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¢-Multivector fields and ¢-forms on Weil bundles

Olivier MABIALA MIKANOU!, Borhen Vann NKOU?, Basile Guy Richard BOSSOTO3*

Abstract

Let M be a paracompact smooth manifold of dimension n, A a Weil algebra and M# the associated Weil
bundle. In this paper, we define the Schouten-Nijenhuis bracket on the C°°(M#, A)-module X*(M*) of
multivector fields on M4 considered as multi-derivations from C*°(M) into C°°(M4, A) and we show
that the exterior algebra X* (M%) of multivector fields on M4 is a Lie graded algebra over A. To finish,
we estabish an isomorphism between X9(M4) and the C>(M#, A)-module L£,,(Q(MA, A),C>=(M4, A))
of skew-symmetric multilinear forms of degree q onto the C*°(M#, A)-module Q(M#, A) of differential
A-forms on M4,

Mathematics Subject Classification: 58A20, 58A32.
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1 Introduction

A local algebra in the sense of André Weil or simply a Weil algebra is a real commutative algebra A with
unit of finite dimension admitting an unique maximal ideal m of codimension 1 over R [7].

If M is a smooth manifold, C*°(M) the algebra of smooth functions on M and A a Weil algebra, then
we call an infinitely near point to € M of kind A a homomorphism of algebras

E:C*(M)— A

such that [£(f) — f(z)] € m for any f € C*°(M).
We denote M the set of all infinitely near points to 2 of kind A and

MA = M2,
reM
the set M4 is a smooth manifold of dimension dim M x dim A called manifold of infinitely near points
[6].

Hence (M4, 75, M) defines a bundle of infinitely near points or simply a Weil bundle.
If (U, ) is a local chart of M with coordinate functions (z1,xa, ..., 2, ), the application

UA —_— An,§ [— (f(xl);f(lé)y~-~7£($n))7

is a bijection from U# into an open of A”. The manifold M# is a smooth manifold modeled over A”,
that is to say an A-manifold of dimension n.

The set, C°(M4, A) of smooth functions on M# with value in A is a commutative , unitary A-
algebra.When one identitifies R4 with A, for f € C°°(M), the application

MY — A ()
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is smooth. Moreover the application
C%(M) — C=(M*A,A), f — [,
is an injective homomorphism of algebras and we have:
(f+9t=1"+ghA-PHr=x 509t =11 g"

with A € R, f and g belongs to C*°(M).
When (@a)a=1,2,....dim(A) is @ basis of A and when (a},)a—1,2,....dim(4) is a dual basis of the basis (@« )a=1,2.....dim(A)

I EREEE)

the application
dim A
0: C®(MA A) — A® C®(MA), p — Zaa®a30g@ (1)

a=1

is an isomorphism of A-algebras. That isomorphism does not depend of a choisen basis and the application
7:C®(M) — A® C=(M?), f — o(f4), (2)

is a homomorphism of algebras.
A vector field X on M* can be considered as a derivation from C*(M) into C=(M#A, A) i.e a linear
application which verifies

X(fg)=X(f)-g* + f*-X(9)
for any f,g € C(M).

For any vector field X on M#, considered as derivation from C°° (M) into C°° (M4, A), there exists one
and only one derivation

X : C®(M*, A) — C®(M*, A)
such that:
1. Xis A-linear;
2. X [C°(M4)] C C=(MA);
3. X(f4) = X(f) for any f € C>(M).
The set X(M*4) of all vector fields on M4 is a C*=(M*, A)-module and the application
[X,Y]=XoY —YoX:C®M)— C®°(M*, A)

defines the structure of a Lie algebra over A [1], [?].
If0:C®(M) — C*(M) is a vector field on M, then the application

0* (M) — C=(MA, A), f— [0(1)]"

is a vector field on M*A. We say that the vector field 6 is the prolongation to M of the vector field 6.
Then, for any f € C*°(M) we have:

(01 +0:)% = 07 +055 (f-0)*=f* 0%
(f-0)A = f20% [07,05] = [01,04]".

The goal of this work, is to define the Schouten-Nijenhuis bracket on the C*(M#, A)-module X*(M4)
of multivector fields on M4 considered as multi-derivations [4] from C°°(M) into C*(M#, A) and
to show that exterior algebra X*(M%) of multivector fields on M* is a Lie graded algebra over A.
And to finish, we have to estabish an isomorphism between X7(M#) and the C>(M#, A)-module
£ . (QMA,A),C>(MA, A)) of skew-symmetric multilinear forms of degree ¢ onto the C°°(M4, A)-
module Q(M4, A) of differential A-forms on MA.

158



2 ¢-Multivector fields and ¢-forms on M4

We denote X' (M4) = X(M*4), the set of all vector fields on M4 i.e the set of smooth sections of tangent
bundle (TM#, 754, MA). More generally, one denotes, for 2 < ¢ < m = dim M4, X9(M4) the set of
multivector fields of degree ¢ ( or g-multivector fields [2],[3],[5]) on M4, i.e the set of smooth sections of
vector bundle (AYTMA, 7ya, MA).

For any ¢ € M4, T;M 4 is an A-module [6]. In this section, we show that, a g-multivector field on M*
is a g-derivation [4].

2.1 The C*°(M*)-module of ¢g-multivector fields and of ¢-forms on M*

Let mpr : M4 — M be map the which assigns any infinitely near point ¢ of M4 to its origin = € M,
and U be an open neighborhood of M with coordinate system {1, ..., 2, }. Hence {z; o/i = 1,...,n;a =
1,...,dim A = r} is coordinate system of 73, (U) where ;4 : 73, (U) — R, & — z; o (€) is such that

§(zi) = Z Tio(§)aa

for any x; € C°(M),Vi=1,...,n.

Lemma 1. [6] Let {z1,...,x,} be a coordinate system on some neighborhood of M. Then we have

0 0
N )A =
axi 8l‘ia
foranyi=1,...n;a=1,...,71.
Lemma 2. Let {z1,...,x,} be a coordinate system on some neighborhood of M. Then we have

al o (dz)? = dq.
foranyi=1,...,n;a=1,..r.
Proof. We have, on one hand:

afoor ()] - lon(2

ay, ((6:5)%) = ai(635)-

N——
N———
S

On the other hand, we have:

Hence we get

what ends the proof. O
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In the coordinate system {z;o/i = 1,...,n;a = 1,...,7} a g-multivector field Q € X9(M*) is written

0 0
LD DD D LT vk o

1<i1<...<ig<n 1< <...<aq<r

where Qi,..i, ay...a, € C°(M™). Tt follows that X9(M4) is a C°°(M*)-module of g-vector fields on M4.
We denote

(MY =M e X' (MY e ..o X (MY

the exterior algebra of C*°(M“)-module of multivector fields.
In the other respects, for 1 < ¢ < m, Q4(M4) denotes the space of differential g-forms on M*. In the
coordinate system {z;,/i = 1,..,n;a = 1,...,r} a differential g-form w € Q(M*) is written

w = E E wil_,,iqal,__aquilal VAN dxiqaq,

1<i1 <. <ig<n 1< <...<ag<r

where @;, i, .a;..ay € C>(M#). Thus Q4(M*A) is a C=(M4)-module of
differentiable ¢g-forms on M4 and

Q" (M) = (MY & QM) @ QMY @ ... o Q" (M)
denotes exterior algebra of C*(M*)-module multilinear forms.

Proposition 3. If Q is a g-multivector field on M# then Q is a q-derivation from C*°(M%) into
C>(M*4).

Theorem 4. Let X9(M*A) be the C*™(M™)-module of g-multivector fields on M4 and DI(C>(M™A)) be
the C=(M*)-module of q-derivations from C®(MA) into C>°(M*). Then the map

©: X(M?) — DIC¥(M™)),Q — g

where

q

Bq 1 CF(M™) x - x OF(MA) — C%(M™), [Dq(f1, f2, vy F)I(€) = QUE(f1, f2, ey fo)

is defined by

[(DQ(fthv 7fq)}(§) = Q(g)(ftha "'afq)
for any f1, fa, ..., f; € C°(M*A) and € € M4, is an isomorphism of C°°(M*)-modules.

2.2 The C*(M#, A)-module of ¢g-multivector fields and of ¢-forms on AM*

Let U be an open neighborhood of M with coordinate system {1, ..., z,}.

A A
Then, <3) s eee < 0 ) is a free A-basis of TEMA see [6]. Then, a g-multivector field @ on
0x1 e oxy, €

M4 is written:
o \* o\
Q= Z Qiy..ig (3$i1> A A ((%iq) ,

1<y <...<ig<n

where Q;,. i, € C>= (U4, A).
In this case X9(M4) is a C>(M*, A)-module of g-multivector fields. Hence

X(MA) = C®° (M2 A) e X (MY @ ... e X" (MDY
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denotes the exterior algebra of C°°(M#, A)-module of multivector field on MA.
In the other respects, for 1 < g < n, Q9(M*4, A) denotes the space of differential A-forms of degree ¢ on
M*# see[l]. Any differential A-form [1] of degree ¢ on M# is written

w = Z wil...iq (dl‘“ )A JANAN (d$¢q)A,

1<y <...<ig<n

for any w;,. ;, € C*°(U*, A). Then, Q¢(M#,A) is a C*(M*, A)-module of differentiable A-forms of
degree ¢ on M4,
We denote

Q (MA,A) = C®(MA,A) @ QY MA, A) @ QX (MA,A) & ... Q" (M4, A)

the exterior algebra of C> (M4, A)-module of differentiable multilinear A-forms on M4,

Proposition 5. If Q is a g-multivector field on M* then Q is a q-derivation from C>(M) into
C>= (M4, A).

Proposition 6. If Q is a g-vector field on M then the map

q

Q1 C¥(M) x -+ x CF(M) — C¥(M™YA), (fri s fo) — QU ey [

is a q-derivation from C*(M) into C® (M4, A).

Theorem 7. Let X4(M*) be the C=(M*, A)-module of g-vector fields on M* and DI(C>(M),C> (M4, A))
be the C° (M4, A)-module of q-derivations from C*(M) into C>®(MA, A). The map

0 : XY (M?) — DYC™(M),C>®(M*, A)) ,Q — Og
where

q

0q : C®(M) x -+ x C®(M) — C>®(M*, A)

1s defined by
[©a (1, f25 -+ [)I(€) = QU (1, f25 -1 fo)
for any fi1, fa, ..., f; € C°(M) and £ € M*; is an isomorphism of C>(M#, A)-modules.

We now define two g-multilinear applications o, and 7, as follows:

q

04 C®(MA, A) x ... x C®°(MA, A) — A® C®(M™), (P15 ) ¥ Zaa ® ag(p1 X .. X )

and
q

Yy i CF(M) X o X CX(M) — AQ CX(MA), (f1, woy fo) = 0q(f{s oy F1).

For ¢ =1, we have 0; = ¢ and v, = 1.

Theorem 8. Let Q be a multivector field on M# considered as q-derivation from C* (M) into C=°(M*A, A)
then there exists an unique q derivation:

q

Q: C®(MA,A) x ... x C®°(M*, A) — C® (M4, A) (3)

such that

1. Q be A-multilinear;
2. QC(M™A) x ... x C=(M4)] € C®(M™);
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3. é(ff&’fé‘l,,f;l) = Q(flaf%'“,fq)a fOT‘ any flaf??"',fq) € COO(M)

Proof. If Q is a multivector field on M4 considered as g-derivation from C> (M) into C>° (M4, A) and if
Q: C® (M) — C=(M*)
is an unique derivation such that
U_l o (ZdA ®@) o ’Yq = Qa
then the map

q

Q=0"lo(ida®Q) oo, : C°(M* A) x ... x C®(M*, A) — C®(M*, A)

answers to the question. O

Proposition 9. If u: A — A is an endomorphism and Q is a multivector field on M* considered as
q-derivation from C>®(M) into C>(M*A, A), then

Qv(:uoflAvﬂof?a“'huof;l):MOQ(flaf27--"fq) (4)

fOT‘ any fla f27 '“qu) € COO(M)

P’f’OOf. From é(ff)féq77f<;4) = Q(f17f27 "'7fq)a we have

T

Q| (aiofitahofsaio £ an| =D aloQfr, far i fg) - a

a=1 a=1

that implies

r

> Qlay o fitah o £t af o £ aa =D ak o QUfr, fas s foy) - G-

a=1 a=1
Hence Q(af, o f{',a% o fs', ...,al, o f2) = a% 0 Q(fi, fas ooy fo) for all (aZ)acn,.. Since

r

(o fit o fits o £ =D (i o fit al o f3'sal o £1) - plaa)

a=1

it follows that

Quo fi wo f opo 2 > Q(ak o fitay o £t al o £ - plaa)
a=1

— ZQZOQ(flvaa'“afq)'M(aﬂé)
a=1
= poQfi, f2, - fq)

therefore we have the result. O

2.3 Schouten-Nijenhuis bracket on C*°(M*, A)-module X7(M*)

Let X9(M*) be the set of g-multivector fields on M# considered as g-derivations from C°°(M) into
C>=(M#, A), we define the Schouten-Nijenhuis bracket (see [2],[5]) as follows:
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Theorem 10. If P and QQ are both multivector fields on M* of degree p and q, respectively, considered
as p-derivation and g-derivation from C>® (M) into C*>(MA, A), respectively. Then, the bracket of P and

Q defined by:

[PaQ]S(fth“ﬂfp‘FQ*l) = Z €<U)ﬁ (Q(fa(l)w-vfcr(q))a aji‘(q+1)7"'7foj—4(p+q71))
0€6 4, p—1
7(71)(1)71)((171) Z 6(0')@ (P(fa(1)7"'7f0'(p))7f(;4(p+1)a [EES) (f(p-fq—l))
UGGP,qfl

for any f1, forrr, forq1 € C(M), is a multivector field on M* of degree p+q — 1.

Proposition 11. If P and Q both are p and g-multivector fields on M4 considered as p and q-derivations,
respectively from C* (M) into C°(M#, A), and if p € C®(M*A, A), then we have:

1 [P,Qls = [P,Qs.
2. ﬁ =¢@- P.

P

3. PANQ=PAQ.
Proof. 1. For any f1, fa..., fprq—1 € C°(M), we have

[ﬁvé]s(flflvf?"ﬂf;—{—q—l)
= Y P (AU o) Filgins o Fla )

0€64,p-1
- - A (DA A A A
7(71)(17 1)((] 1) Z 8(0’)@ (P(fa_(l),..., o(p))’fa'(p+l)7"'7 G(p+q—1))
0€6p,q-1
= > &P (QUfrry s Frt)s Foigrny - Fo
a(1)s - Ja())r Ja(q+1)s 5 Jo(p+q—1)
0€Gy p_1
SCEDED S ()] (P(f(,(l),...,fg@)),f:‘(pﬂ),..., ;‘(m_l))
0€6,,9-1

= [P7Q]S(flaf2"'afp+q—1)~

—_~—

Since [P, Q)]s is the unique p 4 ¢ — 1-derivation from C> (M4, A) into C>°(M#4, A) such that

[P.Qls(f*, f54 s i) = [P Qls(f1, foreos Forq—1)

for any f1, fo..., fprq—1 € C°(M), hence we have

—_~—

[P,Qls = [P,Qls;
2. We have
(0 P) UL 8o 1) = @ PUP S 1) = 0+ PUR Jaos fy) = (0 PY (s foeoe )
Since ﬁ is the unique p-derivation from C>°(M#, A) into C*°(M#, A) such that

@ P I = (9 P)(f1, o f)

for any f1, fo..., fprq—1 € C°°(M), hence we have

¢o-P=¢-P.

163



3. For any fi, fa..., fp+q—1 € C°(M), we have

P/\Q(flAvf;Ar“: 11)4-',-(]) = Z E(U)P( ¢;4(1)7--.a o‘é(p))'Q(foj'A(q+1)?"'7 (f(pjtq))
c€6, 4
= Z €(U)P( ;4(1)7“'7fc7(q)) : Q(fcr(q-‘rl)a"' 7fc7(p+q)) = P/\Q(flvaa
0€G, 4

In the other hand, since ]5_/\\/62 is the unique p + g-derivation from C> (M4, A) into O (M4, A),
such that

m(f{qaf?77 ;;4+q):P/\Q(flaf27'“7fp+q)

hence we have

PAQ=PAQ.

Let us give now the intrinsic properties of Schouten-Nijenhuis bracket.

Theorem 12. Let P,Q, R be p-multivector, g-multivector and r-multivector fields on M*, respectively,
considered as p,q and r-derivations from C> (M) into C®(M?A, A), respectively. Let p,1) both be smooth
functions on M4 with values in A and X a vector field on M*? considered as derivation from C°°(M)
into C°(M*, A). The Schouten-Nijenhuis bracket verifies the following equalities:

1. [p,1hls = 0;

2. |X, P)s = LxP the Lie derivative with respect to the vector field X;
3. [P,Qls = —(~=1)@~V=[Q, P]s;

4. [P,QAR]s =[P,Qls AR+ (-1)P=V1Q A [P, R]s.

let us give some indications of the proof of theorem12.

Proof. (of the theorem12)
Weput P=X1 AXo A ANX,, Q=Y1AYoA---AY,and R=2Z1 ANZy N\ --- A\ Z,. Hence

— ~

q
XiA - AXp VI A AYgls =D D (D)™ [X, s AXI A AXi - AXAYI A AY - AY,

i=1 j=1

in this case the proof of the theorem is in the same way like in the classical case see [3]. For achieving
the proof, we consider the fact that

[ﬁ7@}s(fi47f§47 Sz} 1;4+q—1) = [Pa Q]S(f17f27 "')fp+q—1)7
for any f17f2-~~7fp+q—l S COO(M) O

Theorem 13. Endowed with Schouten-Nijenhuis bracket X*(M*) is a Lie graded algebra over A and its
graded Jacobi identity is given by:

(1)@= VIR [Q, Rlsls + (1) VEV[Q, [R, Ps]s + (1) VD[R, [P,Q]s]s = 0

for any P € XP(M*), Q € X9(M*), R € X"(M*) considered as p,q and r-derivations from C>(M) into
C>(MA, A), respectively.

Proof. The proof of graded Jacobi identity is made in the same way like in the proof of the theorem12. [J

Proposition 14. If X;,---, X, are vector fields on M and P € XP(M)), Q € X9(M), then we have:
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Proof.

L XPAANXE = (XA A XA
2. PA+ QY= (P+Q)", ifp=2q.

3. PANQA = (PAQ)A.

4. [P4,Q%s = [P,.Ql5.

1. For any fi,---, f, € C°°(M), we have:

(Xl/\"'/\Xp)(fl""vfp) =

oeS,

> (@)X for) - XM o) = Y (@) (Xa(foy))? -+

o€Sy

A
= ( Z (o) X1(for)) - 'Xp(fa(p)>)

o€Sy
(XA AX)(fry - fo))
= (XIA"'AXP)A(fla"'va)
hence
XA ANX) = (XA A XM
2. For any f1,---, fq € C®°(M), we have:
(PA+Q)(f1a"'7fp) = PA(fla"'7fp)+QA(f1,"'a.fp)
= (P(fio- 5 o)+ (@QUf1, -+ o)
= = (P(f1,"' 7fp)+Q(fl7"' afp))A
= [(P+Q)(f1a 7fp)]A: (P+Q)A(f17 7fp)a
so that

PAL QA= (P+Q)".

3. Let ustake P=X; A---AX,and Q=Y A -

PANQY =

(Xl/\...
= XAA---
— (X1 A-

AY,. Then, we have:

AX)AN (YA AY)A
ANXPAYPA A AYE

AX, AV A AY)A

= (PAQ)Y

4. For any f1, -+, fprq—1 € C°(M), we have:
[PAaQA]S(fla"'

7fp+q71)

= Z €(J)PA (QA(fﬂ(1)7~"7f¢7(q)),f0(q+1)7"'7fo(p+q—1))

€64 p—1

_(_1)(?-1)((1—1) Z S(U)QA (PA(fo'(l)7"'7f0‘(p))’fal-4(p+1)a"'7 oA—A(p+q_1))

0€Gp g1

= Z 5(0) (P (Q(fa(l)a"'7f0(q))7f0(<1+1)7"'7fo(p+q—1)))

UEGq,pfl

A

_(_1)(P—1)(q—1) Z 5(0) (Q (P(f0(1)7 ey fa(p)), fg(p_H), ey fg(p_,_q_l)))A

0€6p,q-1

afp+q—1)]A

afp+q—1)7

= [[PaQ]S(fla
= [PQI5(f1,--

ZO’EG(Iﬂ,,l E(J)P (Q(fo’(l)a ey fo’(q))> fo(q+1)a ooy fg(p+q_1))
_(_1)(1)—1)((]—1) deep,q71 E(U)Q (P(fo'(l)7 (X33} fa(p))a fo'(p+1)a (X3 fa(erqfl)
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hence
[P4,Q%s = [P.Ql5.

O

We presently are going to estabish the relation between a g-multivector field and a g-form on M# through
the following result.

Theorem 15. Let X4(M*4) be the set of all multivector fields on M4 of degree q considered as q-derivation
from C=(M) into C®°(M*, A) and £1,,(Q(M*A, A), the C=(M*, A)-module of skew-symmetric multi-
linear forms of degree q on Q(M#, A)(= QY (M*A, A)). Then the map
0 5 X1(MA) — £1,(Q(MA, 4),C(MA, 4))
such that B
(O@)(w@1, -+ @q)) (§) = QUEN(@1(E), -+, Tq(£)),
for any £ € M4, Q € XY(M*) and w1, ...w, € Q(MA, A) is an isomorphism of C>°(M#, A)-modules.

Theorem 16. Let QQ be a multivector field of degree q on M. Then there exists an unique multivector
field of degree q on M*A

q

QA Q(MA, A) x - x Q(MA, A) — C=(M*A, A)

such that

QM arwi, -+ agwy) = a1 X - x ag[Q(wr, -+ wy)l ()

for any a1, ...,aq € A and w1, ...,wq € Q(M).
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