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Abstract

The aim of the current study is to emphasize the importance of an heuristic solution method for the classical
assignment problem (AP). In the literature, many different algorithms including both classical and heuristic
algorithms have been developed to solve AP. In this study, we introduce newly R program codes for the classical and
heuristic algorithms. Note that Brute Force algorithm, Hungarian algorithm, and Linear Programming (LP) algorithm
are konown as classical algorithms, while the Greedy is considered as the heuristic algorithm. For this purpose, we
made an application based on 4x4 dimensional sample. In addition, four different methods are obtained for different
dimensional problems. The outcomes from the study show that both classical methods and the Greedy method
provides the optimal or near optimal results.

Keywords: Assignment Problem, Linear Programming (LP), Brute Force Method, Hungarian Algorithm, Greedy
Method.

1. Introduction

The assignment problem, one of the fundamental optimisation problems, is a linear programming
model which is arranged to match the resources (employee, machine etc.) with varying tasks. The key idea is
to get maximum profit or sale and to get minimum cost. Since AP is a special type of transplantation
problem, it needs to provide the following expressions:

«  Equilibration of supply and demand (square matrix)

»  Supply from every supply node is one

e Every demand node has a demand of one

e The optimal result value is an integer, such as 0 or 1

Although all the algorithms developed for transportation problem are suitable for the assignment
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problem, solving the assignment problem as a transportation problem is complicated and time consuming.
Thus, new methods have been developed for the assignment problem.

Some of the classical algorithms developed for AP solution are; Branch Boundary Algorithm, Brute
Force Algorithm, and Hungarian Algorithm. There are also heuristic algorithms (genetic algorithms,
parelel auction algortinm, penalty method, and greedy method) for solving this problem. Among these, the
Greedy algorithm is one of the most preferred methods because it is easy to apply and requires a small
number of iterations. There are more than 10 algorithms that are similar in performances (and which one is
the best depends on specific situations) in these days, and studies about this topic are still on-going [1].

Classical and heuristic algorithms for assignment problems are given in Table 1.

Table 1: Algortihms for assigment problems

Classical Algorithms HeuristicAlgorithms
Simplex Method (LP) OACE Algorithm
Transportation Method Auction Algorithm

Brute Force Algorithm Greedy Algorithm

The Branch Boundary Algorithm Genetic Algorithm
Hungarian Algorithm Harmony Search Algorithm
Lagrangian Relaxation Algorithm Penalty Method

Among diverse approaches developed for assignment problem, Hungarian method [2,3], linear
approaches [4], and the newer one- Auction algorithm [5] and heuristic algorithms are commonly used.

The Branch Boundary Algorithm, reported by Breu and Burdet (1974), Wolsey and Nemhauser (1988),
and Rijavec (1992) is the only known algortihm for solving the multidimentional assigment problem
optimally [6, 7, 8]. For problems of any size, since the time required for computing the optimal solution
grows exponentially with the size of the problem, this algortihm is impratical [9]. Since assignment problem
in Operations Research is a main problem, a large number of studies have been conducted about this topic
and various algorithms have emerged [10].

Aringhieri et al. (2015) presented a two-stage heuristic algorithm for the assignment problem. The
algorithm was tested using real data collected from a state hospital in Genova, Italy. The results show that
the proposed method performs well in terms of both solution quality and computation time [11]. When the
computer solutions are taken into consideration with the classical solution methods, an increasing number of
(n) and increasing processing time due to the increased memory requirement and high degeneration are

encountered. Therefore, there are also special solution methods which are different from the classical
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methods and use their characteristics. But none of these methods is as well known as the Hungarian solution.
This method is almost recognized enough to be referred to together with the assignment problem [12].

Aktel et al. (2017) have shown that metaheuristic algorithms for door assignment problems provide
good results at a reasonable time for large-scale door assignment problems [13]. Seethalakshmy and
Srinivasan (2018) discussed a methodology to determine the transportation problem in their study. In their
study, they saw that transport could not be kept away from the assignment, in the end, proposed a new
algorithm that combined the assignment in the transport [14].

Reyes et al. (2019) conducted a comprehensive literature review for assignment problems. In this study,
they examined 71 representative articles and discussed solution methods. They have found that there are
many solution methods for the assignment problem (classical, heuristic, meta-heuristic ...). They classified
71 representative papers according to solution methods, performance measures and constraints or concerns.
The authors think that the current review is the most comprehensive and detailed study to date [15]. Various
other linear network flow problems can be reformulated as assignment problems. To name a few the
classical shortest path problems, there are max-flow problems, linear transportation problems, and linear
minimum cost flow problems. Therefore, the solution of assignment problems is important. Comparison of

computational complexity for different optimal assignment algorithms is given in Table 2 [16] .

Table 2: Comparison of the computational complexity for different optimal assignment algorithms

Algorithms for AP Complexity order
Brute Force Method omnhH

OACE Algorithm o(n"

Hungarian Algorithm 0(n?)

Auction Algorithm 0(n?)

Greedy Algorithm 0(n?logn)

In this study, the solution of Brute Force, Hungarian Method, and heuristic Greedy algorithm are

discussed.

2. Model and Analysis

2.1 The Assignment Problem

The assignment problem is a special form of general linear programming problems. Suppose we have

m workers and n machines. We know the cost of assigning machines to workers. We aimed to make an
131



Different Approaches to Solution of The Assignment Problem Using R Program

assignment which minimizes the cost. The optimal assignment is the assignment that minimizes the cost. It
is accepted that the number of workers is equal to the number of machines in the assignment problem
(m = n) (balanced). If m is greater than n (m > n), the amount of dummy machine is added to the model.
If m issmallerthan n (m < n), the amount of dummy workers is provided by participating to the equation
of (m =n) . The cost of the dummy machine and dummy workers (c;;) is zero. Mathematically when m
isequalto n (m = n), the linear programming form of AP is as follows:

The objective function is:

Subject to:

m
le] = 11 ]: 112J"'lm l= 1’2’ e

xijj=0o0rx;=1
for example (4x4) the linear programming of the assignment problem is as follows,

MinZ = Cllxll + Cllez + -+ C44x44

Subject to:
X117+ X2 X3 x4 =1
X21+ X2 H X3+ x4 =1
X371+ X35 + X33 +x34 =1
Xg1 + X4y +X43 X454 =1
X114+ X1+ X317+ x40 =1
Xip + Xop + X35 + X4 =1
X13 +Xp3 + X33+ X435 =1
X14 + Xo4 X34 + X440 =1

xij=0o0rx;=1
Cost matrix is used to make the resolution of assignment problems more efficient. Let ¢;; be the cost

of assigment the i th resource to the j th task. We define the cost matrix to be the mxn matrix in Table 3.
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Table 3: Assignment matrix

R Activities (machines)
esources _
. . machine | Supply
(workers) machine 1 machine 2
n
worker 1 C11 C1o .. Cin 1
worker 2 Co1 () . Con
Cij_
worker m Cmi Cm2 . Crn 1
mxn
Demand 1 1 1

AP is often made for minimization problems. However, some assignment problems are for maximization
instead of minimization. In this case, the largest value element in the table is extracted from all the elements in the

table to make a solution. The other steps are as in the minimization problems.

2.2 Algorithms for The Assignment Problem
2.2.1 Brute Force Method

The Brute Force Method that calculates the cost of all assignments is quite complex method, especially
for large assignments. Suppose we take mxn matrix assignment for the equality of (m = n). There are n
option for the first assignment and n — 1 option for the second assignment, respectively. Thus, the solution
has an exponential run time [17]. There are n! =6 assignments for n = 3. This solution may be suitable for

small n values. In this context, Table 4 shows the iterator numbers of the Brute Force method:

Table 4: Number of iterations for Brute Force Method

Table Size Solution Number of iterations
3x3 3! 6

4x4 4! 24

5x5 5! 120

6x6 6! 720

X7 7! 5040

8x8 8! 40320

9x9 9! 362880

10x10 10! 3628800
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100x100 100! ~9.3x10157

2.2.2 Hungarian Method

The given steps are applied to the nxn cost matrix to find the optimal assignment [18].
Step 1: The smallest element in each row is subtracted from all elements in the row.
Step 2: The smallest element in each column is subtracted from all elements in the column.
Step 3: A minimum number of lines are drawn to cover all 0 in the cost matrix.
Step 4: Step 4: Test for Optimality:
i) If the minimum number of lines is n, an optimal assignment and we are finished.
ii) If lines is less than n, an optimal assignment is not yet possible. In that case, go to Step 5.
Step 5: Determine the smallest entry not covered by any line. Subtract this entry from each uncovered
row, and then add it to each covered column. Return to Step 3.
If the number of rows and columns in the cost matrix are unequal, the assigment problem is unbalanced.
In this case it is not appropriate to use the Hungarian algorithm. Thus any assigment problem should be

balanced before it is solved by the Hungarian method [19, 20].
2.2.3 Greedy Method

A Greedy Algorithm essentially makes the best, near-sighted decision at each stage of the problem in
hopes of finding a good solution. In this case, the algorithm will choose the lowest cost worker to be
assigned to the task as the first assignment, then choose the next lowest cost worker to be assigned to the task,
and so on until all tasks have been assigned. The algorithm repeats this procedure until all workers have at
least one task [21]. The greedy heuristic continues to cover the row and column of the smallest uncovered
entry in the cost matrix until all entries are covered. The resulting set of entries then constitute the
assignment of workers to jobs [22]. Greedy algorithm for the Linear Assigment Problem (LAP):

Step 1: Locate the smallest element and delete the row and column where it is located.

Step 2: Find the smallest second element and delete the row and column where it is located.

Step 3: Repeat the process until there are no rows and columns to delete.

Step 4: Selected values give local optimal results.

Heuristics algortihms have the chance to find the optimal answer, but can get trapped in a local optimal
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solution. Greedy algorithms try to get close to the optimal solution by improving a candidate solution
iteratively, with no guarantee that an optimal solution will actually be found. The Greedy Algorithm alone
will find a good answer, but randomizing parts of the algorithm will ensure that multiple answers are
possible. Modifying Greedy Algorithm such that it sometimes accepts an assignment that temporarily

worsens the objective function will succeed in leaving the local optimum and possibly find the global

optimal solution.
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Figure 1: Local minimum and Global minimum for optimal solution

Figure 1 shows that some solutions should be skipped for the most global solution of local search. Thus,

the heuristic method (such as Greedy) examines quickly a part of the search field and finds local ends.

3. Analysis and Discussion

3.1 Brute Force Method

This is the original cost matrix (4x4):

14 5

N
o

D | W | o |
(6, ]

10

LP formulation;
Min Z = 14X11 + 5X12 + e + 10X44

Constraints:
X11 +x12 + X13 + X14 = 1
x21 + x22 + x23 +x24 = 1

X31 +x32 +x33 +x34 =1
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X41 F Xap +Xx43 +x44=1

X1+ X1 +X31 x40 =1

X1p +Xpp + X3 + X4 =1

X13 + X33 + X33 +x43 =1

X1q4 tXpq + X34+ X494 =1
xij=0o0rx; =1i=1234andj=1234

Brute Force method;

Colums Solution
P1 P2 P3 P4 14+12+3+10=39
P1 p2 P4 P3 14+12+9+6=41
P1 P4 P3 P2 14+5+3+4=26
P1 P4 p2 P3 14+5+8+6=33
P1 P3 P2 P4 14+6+8+10=38
P1 P3 P4 p2 14+6+9+4=33
P2 P4 P3 P1 5+5+3+2=15" (min)
P4 P1 P3 p2 7+2+3+4=16
P4 P1 P2 P3 7+2+8+6=23
Optimal solution is 15.
3.2 Hungarian Method
This is the original cost matrix:
14 5 8 7
2 12 6 5
7 8 3 9
2 4 6 10
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We subtract the row minimum from each row:

9 0 3 2 (-5)
0 10 4 3 (-2)
4 5 0 6 (-3)
0 2 4 8 (-2)
We subtract the column minimum from each column:

9 0 3 0

0 10 4 1

4 5 0 4

0 2 4 6

(-2)
and
10 0 3 0
0 9 3 0 (-1)
5 5 0 4
0 1 3 5 (-1)
(+1)
and

10 0 3 0

C 9 3 0

K 5 0 4

q 1 3 5

Cover all zeros with a minimum number of lines. There are 4 lines required to cover all zeros. Because

there are 4 lines required, the zeros cover an optimal assignment.
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This corresponds to the following optimal assignment i riginal cost matrix:

The optimal value is equal to 15.
3.3 Greedy Method

This is the original cost matrix:

14 5 8 7
2 12 6 5
7 8 3 9
2 4 6 10

The smallest element in this matrix is 2. The element (2,1) is taken randomly.

14 5 8 7
2 12 6 5
7 8 3 9
2 4 6 10

Its row and column are closed. The smallest element is 3. (3,3) and its row and column are closed.

14 5 8 7
2 12 6 5
7 8 3 9
2 4 6 10
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Repeat step, the smallest element is 4. (4,2) and its row and column are closed.

14 5 8 7
2 12 6 5
7 8 3 9
2 4 6 10

Only the (1,4) element remains.

14 5 8 7

This value is 7. As a result, 2+3+4+7 = 16 is obtained.

4. Conclusions

For solving the assignment problems, classical or heuristic different methods have been developed.
Packet programs are widely used for classical solution methods. However, since the number of programs
used to solve the assignment problem is limited by the number of dimensions, such as iteration, there is no
ready software that can solve the complex regardless of the size of the complex (such as complex,
non-mathematically expressed, constraints not stretched or nonlinear problems). Therefore, software
development is important. For the AP, more software development solutions were obtained with heuristic
methods. In the recent years, it can be used in solving the problems of assigment both classical and
heuristic methods by writing code with R package program which is widely used.

In this study, solutions for different methods are shown by using R program. In the scope of the study,
Brute Force, Hungarian, Greedy and LP solutions of 3x3, 4x4, 5x5, 6x6, 7x7, 8x8, 9x9 and 10x10
dimensions are given in Table 5 (R codes are given in Appendix 1). The Brute Force approach is a simple
and easy solution when the number of dimensions is small. However, as the number of dimensions
increases, the number of operations is long. Assignment problem can be written and solved in LP form.
However, as the number of dimensions increases, the number of constraints and variables increases.
Therefore, the solution is extended as in my Brute Force approach.

The most commonly used iterative solution is the solution to the problems by Hungarian algorithms
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assignment. When compared to Burte Force and LP method, it provides optimal results in less time. From
the heuristic methods, the Greedy method is one of the preferred methods because the algorithm is simple.
However, this method does not guarantee optimal results, local solution is obtained. However, since the
process load will increase as the number of dimensions increases, the Greedy method will find a solution

in a shorter time, so it can be recommended to use in complex or large scale problems.

Table 5: R program solution for different examples optimal assignment algorithms

Algorithms
Table Size LP Method Brute Force Hungarian Greedy
n! n? n’logn
3x3 9 9 9 9
4x4 40 15 15 16
5x5 31 31 31 31
6x6 142 142 150 167-174
<7 38 38 38 38
8x8 41 41 41 51
9x9 72 72 72 77
10x10 58 58 58 58
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Appendix-1. R Program Codes
R program codes for the 4x4 sample problem are given below;
LP Method R Codes; (Ip.assign)

Ip.assingn for R program [23].

> assign.costs <- matrix (c(14,5,8,7,2,12,6,5,7,8,3,9,2,4,6,10), 4, 4)
> assign.costs
> Ip.assign (assign.costs)$solution

L1 [21 [3] [4]
] 14 2 7 2

2] 5 12 8 4
3] 8 6 3 6
4] 7 5 9 10

(1] [21 [3] [4]
1] o o0 o0 1
2] 1 0 0 0
3] 0 0 1 0
4] 0 1 0 0

The objective function is 15.

Brute Force Method R Codes;

> X <- t(matrix(c(14,5,8,7,2,12,6,5,7,8,3,9,2,4,6,10), nrow = 4))
> p <- permn(1:4)
> r <- nrow(X)
>y<-0 >t<-1
>i<-1 >kx<-1
>arrayl <-c(y) > array2 <-c(y)
> while (i <= length(p))
+ { while (k<=7)
{y =y +x[pI[KILK]
arrayl[k] <-y
k<-k+1}
array2[i] <- array1[r]
i<-i+l k<-1}
j<-2

+

V o+ o+ 4+ o+
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> array3 <- c(y)

> array3[1] <- array2[1]
> while(j <= length(p))
+ {array3[j] <- array2[j]-array2[j-1]

+

> print(array3)

[1] 3941332316 26 33 38 28 23 24 24 23 23 31 3728 22 1524 32 2322 20
> print(paste("Z=", min(array3)))

[1] "z= 15"

Hungarian Method R Codes; (solve_LSAP)

> X <- matrix(c(14,5,8,7,2,12,6,5,7,8,3,9,2,4,6,10), nrow = 4)

> solve_LSAP(x)

>y <-solve_LSAP(x)

> sum(x[cbind(seq_along(y), y)1)
Optimal assignment:
1=>4,2=>1,3=>3,4=>2

[1] 15

Greedy Method R Codes;

> assignment_Greedy <- function(objection)
+{ row <- sgrt(length(objection))

+

+ 4+ + 4+ + + + + + + + + o+

array <- ¢(x)
while (length(table) > 1)

table <- t(matrix(objection, nrow = row))

array[x] <- table[which.min(table)]
table[which.min(table)] <- NA
table <- table[complete.cases(table),complete.cases(t(table))]

assign <- c(array, table)

result <- sum(matrix(assign)[,1])
print(assign)

print(paste("Z=", result)) }

> objection <- ¢(14,5,8,7,2,12,6,5,7,8,3,9,2,4,6,10)
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> assignment_Greedy(objection)
[1]12347
[1] "z= 16"

The Greedy method randomly assigned the first step. Therefore, the result is not optimal but close to the optimal.
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