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Abstract
The problem of generation and oneness considered for expressing about an element is very important
and has a big effect in mathematics in general and in algebra in special for example in vector spaces,
every element from this space is expressed in a unique way as a linear combination of elements of its
base.
In this paper, we introduce and study new concepts in vector space over a field, to express every

element from this space in a unique way called weak linear combination.

Keywords: Weak linear combination, Weak generation, Weak linear independence, Full linear
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1. Introduction

It is important to appreciate at outset that the idea of a vector space in the algebraic abstraction and
generalization of the Cartesian coordinate system introduced into the Euclidean plane, that is, a
generalization of analytic geometry. Therefore, a number of interesting papers have been published on the
concepts of generating sets and linearly independence.

In 2014, Michal Hrbek [5] introduced the concept of weak independence as a generalization of
independence, to modules over associative rings with an identity element, where a subset X of a left
R —module M is called weakly independent if for any distinct elements x, x5, ..., x, from X such that
a X, + ayx, + -+ apx, = 0, then none of a4, ay, ..., a, is invertible in R. Equivalent, a subset X of
M is weakly independent if x ¢ Span(X\{x}), i.e., x is not in the submodule of M generated by
X\{x}. In addition, he studied a weak base, where a weakly independent generating set X of a module M

is called a weak base. He proved that weakly independent generating sets are exactly generating sets
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minimal with respect to inclusion.

In 2016, Daniel Herden [2] studied another generalization of independence for modules as following,
let M bean R —module and N be a submodule of M, asubset X of M is weakly independent over N
provided that x € N + Span(X\{x}) forall x € X. Also, asubset X of M is weakly independent if it
is weakly independent over the zero submodule.

Weakly based Abelian groups were studied in [6] and [7]. In [6], the authors obtained their full
characterization in terms of dimensions of certain residual vector spaces.

It is known that a vector space over a field is a special case of a module over aring [1]. Thus, if X is
a weakly independent subset of a vector space V over afield F, then for any distinct elements
X1, X3, ., Xy from X such that ayx; + ayxy, + -+ apx, =0 all a;,a,,...,a, zero in F, ie, X is
independent.

The purpose of this paper is to generalize the concept of linear independence, to vector spaces over a
field, where a subset X of a vector space V over a field F is weakly independent if for any distinct
elements xq,x,,..,x, from X and any elements «a,,a,,..,a, € F such that a;x; + a,x, + -+
apx, =0 and a; + a, + -+ a, =0, then ay,a,,...,a, all zeroin F.

In section 2 of this paper, we study the concept of weak generation of vector space V over a field F,
we proved that if (X), isthe subspace of V' weakly generated by X, then (X),, € (X),and X S (X)
if and only if (X) = (X) . Moreover, if X & (X), then (X), isa maximal subspace of (X).

In section 3 of this paper, we study the concept of weak linear independence which is considered a
generalization of linear independence. We show that if X is a maximal weakly independent subset of V/,
then X generates V weakly.

In section 4 of this paper, we study the concept of a weak base of vector space and its properties. We
show that all weak bases of vector space are equipotent. We proved that a subset X of vector space is
weak base if and only if X is a minimal weakly generated set. Also, we proved that every weakly
generated subset of vector space contains a weak base of this space. We proved that every weak
independent subset of vector space can be extended to a weak base of this space.

In section 5 of this paper, we study the concept of an independent weak base of a proper subspace.
We show that if X is an independent weak base of a proper subspace U, then X &€ U. In addition to that,
we study the relationship between the bases of (X) and the independent weak bases of (X) . Also, we
proved many important and interesting properties of an independent weak bases of a proper subspace.

In section 6 of this paper, we show the geometric interpretation of weak liner independence in the
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vector space R™;n = 1,2,3 over R where R is the field of real numbers.

Throughout this paper, all vector spaces V are left over a field F as in [4], a subset X of a vector
space V over F is called a base of V' [1], if it is generated of V and linearly independent. If V is a
vector space and X is a subset of V, then X is a base of V if and only if X is maximal linearly

independent if and only if X is minimal generating of V [1].

2. Weak Generation of Vector Spaces

In this section, we study the concept of weak linear combination which is a special case of linear
combinations of elements of a non-empty subset of a vector space over a field and the concept of weak
generation of vector spaces. We start with the following definition.

Definition 2.1. Let V' be a vector space over a field F and X be a non-empty subset of V. For any
distinct elements vy, v,, ..., v, of X we say that every linear combination has the form }i-; a;v; where
a1, Qy, ..., an € F such that }7~; a; = 0 is a weak linear combination of elements of X. We say that
v eV is expressed as a weak linear combination of elements of X if there exist distinct elements
Uy, Uy, ..., Uy, OF X and elements By, B, ..., Bm € F suchthat v =Y, Bu; and Y%, B; = 0.
Corollary 2.2. Let V be a vector space over a field F and X be a non-empty subset of V. For any
distinct elements vy, v,, ..., v, of X, then with ay = a, =---a, = 0 € F, we notice that 0 = Y-, a;v;
and Y-, a; =0, i.e, the zero element of V is expressed as a weak linear combination of elements of
any non-empty subset of V.

Lemma 2.3. Let V be a vector space over a field F and X be a non-empty subset of V. Suppose that
(X) is the set of all weak linear combinations of X, then (X), isa subspace of V.

proof. Obvious.

According to the last Lemma, we can form the following definition.

Definition 2.4. Let V be a vector space over a field F and X be a non-empty subset of V. We call the
subspace (X), a weakly generated subspace by X. If there exists a non-empty subset Z of V such that
V =(Z)w, then we say that Z generates V weakly, i.e., any element v € V is expressed as a weak
linear combination of elements of Z.

Example. With R as the field of real numbers, let X = {(1,0),(0,1), (2,3)} be a subset of the vector
space R? over R. It is easy to show that any (x,y) € R? is expressed as a weak linear combination of

X by the form:
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y — 3x
4

@y =2an+IZon+22ed

Thus, X generates R? weakly.

Lemma 2.5. Let V be a vector space over a field F. The following hold:
i. ({vhw = {0} forevery vev.
ii. For any non-empty subset X of V,then (X), # {0} ifand only if Card X = 2.
iii. For any non-empty subset X of V,then (X), < (X).

proof. Obvious.
Theorem 2.6. Let V' be a vector space over a field F and X be a non-empty subset of V. Then, the
following are equivalent:

LX< (X)w.

i (X) = (X) -

proof. (i) = (ii). Suppose that X < (X), . Since (X) is the smallest subspace in V containing X, we
have (X) € (X) . On the other hand, (X) < (X), by Lemma 2.5. Thus, (X) = (X) .
(ii) = (i). Suppose that (X) = (X) . Since X < (X), then X < (X) .
According to the last theorem, we can form the following corollary.

Corollary 2.7. Let V be a vector space over a field F and X be a non-empty subset of V. The
following hold:

i. If V=(X)y,then V = (X).

ii. (X)y isthe smallest subspace in V' containing X if and only if (X) = (X) .

iii. (X)y € (X) ifand only if X € (X) .

Example. With R as the field of real numbers, let X = {(1,0),(0,1)} be a subset of the vector space R?
over R. Itisclear that (X),, # (X) and X € (X),, where (X),, = {(x,—x);x € R} and (X) = R2.
Theorem 2.8. Let V' be a vector space over a field F and X be a non-empty subset of V. Then, the
following are equivalent:

L X EX)w.

ii. There exists an element v; € X such that for any subset {v;,v,,..,v,} of X and elements

@y, Ay, ..., Ay € F for which v; = Y11, a;v; yields that Y7L, a; = 1.

i, (X) # (X) -
proof. (i) = (ii). Suppose that X & (X),, then there exists an element v; € X such that v, & (X),

i.e., for any subset {v;,v,,..,v,} of X and elements a;,a,,..,a, € F for which v; = Y-, a;v;
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yieldsthat b = )i~ a; # 0. We suppose that b # 1,i.e., 1 —b # 0, then
vy —bvy =YL apv; — bvy = XL aic
where ¢y, ¢y, ..., ¢, € F,with ¢; =a; —b and ¢; = a; for 2 < i < n. Therefore:
vy =X (A - b))y
and
LA=b) g =(1-b) T R G =(1—b) [ X4 —b] =0
which means that v, € (X),, a contradiction. Therefore, b =Y, a; = 1.
(i) = (i). Obvious.
(i) & (iii). Direct by Theorem 2.6.
According to the last theorem, we can form the following corollary.

Corollary 2.9. Let V be a vector space over a field F and X be a non-empty subset of V. If X is an
independent subset of V,then X & (X), and (X) # (X)y, i.e,, (X)w & (X).
Theorem 2.10. Let V be a vector space over a field F and X be a non-empty subset of V where
0 € X. Then, the following are equivalent:

iV =(X).

iV =(XuU{0})w.

proof. (i) = (ii). Suppose that V = (X), then for any element v € V there exist distinct elements
vy, Vg, ..., U, OF X and elements ay,a,, ..., @, € F such that v =" a;v;. Suppose that v,,; =0
and appq = — 25, a;, then v =Y ayv; and Y a; = 0. Therefore, V = (X U {0}) .
(ii) = (i). Suppose that V = (X U {0}), then V = (X U {0}) by Corollary 2.7. Therefore, V = (X).
Corollary 2.11. Let V be a vector space over a field F and X be a non-empty subset of V. If 0 € X,
then the following are equivalent:

iV =(X).

iV =(&)y.
Lemma 2.12. Let V be a vector space over a field F and X = {v;}c; be a non-empty subset of V. The
following hold:

i (X)w = ({vj —u}je;)w foranyelement u € V.

ii. If u eV can be expressed as a linear combination of elements of X by the form u =} a;v;

where ay,ay, .., a, € F suchthat 3L, a; = 1, then {v; —u}je; S (X) .

proof.
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i.Let ueV and let v € (X), then there exist distinct elements v,,v,,...,v, of X and elements
a, Ay, ..., Ay € F suchthat v =" a;v; and Y-, a; = 0. Then,
v=Yr v —0u=Y" (v, —u) .

Thus, (X)w S ({v; —u}je)) w.

Let w € ({v; —u};e;) w then there exist distinct elements vi; — u, vip — u, ..., Vi — u Of {v; —u}jg

and elements Sy, B,, ..., Bm € F such that w = ¥, B;(v;; —w) and X7, B; = 0. Then,

w=w = YT, B;i(vy —u) = XTL; Bivy; — Xz B)-u = Xjo1 Bjvyj

Thus, ({v; —u}je;) w S (X)w. Therefore, (X)y, = ({v; — u}je)) w-

ii. Obvious.
Lemma 2.13. Let VV be a vector space over a field F and X,Y are non-empty subsets of V. The
following hold:

i.If X2 Y, then (X)) S (V).

ii. If X (YY), then (X)y, S (Y)y and (X) S (V).

iii. If X € (Y)y, and Y < (X), then (X),, = (Y)y, and (X) = (V).

proof. Obvious.
Lemma 2.14. Let V be a vector space over a field F and U be a proper subspace of V. Suppose that
X ={v;}je; isasubsetof V suchthat X € U and U = (X),. The following hold:

i.vi¢U forany j€].

ii. If Y < X suchthat U =(Y),then Y £ U.

iii. U is a maximal subspace of (X).
proof.

i. Suppose that there exists v € X such that v € U. Then, u; =v; —v € U for any j € ] by Lemma
2.12. Thus, v; =u;j+v € U forany j € ], a contradiction. Therefore, v; € U forany j € J.

ii. Direct by (i).

iii. Suppose that X £ U and U = (X)y, then U & (X) by Corollary 2.7, i.e., U is a proper subspace
of (X). We Suppose that U is not a maximal subspace of (X), then there exists a proper subspace W
of (X) suchthat U ¢ W < (X). Since W is a proper subspace of (X), there exists an element v € (X)
such that v & W. Since U & W, the element v is expressed as a linear combination of elements of X
by the form v = Y}, a;v; where aq,a,,...,a, € F such that @ = Y-, a; # 0. Then, ¥, a ta; =

1. On other hand, since U & W, there exists an element w € W such that w & U. Since W < (X), the
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element w is expressed as a linear combination of elements of X by the form w = Y1, B;w; where
B1, B2 - Bm € F suchthat B =Y, B; # 0. Then, ¥, 713, = 1. Obviously,
u=atv—ptw=3L (e ta)v; — XL (BTIBIW, EUS W,

Then, v = au + af~'w € W, a contradiction. Therefore, U is a maximal subspace of (X).
Lemma 2.15. Let V' be a vector space over a field F and U be a proper subspace of V. Suppose that
X = {vj}je; isasubsetof V suchthat X € U and (X) < U. The following hold:

L XX w.

ii.v; g U forany j €.

proof.

i. Suppose that X < (X) 4, then X € U since (X), < U, acontradiction. Therefore, X & (X) .
ii. Suppose that there exists v € X such that v € U. Since u; =v; —v € (X)y, for any j €] by
Lemma 2.12 and (X), € U, uj=v; —v € U. Thus, v; =u; + v € U for any j € ], a contradiction.

Therefore, v; ¢ U forany j €.

A minimal weakly generated set of vector space is one of the important subsets of vector space as we
will show later, and it is defined as the following.
Definition 2.16. Let V' be a vector space over a field F and U be a subspace of V. Suppose that X isa
non-empty subset of V. We say that X is a minimal weakly generated set of U if it satisfies the
following:
iU =(X)y.
ii. No proper subset of X generates U weakly.

More precisely, U = (X)y, and U # (X\{v})y forall v € X.

3. Weak Linear Independence and Full linear Dependence

In this section, we study a special type of non-empty subsets of a vector space over a field which is
considered a generalization of linearly independent subsets. We start with the following definition.
Definition 3.1. Let V be a vector space over a field F and X be a non-empty subset of V. We say that
X is weakly linearly independent or (weakly independent for short) if for any subset {v,,v,,...,v,} of X
and any elements a,,a,, ...,a, € F such that Y7, aq;v; =0 and Y}, a@; =0, then a; = a, =+ =
a, = 0. If X is not weakly independent, then we say that X is fully linearly dependent or (fully
dependent for short).
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Example. With R as the field of real numbers, let X ={(1,0),(0,1),(2,3)} and
Y = {(1,0),(0,1), (2,—1)} are subsets of the vector space R? over R. It is easy to show that X is
weakly independent while Y is fully dependent.
Lemma 3.2. Let V be a vector space over a field F and X be a non-empty subset of V. The following
hold:

i. X is weakly independent if and only if any subset of X is weakly independent.

ii. X is fully dependent if and only if there exists a fully dependent finite subset of X.

iii. If X isindependent, then X is weakly independent.

iv. If X isindependent, then forany v € V theset Y = {v; — v};¢; is weakly independent.

v. If X is fully dependent, then X is dependent.

vi. If X is dependent, then X is either weakly independent or fully dependent.

proof. Obvious.
Let V be a vector space over a field F and X be a non-empty subset of V. It is known that, if
0 € X, then X is dependent [1]. The following lemma shows the necessary and sufficient condition for X
to be independent.
Lemma 3.3. Let V be a vector space over a field F and X be a non-empty subset of V, such that
0 ¢ X. Then, the following are equivalent:
i. X is independent.

ii. X U {0} is weakly independent.

proof. (i) = (ii). Suppose that X is independent, then any finite subset Y of X is independent.
Moreover, Y is weakly independent by Lemma 3.2. With v, =0 €V, let {v;,v,, ..., v,} be a subset of
X and ag, aq,ay,...,a, €EF such that Y a;v; =0 and Yi-,a; =0, then Y a;v; =0 and
Yi-,a;=0. Since X is independent and @y =—-Xi-,;a;, then aqy=a;=a, = =a, =0.
Therefore, X U {0} is weakly independent.

(ii) = (i). Suppose that X U {0} is weakly independent and let Y = {v;,v,,...,v,} be a subset of
X U {0}. We recognize two cases:

- 0¢Y,then YC X, and Y,Y U {0} are weakly independent by Lemma 3.2. We suppose that Y is
dependent, then there exist aq, @, ..., @, € F not all zero in F such that Y7, a;v; = 0. With vy =0
and ay = —X",a; we find that Y-, a; =0 and Y-, a;v; = 0. Since ay, aq,ay, ..., @, € F not all
zeroin F, Y U {0} is fully dependent, a contradiction. Thus, Y is independent.

— 0 €Y, then Y\{0} € X, and Y,Y\{0} are weakly independent by Lemma 3.2. We suppose that Y\{0}
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is dependent, then with v; = 0 there exist a,, a3, ...,a, € F notall zero in F such that Y-, a;v; = 0.
Let @, = — Y-, a; then Y, a;v; =0 and Y., a; = 0. Since aq,ay,...,a, € F notall zeroin F, Y
is fully dependent, a contradiction. Thus, Y\{0} is independent.

Therefore, every finite subset of X is independent, i.e., X is independent.

According to the last lemma, we can formulate the following corollary.

Corollary 3.4. Let VV be a vector space over a field F and X be a non-empty subset of V, such that
0 ¢ X. Then, the following are equivalent:

i. X is dependent.

ii. X U {0} is fully dependent.
Lemma 3.5. Let V be a vector space over a field F. The following hold:

i. Any subset of V' consisting of two elements is weakly independent.

ii. {0} is weakly independent.

iii. If v €V isanon-zero element, then {0, v} is weakly independent.

proof. Obvious.
Two equivalent conditions for weak independence are presented by the following theorem.
Theorem 3.6. Let V' be a vector space over a field F and X be a non-empty subset of V. Then, the
following are equivalent:
i. X is weakly independent.
ii. Zero of V' isexpressed in a unique way as a weak linear combination of distinct elements of X.

iii. Every element of (X), isexpressed in a unique way as a weak linear combination of elements of X.

proof. (i) = (ii). Obvious.
(ii) = (iii). Let v € (X) , then there exist distinct elements vy, v, ...,v, of X and a4, @y, ...,a, € F
such that v=%",av; and X ,a; =0. Let By,Bs ...,Bn €F such that v=Y", B;v; and
™ 1Bi =0.Then,
Yim1aivp — Nisg Bivi = Xizq (e — Bvi = 0
Yisia — Xim Bi = Xl = B) =0

Thus, a; — 8; = 0 forevery 1 <i < n, by assumption. Therefore, a; = §; forevery 1 <i<n,ie., v
is expressed in a unique way as a weak linear combination of elements of X.
(iii) = (i) . Let vy, vy, ...,v, any distinct elements of X and a,,a,,..,a, € F such that v =

Yiciav; and Y-, a; = 0. Since 0 € (X)), then a; = a, =+ = a, = 0 by assumption. Thus, X is
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weakly independent.
Theorem 3.7. Let V' be a vector space over a field F and X be a non-empty subset of V. The following
hold:

i. If X isweakly independent and non-independent, then X < (X), and (X) = (X) .

ii. If X is dependent such that X & (X),, then X is fully dependent.

proof.

i. Suppose that X is weakly independent and non-independent. We recognize two cases:

— 0€X. Then for every v e X\{0} we have v=-1.0+1.v, ie, veE(X)y . Since 0 € X,

X S (X)w. Thus, (X) = (X)y by Theorem 2.6.

— 0 ¢ X. Since X is non-independent, there exists a dependent finite subset of X let it be Y =

{vi,v3,...,v,}, and by Lemma 3.2 Y is weakly independent. Since Y is dependent, there exist

a1, s, ..., A, € F not all zero in F such that Y-, a;v; =0. B =Y, a; # 0 since Y is weakly

independent. Hence, Y™ ,(—B)"*a; = —1 and X-;(B) 'a;v; = 0. Moreover, for any v € X, we

have > (-B)'a;+1=0 and v=3Y",(B) tayv; + v, ie, vE(X)y, then X C(X), .Thus,

(X) = (X)y by Theorem 2.6.

ii. Direct by (i).
Theorem 3.8. Let V be a vector space over a field F and X be a weakly independent and
non-independent subset of V. If there exists an element v € X can be expressed as a linear combination
of elements of X\{v}, then X\{v} is independent.
proof. Suppose that X is weakly independent and non-independent, then X € (X),, and (X) = (X)
by Theorem 3.7. Moreover, there exists an element v € X can be expressed as a linear combination of
elements of Y = X\{v}, then v € (Y) and (X) = (Y). On the other hand by Lemma 3.2, Y is weakly
independent. We suppose that Y is dependent, then Y < (Y),, and (Y) =(Y),, by Theorem 3.7. Thus,
X)w =)y and X c(Y), . Let v; be another element of X, then u =v —v; € (X)y . Since
(X)w =(Y)w, u can be expressed as a weak linear combination of elements of Y, and v not one of
these elements. Thus, the element u from (X),, can be expressed as a weak linear combination of
elements of X as two different ways, this is contradictory to Theorem 3.6. Therefore, Y = X\{v} is
independent.

Now, we state the basic properties of the fully dependent set, we start with the following theorem.

Theorem 3.9. Let V' be a vector space over a field F and X be a non-empty subset of V. Then, the

following are equivalent:
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i. X is fully dependent.
ii. There exists an element v € X can be expressed as a linear combination of elements of X\{v} by

the form v = YI-, @;v; where ay, a5, ...,a, € F suchthat 37, a; = 1.

proof. (i) = (ii). Suppose that X is fully dependent, then there exists a fully dependent finite subset of
X, letitbe Y = {vy,v,,...,v,}. Since Y is fully dependent, there exist a4, a3, ..., @, € F not all zero in
F such that ¥, a;v; =0 and Y-, @; = 0. Suppose that a; # 0, then v; = ¥ ,(—a; ;) v; and
Yho(a ey = 1.
(i) = (ii). Obvious.
According to the last theorem, we can form the following corollary.

Corollary 3.10. Let V be a vector space over a field F and X be a non-empty subset of V. Then, the
following are equivalent:

i. X is weakly independent and non-independent.

ii. For each element v from X that is expressed as a linear combination of elements of X\{v} by the

form v =YL, a;v; where aq,a,, ..., a, € F,then Y7, a; # 1.
Theorem 3.11. Let V be a vector space over a field F and X be a fully dependent subset of V. If X
generates V weakly, then there exists an element u € X such that X\{u} generates V' weakly.
proof. Since X is fully dependent. Then, by Theorem 3.9 there exists an element u € X can be expressed
as a linear combination of elements of X\{u} by the form u =}, B;u; where By,B,, ..., Bm € F such
that 7%, B; = 1. Suppose that V = (X) y, then for every v € V there exist a subset Y = {v;,v,, ..., v}
of X and ay,a,,...,a, € F suchthat v =Y", a;v; and X~ a; = 0. We recognize two cases:
—u &Y. Then, v e X\{u})wy.
— u €Y. Suppose that u = v;. Then, v =a; X212, Biw; + X, a;v;. Since X% B =1 and Yo, a; =
0, a, 2% Bi + X, a; = 0.Thus, v € (X\{u})w.
Therefore, V = (X\{u}) w.

We state a special type of weakly independent sets and its properties, we start with the following

definition.
Definition 3.12. Let V' be a vector space over a field F and X be a weakly independent subset of V.
We say that X is maximal weakly linearly independent or (maximal weakly independent for short) if
X U {v} isfully dependent for any v € V\X.
Lemma 3.13. Let V' be a vector space over afield F and X be a maximal weakly independent subset of

V. The following hold:
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i. X is dependent.
i XS (X)y and (X) = (X) .

proof.

i. Suppose that X is maximal weakly independent. We suppose that X is independent, then 0 ¢ X.
Thus, X U {0} is weakly independent by Lemma 3.3, a contradiction. Therefore, X is dependent.
ii. Since X is maximal weakly independent, X is weakly independent and non-independent by (i). Thus,

XS (X)y and (X) = (X), by Theorem 3.7.

Let V' be a vector space over a field F and X be a non-empty subset of V. It is known that, if X
is maximal independent, then X U {v} is dependent for any v € V\X [1]. The following lemma shows
the necessary and sufficient condition for X to be maximal independent.

Lemma 3.14. Let V be a vector space over a field F and X be a non-empty subset of V, such that
0 &€ X. Then, the following are equivalent:
i. X is maximal independent.

ii. X U {0} is maximal weakly independent.

proof. (i) = (ii). Suppose that X is maximal independent, then X is independent. Thus, X U {0} is
weakly independent by Lemma 3.3. On the other hand, since X is maximal independent, X U {v} is
dependent for any v € V\(X U {0}). Thus, X U {v, 0} is fully dependent by Corollary 3.4. Therefore,
X U {0} is maximal weakly independent.
(it) = (i). Suppose that X U {0} is maximal weakly independent, then X U {0} is weakly independent.
Thus, X is independent by Lemma 3.3. We suppose that X is not maximal independent, then there exists
a non-zero element v € V\X such that X U {v} is independent, then X U {v,0} is weakly independent
by Lemma 3.3, a contradiction. Thus, X is maximal independent.
Theorem 3.15. Let V' be a vector space over a field F and X be a maximal weakly independent subset
of V. The following hold:

i. There exists an element v € X such that X\{v} is maximal independent.

ii.V=(X) and V =(X) .
proof.

i. Suppose that X is maximal weakly independent, then X is weakly independent. Moreover, X is

dependent by Lemma 3.13. Then, there exists an element u, € X can be expressed as a linear
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combination of elements of Y = X\{u,}, i.e., there exist distinct vy, vy, ..,v, of Y and
a1, Ay, ..., Ay € F such that uy = Y-, a;v;. In addition, Y is independent by Theorem 3.8. We
suppose that Y is not maximal independent, then there exists an element u; € V\X such that Y U {u,}
is independent. On other hand, since X is maximal weakly independent, X U {u;} is fully dependent,
then there exists a fully dependent finite subset of X U {u;} by Lemma 3.2, let it be Z. It is clear that
Uy, Uy € Z, because if uy & Z, then Z will be a subset of X and it will be weakly independent by
Lemma 3.2, and if u, € Z, then Z will be a subset of YU{u,} and it will be independent. Suppose that
Z = {ugy, uq, Uy, ..., Uy }. Since Z is fully dependent, there exist By, 81, B2, ---, Bm € F not all zero in F
such that »™,Biu; =0 and X2, B8; =0. By #0, B #0 since Y U{u,} is independent, X is
weakly independent and g, By, Bz, -, Bm € F not all zero in F. Thus, w, = X7, (=B 1B)u; +
m (=B Boai)v;, ie., u, can be expressed as a linear combination of elements of Y, a contradiction.
Therefore, X\{uy} is maximal independent.
ii. Suppose that X is maximal weakly independent, then there exists an element v € X such that
Y = X\{v} is maximal independent by (i). Since Y is maximal independent, V = (Y). On the other
hand, V = (X) since Y c X. Thus, V = (X), by Lemma 3.13.
Theorem 3.16. Let V be a vector space over afield F and X be a non-empty subset of V. Suppose that
the element u, € (X)\X can be expressed as a linear combination of elements of X by the form
Uy = Ni=q a;v; where aq, a5, ...,a, € F suchthat YI-, a; # 1. The following hold:
i. If X isindependent, then X U {u,} is weakly independent.

ii. If X is maximal independent, then X U {u,} is maximal weakly independent.
proof.

i. Suppose that X is independent and the element u, € (X)\X can be expressed as a linear combination
of elements of X by the form u, = Y-, a;v;, where a4, @, ..., a, € F such that Yi-; a; # 1. Since
X is independent, this expression is unique. We supposed that X U {u,} is not weakly independent, i.e.,
X U {uy} is fully dependent, then there exists a fully dependent finite subset of X U {u,} by Lemma 3.2,
let it be Y. It is clear that u, € Y, because if uy, € Y, then Y will be a subset of X and it will be
independent. Suppose that Y = {uy,uq,uy, ..., uy,} . Since Y is fully dependent, there exist
Bo, B, B2, -, Bm € F not all zero in F such that Y%, Biu; =0 and Y%, B; =0. By # 0 since X is
independent and By, By, B2, -, Bm Not all zero in F. Hence, uy= X" [(—Bo) *B;]w; and

Y7, (—=Bo) 1B = 1, acontradiction. Therefore, X U {u,} is weakly independent.
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ii. Since X is maximal independent, V = (X) and X is independent. Thus, X U {u,} is weakly
independent by (i). We supposed that X U {u,} is not maximal weakly independent, then there exists an
element v,,,; from V such that v,,; € X U {us} and X U {uy, v,41} is weakly independent. Since
u, can be expressed as a linear combination of elements of X, u, = Y™ a;v; where a,,, = 0. Thus,
uy can be expressed as a linear combination of elements of X U {v,,1}, then X U {v,,,} is

independent by Theorem 3.8, a contradiction. Therefore, X U {u,} is maximal weakly independent.

Let V be avector space over a field F and X be a non-empty subset of V. It is known that, X isa
base of V if and only if X is maximal dependent [1]. Moreover, all bases of V are equipotent [1].
Accordingly, we can prove the following theorem.

Theorem 3.17. Let V Dbe a vector space over a field F, then all maximal weakly independent subsets of
V' are equipotent.

proof. Suppose that X,Y are maximal weakly independent subsets of I/, then there exist elements v € X
and u € Y such that X' = X\{v},Y' = Y\{u} are maximal independent by Theorem 3.15. Thus, X', Y’
are bases of V' and they are equipotent. Therefore, X,Y are equipotent.

Corollary 3.18. Let V be a vector space over a field F and X be a maximal weakly independent subset

of V,then dimpV =n ifandonly if Card X =n + 1.

4. Weak Base and Weak Dimension

In this section, we study the concept of a weak base of a vector space over a field and its basic
properties. We start with the following definition.
Definition 4.1. Let V be a vector space over a field F and X be a non-empty subset of V. We say that
X isaweak base of V if it satisfies the following:
LV =X)y.
ii. X is weakly independent.
If X isaweak base of V, then we call Card X a weak dimension of V' over F, and we denote it as
w.dim V. We say that V is a finite weak dimensional vector space if X is finite.
Example. With R as the field of real numbers, let X = {(1,0), (0,1), (2,3)} be a subset of the vector
space R? over R. It is easy to show that X is a weak base of R2. Thus, w.dimzxR? = 3.
Example. With R as the field of real numbers, let X = {—1,1,x,x2,...,x", ...} be a subset of the vector
space of polynomials R[x] over R. It is easy to show that X is a weak base of R[x]. Thus, R[x] is an

infinite weak dimensional vector space.

170



Weak Linear Independence of Vector Spaces

Lemma 4.2. Let V be a vector space over a field F. The following hold:
i. {0} is a weak base of the zero subspace and w.dim {0} = 1.
ii. If X isaweak base of V,then X isdependentand V = (X).
iii. If V # {0} and X is aweak base of V,then V =(X) and w.dimgV > 2.

proof. By Lemma 2.5, Corollary 2.9 and Lemma 3.5.
Now, we state the basic properties of the weak base, we start with the following theorem.
Theorem 4.3. Let V' be a vector space over a field F and X be a non-empty subset of V. Then, the
following are equivalent:
i. X isaweak base of V.
ii. X is a minimal weakly generated set of V.
iii. X is maximal weakly independent.

iv. Every element of IV is expressed in a unique way as a weak linear combination of elements of X.

proof. (i) = (ii). Suppose that X is a weak base of V, then X is weakly independent. We suppose that
X is not a minimal weakly generated set of V, then there exists v, € X such that V = (X\{v,}) w. And
since V = (X\{vy}) by Theorem 2.6, then v, can be expressed as a linear combination of elements of
X\{vo}. Thus, X\{v,} is independent by Theorem 3.8. Moreover, X\{vy} € V by Corollary 2.9, a
contradiction. Therefore, X isa minimal weakly generated set of V.
(ii) = (iii). Suppose that X is a minimal weakly generated set of V. Since X €V and V =(X)y, X
is dependent by Corollary 2.9. Moreover, V = (X) by Theorem 2.6. We suppose that X is fully
dependent, then there exists an element u € X such that X\{u} generates V weakly by Theorem 3.11, a
contradiction. Thus, X is weakly independent. We suppose that X is not maximal weakly independent,
then there exists an element v € V\X such that X U {v} weakly independent. Since v € (X), v can be
expressed as a linear combination of elements of X. Thus, X is independent by Theorem 3.8, a
contradiction. Therefore, X is maximal weakly independent.
(iii) = (iv). By Theorem 3.15 and Theorem 3.6.
(iv) = (i). Itis clear that V = (X), by assumption. Moreover, X is weakly independent by Theorem
3.6. Thus, X isaweak base of V.

It is known that every independent subset of vector space V over a field F can be expanded to a
base of V [1]. Moreover, every vector space over afield has a base [1]. Now, we will show that every
vector space over afield has a weak base. We start with the following theorem, which shows that every

weakly independent subset of V' can be expanded to a weak base of V.
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Theorem 4.4. Let V' be a non-zero vector space over a field F. The following hold:
i. If X isabaseof V and v € V\X such that v can be expressed as a linear combination of elements
of X by the form v = Y%, a;v; where ay,a,, ..., a, € F such that ¥, a; # 1, then X U {v} is a
weak base of V, i.e., every base of V can be expanded to a weak base of V.
ii. If X isaweak base of V, then there exists an element v € X such that X\{v} isabase of V.
iii. All weak bases of V' are equipotent.
iv. Every weakly independent subset of V' can be expanded to a weak base of V.

v. If K isasubspace of V, then any weak base of K can be expanded to a weak base of V.
proof.

i. Direct by Theorem 3.16 and Theorem 4.3.

ii. Direct by Theorem 3.15 and Theorem 4.3, since every base of V' is maximal independent.

iii. Direct by Theorem 3.17 and Theorem 4.3.

iv. Let X be a weakly independent subset of V, then we recognize two cases:

— X is independent, then X can be expanded to a base of V, let it be Y. On other hand, since Y is a
base of V, it can be expanded to a weak base of V' by (i), i.e., X can be expanded to a weak base of V.
— X is weakly independent and non-independent, then there exists an element v € X can be expressed
as a linear combination of elements of X\{v}. Thus, there exist distinct elements v,,v,,...,v, of
X\{v} and ai, @y, ..,a, €F such that v=3Y", av;. Then, ¥ a; #1 by Corollary 3.10.
Moreover, X\{v} is independent by Theorem 3.8. Thus, X\{v} can be expanded to a base of V, let it
be Y. Since Y is a base of V and X\{v} Y, then Y is maximal independent and v & Y. Thus,
Y U {v} is maximal weakly independent by Theorem 3.16. Therefore, Y U {v} is a weak base of V by
Theorem4.3and X € Y U {v}, i.e., X can be expanded to a weak base of V.

v. Direct by (iv) since any weak base of K is a weakly independent subset of V.

According to the last theorem, we can formulate the following corollary:
Corollary 4.5. Every vector space over a field has a weak base. Moreover, If V is vector space over a
field F, then dimzV =n ifand only if w.dimzV =n+ 1.
Theorem 4.6. Let V be a vector space over a field F and X be a non-empty subset of V' such that
0 € X. Then, the following are equivalent:
i. X isabaseof V.

ii. X U {0} is aweak base of V.
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proof. Direct by Lemma 3.14 and Theorem 4.3.
Theorem 4.7. Let V be a vector space over a field F and X = {v;};c; be a non-empty subset of V.
Then, the following are equivalent:

LV =X)y.

ii. X contains a weak base of V.

proof. (i) = (ii). Suppose that V = (X) . If X is weakly independent, then X is a weak base of V.

Suppose that X is not weakly independent, and let u € X, then X’ = {v; —u};c; generates V weakly

by Lemma 2.12. Since 0 € X', V = (X'\{0}) by Theorem 2.10. Thus, X"\{0} contains a base of V, let

itbe Y' = {v; — u};e; Where I c].

Then, for any element v € V there exist distinct elements v; —uw,v, —u,..,v, —u of Y’ and

a,ay,..,a, €EF such that v=3" a;(v;—u). Since v=3" av,—Cr,a)u and a+
tia; =0 where a=-Y',;a; , then Y ={v;};c;U{u} generates V weakly. Let

Y = {vi1, Vi, ., Vim} be asubset of Y, we recognize two cases:

- u€ey.

With u=wv;, let By,B, ...,Bm € F such that 7L, Bv;; =0 and Y7, =0, then Bju+

j=2Bjvij =0 and B, = — Y7L, B;. Hence, Y7L, B;j(v;; —u) =0. Since Y’ is a base of V, B, =

Bz =-+=PBp=0.Then, By =P, ==y =0.

-ugv.

Let Ay, 5, ...,4m € F such that }71, v;; =0 and Y7L, 4; =0, then 0.u+X7L, 4v; =0, ie,
Yiz14j(v; —u) = 0.Since Y’ isabaseof V, 1, =4, =+ =1, =0.

Thus, Y is weakly independent. Therefore, Y is a weakly base of VV,and Y c X.
(ii) = (i). Suppose that Y is a weak base of V such that Y € X. Then, V < (X),, by Lemma 2.13.
Therefore, V = (X) .
Theorem 4.8. Let V be an n-weak dimensional vector space over a field F. The following hold:
i. Any subset of V' consisting of m elements where m > n, is fully dependent.
ii. If X ={v,,v,,...,v,} isaweakly independent subset of V/, then X isa weak base of V.

iii. If X = {v,,v,,...,v,} isasubsetof V suchthat V = (X),,, then X is a weak base of V.
proof.

i. Suppose that Y is a weak base of V, then Card Y = n since all weak bases of V are equipotent by

Theorem 4.4. Since Y is maximal weakly independent by Theorem 4.3, any maximal weakly
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independent subset of V consists of n elements by Theorem 3.17. Therefore, any subset of V
consisting of m elements where m > n is fully dependent.
ii. Suppose that X is weakly independent. Since w.dimgV = n, then any subset of V consisting of
n+ 1 elements is fully dependent by (i). Thus, X is maximal weakly independent. Therefore, X is a
weak base of V' by Theorem 4.3.
iii. Suppose that V = (X) . Then, X contains a weak base of V by Theorem 4.7, and let it be S.
Since S € X, then Card S < Card X where both S and X are finite sets. We suppose that Card S +
Card X, then Card S < n, i.e., w.dimgV < n, a contradiction. Thus, Card S = Card X. Since S € X,
then S = X. Therefore, X isaweak base of V.
Theorem 4.9. Let V' be an n-dimensional vector space over a field F and U be a subspace of V. The
following hold:
i.w.dimpK < n.

ii. K =V ifand only if w.dimpzK = n.
proof.

i. Suppose that w.dimgV = n, then dimzV =n —1 by Corollary 4.5. Since K is a subspace of V,
dimpK <n—1.Hence, 1+ dimzK <n.Thus, w.dimgK < n by Corollary 4.5.

ii. Obvious.

5. Independent Weak Base of a Proper Subspace

Let V' be a vector space over a field F and X be an independent subset of V. Then, X is weakly
independent by Lemma 3.2. Moreover, X & (X) by Corollary 2.9. Thus, X is not a weak base of
(X) w- In this section, we study a weakly generated proper subspace U of V by an independent subset of
V. We start with the following definition.

Definition 5.1. Let VV be a vector space over a field F and U be a proper subspace of V. We say that
the non-empty subset X of V is an independent weak base of V if it satisfies the following:
iLU=X)w.

ii. X is independent.

Example. With R as the field of real numbers, let R,[x] is the vector space of polynomials over R of
degrees at most 2 in unknown x, and let R,[x] the vector space of polynomials over R of degrees at

most 1 in unknown x. R;[x] is a subspace of R,[x]. The subset X = {—1 + x2,1 + x?%,x + x?} of
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R, [x] is an independent weak base of R;[x]. Where X is independent, and

ax +b="2L2(-

2)+%+b(1+x2)+a(x+x2)

forevery ax +b € Ry[x]; a,b € R, i.e., Ry[x] = (X)w.

Example. With R as the field of real numbers, let R[x,y] is the vector space of polynomials over R in
unknowns x,y, and let R[x] is the vector space of polynomials over R in unknowns x. R[x] is a
subspace of R[x,y]. The subset X ={—-1+y,1+y,x+y,x2+y,..,.x"+7v,..} of R[x,y] is an
independent weak base of R[x]. Where X is independent, and

aoc aoc

p(x) = ﬁoaixi A+ +———CF1+y)+ 21 1ax

for every p(x) € R[x]; @g, ay,ay, ..., €ER and ¢ = Y312, a;, e, R[x] =(X)y.
Corollary 5.2. Let V be a vector space over a field F and v € V be a non-zero element. Then, {v} is
an independent weak base of the zero subspace.
Now, we state the basic properties of an independent weak base of a proper subspace, with the

following theorem.
Theorem 5.3. Let V' be a vector space over a field F and U be a proper subspace of V. Suppose that
the subset X = {v;};¢, of V is anindependent weak base of U. The following hold:

L. XZU.

ii. Suppose that v € V' such that v is expressed as a linear combination of elements of X by the form

v =3, av; where a;,ay,..,a, €F and ¥ a; = 1,then ¥ = {v; — v}, isaweak base of U.

iii. Every element of U is expressed in a unique way as a weak linear combination of elements of X.

iv. w.dim U = Card X.

v. X is a minimal weakly generated set of U.

vi. All independent weak bases of U are equipotent.
proof.

i. Direct by Corollary 2.9 and Definition 5.1.

ii.U=(Y)y and Y € U by Lemma 2.12. Moreover, Y is weakly independent by Lemma 3.2.
Therefore, Y is a weak base of U.

iii. Since X is independent, X is weakly independent by Lemma 3.2. Therefore, every element u € U
is expressed in a unique way as a weak linear combination of elements of X by Theorem 3.6.

iv. Direct by (ii) since Card X = Card Y.
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v.X¢Z U by (i). Let v,,v, € X, then v;,v, € U by Lemma 2.14.Moreover, u =v; —v, €U is
expressed in a unique way as a weak linear combination of elements of X by(iii). We suppose that
U = (X\{vi})w, then u can be expressed as a weak linear combination of elements of X\{v,}, a
contradiction. Therefore, X isa minimal weakly generated set of U.

vi. Direct by (ii) and Theorem 4.4.

According to the last theorem, we can form the following corollary.
Corollary 5.4. Let V be a vector space over a field F and X be a weakly independent subset of V.
Then w.dim p(X), = Card X, whether X is independent or not.
Corollary 5.5. Let V be a vector space over a field F and U be a proper subspace of V. Suppose that
X is a non-empty subset of V such that X € U and U = (X),. If X is not an independent weak base
of U, then X is fully dependent by Theorem 3.7.
Theorem 5.6. Let V' be a vector space over a field F and U be a proper subspace of V. Suppose that
the subset X = {v;};¢; of V isaweak base of U. The following hold:

i. Forany v € V\U theset Y = {v; + v}j¢; is anindependent weak base of U.

ii. Every proper subspace of V has an independent weak base contained in V.
proof.

i. Since X = {v;};¢; isaweak base of U, U =(X).Let vEV\U and u = —v, then U =(Y), by
Lemma 2.12. We suppose that Y is dependent, i.e., there exists a dependent finite subset of Y let it be
Y' = {vy + v,v + v, ..., v + v}, then there exist yq,v2, ...,% € F not all zero in F such that
Yi—1Vi(veg +v) = 0. Since X isaweak base of U, and
Yic1Viwe +v) = Zis Yive + Qi1 v)v =0
then y = Xi_,y; # 0. Thus, v = XI_, (=¥ Yy)vy € (X). Since U =(X) by Lemma 4.2, ve U, a
contradiction. Therefore, Y isindependent, i.e., Y isan independent weak base of U.
ii. Direct by (i) since every vector space has a base by Corollary 4.5.
Theorem 5.7. Let V be a vector space over a field F and U be a proper subspace of V. Let X =
{vj}je; be a non-empty subset of V such that X € U. If U = (X}, then X contains an independent
weak base of U.
proof. Suppose that U = (X),. If X isindependent, then X is an independent weak base of U. Suppose
that X is not independent. Since X & U by assumption, v; € U for any j €] by Lemma 2.14. Let

v € X, then X' ={v; —v};c; SU and U =(X')y, by Lemma 2.12. Thus, X' contains a weak base of
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U by Theorem 4.7, let it be Y’ = {v; — v};¢;. Therefore, Y = {v;};¢; € X is an independent weak base
of U by Theorem 5.6.

Let V be a vector space over a field F and U be a proper subspace of V. Suppose that X is a
non-empty subset of ¥V such that X € U. If X contains an independent weak base of U, then it is not
necessary that U = (X) . This is shown in the following example.

Example. With R as the field of real numbers, let U = {(x, —x, 0); x € R} be a subspace of the vector
space R3®> over R . It is easy to show that X ={(1,0,0),(0,1,0),(0,0,1)}¢ U and
Y ={(1,0,0),(0,1,0)} € X is an independent weak base of U, but U # (X) .

Let V be a vector space over a field F and U be a proper subspace of V. Suppose that the
non-empty subset X of V contains an independent weak base of U. The following theorem shows the
necessary and sufficient condition for X to generate U weakly.

Theorem 5.8. Let V' be a vector space over a field F and U be a proper subspace of V. Suppose that
the subset Y = {v;};¢; of V is an independent weak base of U and v € V can be expressed as a linear
combination of elements of Y by the form v = ¥, a;v; where aq,ay,...,a, € F such that Y/, a; =
1. Let X = {v;};¢; be a non-empty subset of U such that X € U and Y < X. Then, the following are
equivalent:

iU =(X)y.

“ X1 = {17] - U}jE] cU.

proof. (i) = (ii). Direct by Lemma 2.12.
(i) = (i). Since Y = {v;};¢; is an independent weak base of U, Y; = {v; — v};¢; IS a weak base of U
by Theorem 5.3. Since Y; € X;, U =(X;)y by theorem 4.7. For u = —v, then U =({v;—v—
(—v)}jej)w by Lemma 2.12. Therefore, U = (X) .
Theorem 5.9. Let V be a vector space over a field F and U be an n-weak dimensional proper
subspace of V. The following hold:
i. Any subset Y of V consisting of m elements where m >n such that Y € U and U = (Y) is
fully dependent.
ii. Let X ={vy,v,,...,v,} be a subset of Vsuch that XU and U= (X), , then X is an

independent weak base of U.

proof.
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i. Let Y = {uq,uy,...,u;,} Where m >n be a subset of V such that Y £ U and U =(Y),, then
Vi ={0,u; —uq, ...,y —u } S U by Lemma 2.12. Since m > n, then V; is fully dependent by
Theorem 4.8. Thus, there exist elements @y, @5, ..., @, notall zero in F such that X7, a;(u; —uy) =
0 and Y%, @; = 0. Moreover, we have Y1 a;(u; —uy) = N, aiu; — Q2 a)ug = Xt au; = 0.
Then, Y™, a;u; =0 and Y%, a; = 0. Since the elements a4, a,, ..., ay, notall zero in F, Y is fully
dependent.

ii. Suppose that X € U and U = (X),, then X contains an independent weak base of U by Theorem
5.7, let it be S. Since, S € X, Card S < Card X. We suppose that Card S + Card X. Since S is an
independent weak base of U, w.dimzU = Card S by Theorem 5.3. Thus, w.dimzU <n, a
contradiction. Thus, Card S = Card X. Since S< X and X is finite, S = X. Therefore, X is an
independent weak base of U.

Let V' be a vector space over a field F, and X be a subset of V such that X & (X) . If the subset
Y of V is a base of (X), then it is not necessarily that Y is an independent weak base of (X), .
Moreover, if the subset Z of V' is an independent weak base of (X),, then it is not necessarily that Z
is a base of (X). This is shown in the following example.

Example. With R as the field of real numbers, let X = {(1,0,0), (0,1,0)} be a subset of the vector space
R3 over R. Suppose that V = {(x,y,0):x,y € R} and U = {(x,—x,0):x € R}.

It is clear that Y = {(0,0,1), (1,—1,1)} is an independent weak base of U, but it is not a base of V.
Moreover, Y; = {(1,1,0),(0,1,0)} is a base of V, but it is not an independent weak base of U.

Let V' be a vector space over a field F, and X be a subset of V such that X € (X),,. Lemma 2.14
shows that (X),, is a maximal subspace of (X). Now, we study the relationship between the bases of
(X) and the independent weak bases of (X),. We start with the following theorem.

Theorem 5.10. Let VV be a vector space over a field F and U be a proper subspace of V. Then, the
following are equivalent:
i. U is a maximal subspace of V.

ii. If X €V isanindependent weak base of U, then X is a base of V.

proof. (i) = (ii). Suppose that X € V is an independent weak base of U. Since X € U by Theorem
5.3, U € (X) by Corollary 2.9 and U is a maximal subspace of (X) by Lemma 2.14. Moreover, U is a
maximal subspace of V by assumption. Thus, U & (X) €V, i.e.,, (X) = V. Therefore, X is a base of V.
(ii) = (i). Suppose that X € V is an independent weak base of U, then X is a base of V by
assumption, i.e., V =(X). Since X £ U by Theorem 5.3, U & (X) by Corollary 2.9 and U is a
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maximal subspace of V = (X) by Lemma 2.14.
Theorem 5.11. Let V be a vector space over a field F and U be a maximal subspace of V. Suppose
that the subset X = {v;};¢; of V is base of V and v € V can be expressed as a linear combination of
elements of X by the form v = ¥, a;v; where ay,a,, ...,a, € F such that Y™, a; = 1. Then, the
following are equivalent:

i. X is an independent weak base of U.

ii. X; = {v; — v}je; isaweakbase of U.

proof. (i) = (ii). Direct by Theorem 5.3.
(i) = (i). Direct by Theorem 5.6 where v & U.

Let V' be a vector space over a field F, and X be a subset of V such that X & (X) . If V # (X),
then (X) is not a maximal subspace of V' by Lemma 2.14. Now, we study the basic property of (X) .
We start with the following Lemma.

Lemma 5.12. Let V be a vector space over a field F and W,U be subspaces of V' such that U € W.
If every independent weak base of U from V isabase of W,then W =V.
proof. Suppose that U € W and let X = {v;}c; be a base of U, then Y = X U {0} is a weak base of U
by Theorem 4.6. Moreover, for every v € V\U, then Z = {v; + v};¢; U {v} is an independent weak base
of U by Theorem 5.6. Since Z is a base of W by assumption, then v € W,i.e., V€ W. Since W isa
subspace of V,then W =V.
Theorem 5.13. Let V be a vector space over a field F and U be proper subspace of V. Suppose that
3 = {Y;}ie; is the family of all subsets of V such that Y; £ U and U = (Y;)y, for all i € I. Then, the
following are equivalent:

.U = Nier(Yr)

ii. U isnota maximal subspace of V.

proof. (i) = (ii). LetY; € 3. Since Y; €U and U = (Y;), Y; contains an independent weak base of
U by Theorem 5.7, let it be X;. We suppose that U is a maximal subspace of V, then X; is a base of V
by Theorem 5.10, i.e., V =(X;). Thus, V =(Y;) for all i €I, then V = N;(Y;), ie., V=U, a
contradiction. Therefore, U is not a maximal subspace of V.

(i) = (i). Since Y; €U and U = (Y;)y, for every Y; €3, then U & (Y;) by Corollary 2.7. Thus,
U € Nie(Y;). Let X €V is an independent weak base of U, then X € 3, and U is a maximal subspace
of (X) by Lemma 2.14. Since U is not a maximal subspace of V, then X is not a base of V by

Theorem 5.10, i.e., V # (X). Moreover, U < N;¢(Y;) € (X). We suppose that U # N;¢(Y;). Since U is
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a maximal subspace of (X), then N;c(Y;) = (X). Thus, every independent weak base of U is a base of

Nier(Yi)-

Then, V = N;g(Y;) by Lemma5.12,i.e., V =(Y;) forall i € I. Thus, U is a maximal subspace of V,a

contradiction. Therefore, U = N;¢(Y;).

Theorem 5.14. Let V be a vector space over a field F and U be proper subspace of V. Suppose that

X ={v;};e; isanindependent subset of V' suchthat X & U. Then, the following are equivalent:
i.(X)wcU.

ii. X can be expanded to an independent weak base of U.

proof. (i) = (ii). Since X is independent, X & (X), by Corollary 2.9 and X is an independent weak
base of (X),. Then, X' = {v; —v};e; where v € X is a weak base of (X), by Theorem 5.3. Since
(X)w<U, X' can be expanded to a weak base of U by Theorem 4.4, let it be
Y' = {v; — v}je;U{u}ie. Since X € U, v € U by Lemma 2.15. Thus, Y’ = {v;};c;U{w; + v};e; is an
independent weak base of U by Theorem 5.6. Therefore, X can be expanded to an independent weak
base of U.

(i) = (i). Obvious.

6. Geometric Interpretation of Weak Linear Independence

With R as the field of real numbers, it is known that for n = 1,2 or 3 the vector space R™ over
R has a useful geometric interpretation in which a vector is identified with the directed line segment [3-4].

For n = 1, the non-zero vector v = (x) is identified with the directed line segment on the real line
that has initial point at the origin and its terminal point at x. Any subset A = {v{,v,} of R is dependent.

For n = 2 or 3, the non-zero vector v = (x,y) or v = (x,y,z) is identified with the directed line
segment that has initial point at the origin and its terminal point with rectangular coordinates given by the
components of the vector. The subset A = {v;,v,} of R? or R® is independent if and only if v; and
v, are not collinear.

In making identifications of vectors with direct line segment, we shall follow the convention that any
line segment with the same direction and the same length as the one we have described may be used to
represent the same vector. If two vectors represent the same vector, then they are said to be equivalent.

Thus, in R for any points 4, B, C,D of the real line, if the vectors AB,CD are not equivalent, then
they are dependent . In R? or R3 for any points A4, B, C,D of the coordinate plane or coordinate space,

the vectors AB,CD are independent if and only if AB ¥ CD, dependent if and only if 4B || CD and
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equivalent if and only if 4B = CD.

By Lemma 3.2 and Lemma 3.5, if the subset A = {v,v,} of R"®; n = 1,2,3 is dependent, then A
is weakly independent. Moreover, if A = {v,,v,} is independent, then A is weakly independent by
Lemma 3.2.

According to the above, we can formulate the following corollaries, which show us the geometric
interpretation of weak linear independence in the vector space vector space R™;n = 1,2 or 3.

Corollary 6.1. Let A, B,C, D any points of the real line. The following hold:
i. The vectors AB,CD are weakly independent if and only if they are not equivalent (AB % CD).
ii. The vectors AB,CD are fully dependent if and only if they are equivalent (AB = CD).

Corollary 6.2. Let A, B,C,D any points of the coordinate plane or coordinate space. The following hold:
i. The vectors AB,CD are weakly independent if and only if they are not equivalent (ﬁ?) e ﬁ).
ii. If AB # CD, then the vectors AB,CD are weakly independent and non-independent if and only if
AB || CD.
iii. The vectors AB,CD are fully dependent if and only if they are equivalent (ﬁ = @).
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