 + C2)]
+ 2T Mc[My([1 4 2M,,]r* + 2C1) + Cy) + 2T* Mg[M([1 + 2M,,,]r* + 2C3) + Cy]
+ T?MgMpgbl
+ 2T°Mg(My + TTr(Q)M,) + mMc » _ Mp +mMg» M},
k=1 k=1
< M 4+ 7(1+ 8T*MpMg My ) [2T* (Mo My (1 + 2M,, ) + MM (1 + 2M,,))
+ 3MgsNg/l3 + T?*MgNg/13)r* (3.7)
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where

56(1 + 8T*MpMsMw)[E||yl|* + Mc(El|¢(0)[*)]

T(1 4+ 8T*MpMsMyy) x [2Ms[E||z1|]* + 2(M,| 9]l + C2)]
21°Mc(2M,Cy + Co) + 2T Mg(2M;C3 + Cy)

=

+ o+ +

2T Mg (M, + TTr(Q)M,) + mMc > Mp +mMg»  Mp2](3.8)
k=1 k=1

Now divide both sides of by r, using and taking limit as r — oo
we get 1 < A\ which contradicts the assumption . Hence 3 r > 0 such
that Y(B,) C B,.

Then it is proved that T : B9 — B9 is a contraction mapping. Suppose
z, 2 € BY, then
E|T(2)(t) = T2(1)|?
1208 My {T* Mc My (1 + M,,) + T* Mg M (1 + M,,)
T MsM,Tr(Q)

mMg Y Mp +mMsy  Mp} sup Bl(t) —Z(0)|I
k=1 k=1

+  + IA

67° MsMpE||ul, 5(t) — ul ()]
{(1205 4+ 6 x 10T*MpMgsMy,)
[T2M0M9(1 + My,) + TZMSMf(l + My,)

T MsM,Tr(Q)

mMg Y Mp +mMs Y Mpl} sugEHz(t) —Z()|?
sE

k=1 k=1

+ + X IAN +

(3.9)
Now by taking supremum over ¢ and using (3.2)), it is found that
IT(2)(8) = T2(W)7 < Allz - 27

Hence T is a contraction mapping on BI'. Thus by Banach fixed point the-
orem, 3 z(.) € BT such that T(z)(t) = z(t) with z(T) = Y(z)(T) = z;.

Therefore the system ({1.1)) is controllable on Jr. ]
4 Example

In this section a partial differential equation applying the abstract results of
this paper is discussed.
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Example 1 : Consider the second order neutral differential equation with
instantaneous impulses

%[at / &(te,s —t)d1(x(s, e ds+// p1(s — 7)da(x (T, €))drds]
—[%x(t,a) + / &(te,s —t)oi(z(s, e ds—l—// pa(s — 7)o2(x(T,€))drds
+b(e)u(t) + / c(s = t)x(t,e)dw(s),
+ tpy#£teJ eel0,7],
z(t,0) = z(t,m)=0, t € J,
x(t,e) = qlt,e), t € Jp,0<e <,
0
E:L‘(O,é) = x1(e), 0<e <,
ti
Ax(t;)(e) = / ni(t; — s)x(s,e)ds, i=1,....m

t;

A (t)(e) = / n2(t; — s)u(s,e)ds, i = 1,...,m, € [0,7]
where z; € X = L*([0,7]), X = K = U = L?([0,7]). w(t) is a standard
one dimensional Wiener process in X, on a stochastic basis (2, F, P), q € ‘B
B = PCyx L*(p,X), AC D(A) C X — X is the map defined by A =
with domain D(A) = H?([0,7]) N H([0, 7]). where

Hy ([0, 7]) = {w € L*([0, 7)) : g—:u € L*([0,7]), w(0) = w(r) = 0}

H2(0,7)) = {w e L2(0.7]) - 2% T € 120,

It is well known that A is the infinitesimal generator of a strongly contin-
uous cosine function (C(t));er on X. Also, A has a discrete spectrum, and
the following properties hold

(C1) Ap = =32 N2 < b, 2, > 2, where ¢ € D(A), A\, z,, n € N are
eigenvalues and eigenvectors of A.

(CQ) C(t)gb = 220:1 COS()\nt) < gbv Zn > Zn and S<t)¢ - Zzozlw
O, zn > 2z, for ¢ € X.

A\

Clearly V z € X, t € R, C(.)x,S(.)x are periodic functions and ||C’( ) <
1, [[S(t)z]l < 1. Hence (H1) is true. Let I(s) = €**, s < 0,501y = [, I(s)ds =
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1/2. Define [[¢[ls = [, (s) sup(E|[¢(0)[|*)"/?ds, Vi € B. Thus for (t,¢) €
J x B, Y(0)x = (0,x), (0,x) € Jy x [0,7]. Denote z(t,¢) as x(t)(¢) The
result of this paper is applied to the system (4.1]), by assuming the following

1. Suppose B € L(R, X), be defined by Bu(e) = b(e)u, 0 <e <, u €
R, b(e) € L*([0, 71]).

2. The linear operator W : L*(J,U) — X be defined as Wu = [, S(T —
s)b(e)u(s)ds is a bounded linear operator but need not be injective.
Let Ker W = {u € L*(J,U) : Wu = 0} denote null space of W and
[Ker W]+ denote its orthogonal complement in L?(J,U). Consider the
restriction of W to W* : [Ker W]+ — Range(W), which is neces-
sarily one-to-one. By inverse mapping theorem (WW*)~! is bounded as
[Ker W]+ and Range(W) are Banach spaces. As W' is bounded and
takes values in L?(J,U)/Ker W, the hypothesis (H8) is satisfied.

3. nj,n? € C(R ]R) such that for = 1,2,....,m My = [} I(s)nj(s)ds < oo,

7 3

Mz = [, I(s)n7(s)ds < oo.

Nowdeﬁnethefunctionsgf:Jx‘BxX—)X,ngxe%éﬁg,and
INIZ B — X, i=1,2,....,m as

177

g, v, my)(e) = [ &i(t,e,0)01(4(0)(€))db + niip(e),

Jo

fth,m)(e) = [ &t e,0)01(¢(0)(g))dl + n2t(e),

Jo

o(t, 5,0)(e) = ( / (0)(6)(2)d6
IH(t, ) (e) = /J ni(—=s)(0)(e)ds, k=i=1,...m

fg(t,¢)(5):[] n2(—)b(0)(e)ds, k—=i=1,..m
Here mt(e) = f, f p1(5=0)6:(1(0))(€))d0ds, mip(e) = [y [, pi(s—0)52(16(0))(e))dbds,

Thus the system 1)) can be writtten in the abstract form as system ([L.1).
Then imposing Suitable conditions on the above functions as per hypothe-

ses (H1) — (H8) and using theorem (3.1) we get that the system (4.1 is
controllable on Jr.
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