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Abstract

We showed the group Gr and Lie algebra gr generated by {% la € R}
and {z%|a € R} and their generating operators log(-%) and logz have
unique maximal normal subgroup Ar and maximal ideal a. It was shown

taking suitable completion a, ¥; ¥g = g71% gives a monomorphism from

Ar into a([6].). But to search ”good” completion is remained as a prob-
lem..

In this paper, we propose the good completion (in some sense, mini-
mal) iS Gexp;

texp = {D_ ¥ (1+5) D cnz™ € Exp(C)}.

Here Exp(C) is the space of finite exponential type functions. Corresponding
extension of Ag is also proposed.

1. Introduction

Fractional calculus is now studied and applied not only in mathe-
matics, but also in several area of Sciences (cf.[9]). As a tool to the
study of fractional calculus, we have introduced an integral trans-

form R;

o0 S

RN = [ g (o)

f(s)

F(l—{—s) 1S rapidly

and show for suitable class of function f; e.g.
decreasing at s — +o00,
dCL
dz®

RIf(s)l(x) = Rlraf(s)l(x), Taf(s) = f(s+a).

([5]). Precisely saying, if z < 0, we need to fix 2° in the calculation
of R This is done for example, to fix logz as log|z| — mi Another
way to consider R for < 0 is consider R[f] to be a many valued
function on C* = C\ {0}. But in this paper, we skip to think this
kinds of problems (cf.[5]).



Applying R, we determined structure of the group Ggr gener-
la € R} and {z%la € R}, and

ated by l-parameter groups { .
:L‘a

d
the Lie algebra ggr generated their generating operators log(d—) and
x

log z([6] As for definition and properties of log(di), we refer [4].[11]).
x

Via conjugation by R, Gg is an extension of the multiplicative free

I'(1
abelian group Ag generated by {ﬁm e R, R* =R\{0}}

by R = {7,]a € R}; 7.f(s) = f(s+ a). Hence Ag is isomorphic to
the free abelian group Dgx 7z generated by {d,]a € R*}. The iso-
morphism from Dgx.z to Az is given by p_z.v;

s

Uz T = exp(T/ V(14 x+ t)dt).
gr has unique maximal ideal a generated by W(1 + s). Taking
suitable completion a of a, it is shown there is a monomorphism

d
v Ar — a; Uf = f‘ly. Precisely, ¥(Ag) is contained in the
s

completion of ay, the subideal of a generated by ¥'(1 + s).

Note. Extension of these results to several variables case shows
¥ should be replaced to p; pg = g 'dg. Since p is essential in
the non-abelian de Rham theory ([1].[2]), this suggests there might
exist relations between non-abelian de Rham theory and fractional
calculus.

These results suggest there might be exist some lack in Gg. We
proposed this lack is supplied to add I'(1+s) to Ag ([6]). We denote
this extended group by Agg. It is isomorphic to the group Dg.z, the
free abelian group generated by {d,|a € R}. The map ¥ is defined on
AE@ and gives an isomorphism into a. But in our former studies, we
only demand ) a—'\I/(”)(l + s) € a and can not fix the completion.

n!
In this paper, we propose

Proposal. We take aeyp;
Oexp = {Z Cn\lf(n)(l + )| Z cnr” € Exp(C)},

where Exp(C) is the space of finite exponential type functions, as
the appropriate completion of a.
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By definition, ae, is isomorphic to Exp(C) as a vector space.
Convergence of a series {f,} of Exp(C) is defined |f, (x)] < CeXle]
for all n, where C, K are positive constants, and converges to a
function f uniformly on C in wider sense. Then Exp(C) is complete
by this definition of convergence. Topology of aey, is imposed from
this topology of Exp(C).

Note. Roughly speaking, acy, is the minimal completion of a®C
a
which satisfies the demand ). —= Y M (14 s) € a,a € C. But

to take e, as the good completlon seems to restrict studies of
fractional calculus only in the analytic category.

For a power series f(z) = Y, c,a™, we set f(§) = Y. ¢, 0™,
f(6) is not a distribution in the sense of Schwartz, in general. But
it may be a generalized function on suitable function space. We
note this kind of sum of delta functions and interpretations them
as generalized functions (may not be distributions in the sense of
Schwartz) are appear in physical literatures (cf.[8],[13],[14],][16]).

Especially if f € Exp(C), then f(d) acts on Ent(C), the space of
entire functions on C convergence of its series { f,,} is defined by the
uniform convergence in wider sense. In fact, denoting Exp(C)s =

{f(6)|f € Exp(C)}, we have
Exp(C)s = Ent(C)T.
By definition, Drz C Exp(C)s. Since p,p can be defined on

Exp(C)s, we set j_auExp(C); = Al

Ciexp- then we have

9 Al

Ciexp — anP'
The map vy =V 0 pi_pg : (Exp(C)s = aeyp, is given by
T =TV (14 x+1t).

When f(z) = e and T = f(d), we have 1T = V(1 + x + a),
via analytic continuation. This suggest if f(x) = ffooo e g(s)ds, it
may be

LT = / g(s)¥(1+ s+ a)ds.
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If f € Exp(C), then f = B|g], where g is a holomorphic function at
the origin. Therefore,we may ask if 7= f(J), does the formula
1

1
T=_— w(1 ~)d
Tl = 5— |s|:eg(8) (1+2+ ~)ds,

is hold taking suitable €?.

This paper is consisted by seven Sections. In §2; we study Exp(C);s
and show it is the dual space of Ent(C). Ent(C)s = {f(0)|f €
Ent(C)} is also discussed and show Ent(C)s = Exp(C)'. At a
glance, d,, a # 0 seems does not belong to Exp(C);. But regard-
ing Exp)(C)s = Ent(C)', we can identify §, and > %(5(”) €
Exp(C)s. Based on this fact, we introduce aeyp, ete. in §3. §4 treats
the map tg = ¥ o pi_p.¢. Originally, elements of Gy etc. are re-
garded as operators. But elements of a., and AEQeXp are defined
by completion, that is formal infinite sum (or product) of fractional
differentiations. So it is a problem whether elements of ey, etc.
can be interpreted as operators acting on some function space. §5
treats this problem. Related to this problem, the problem whether
the sum ) ¢,d,, can be regarded as an operator acting on some
space has been treated in [7]. In §6, we reconsider this problem and
give alternative proof of results in [7].

We denote a = (aq, ..., a,), etc..Then the group Gg~ and Lie al-

on 9
gebra grn generated by {8x‘1‘1 e B la € R"} and {z*,..., 2% ]a €
0 0
R™}, and their generating operators {log(=—),...,log(=—)} and
8x1 axn

{log x1,...,logz,} are direct sum (product) of Gg and gg:
GR" - ,G]R|s:s1 X X GR|s:sna

n
A\

Orn = OR|s=s;d51 @ -+ @ gR\stnds;.

Hence definitions and results in single variable case are extended
straight forwardly to several variable case. But since

Exp(C)s|smz, dz1®- - - PEXP(C)s| 2=z, dz, is only a subspace of A'Exp(C")s,
the space of 1-forms with coefficients are Exp(C"), the space of fi-

nite exponential functions on C”. Hence we need fix the coordinate
system of C". To overcome this restriction will be a problem.
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2. The spaces Exp(C) and Ent(C) and their dual
spaces

We denote the space of finite exponential type functions and entire
functions on C by Exp(C) and Ent(C). Their topologies are given
by the following neighborhood systems:

Exp(C): We take U(f; K,r;C, M), where K is a compact set of
C, r,C, M are positive numbers, and U(f; K,r,C, M) is

{9 € Exp(O)|If(2)—g(2)| < 7,2 € K, | f(2) —g(2)] < Ce™*, 2 € C}.

Ent(C): We take U(f, K,r) = {g € Ent(C)||f(2) —g(2)| <7,z €
K}, where K is a compact set of C.

A series { f,,} of Ent(C) converges to a function f by this topology,
if and only if {f,,} converges uniformly in wider sense to f. Hence
f is an entire function. While a series { f,,} of Exp(C) to f by this
topology, if and only if the estimate |f,(z)| < Cel?l holds for some
positive C, M, for all n and converges uniformly in wider sense to
f. Hence f € Exp(C).

Entire functions allow Taylor expansions on C. We set an entire
function f(z) = 0% ¢,2" and fy(z) = 32 _ ¢,2". Then we have
limy oo fn(2) = f(2). where convergence is in the above sense.
Hence we obtain

Lemma 1. The polynomial algebra C|z] is dense both in Exp(C)
and Ent(C) by the above topologies.

Let f(z) =), cn2™. Then we use the notation
F6) =" cad™.

In general, f(0) is not a distribution in the sense of Schwartz. But if
f € Exp(C), or f € Ent(C), f(J) can be considered as a generalized
function by the following Lemma.

Lemma 2. Let f(z) € Exp(C) and ¢(z) € Ent(C) with Taylor
expansions f(z) = > a,2" and g(z) = > b,2". Then ) nla,b,
converges.
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Proof. Since f € Exp(C), there exist C' > 0, M > 0 such that

|an| < C—- for all n Hence we have
n!

n=~L n=L
) nlagb,| < CCY - M by).
n=N n=N

Then since ) |b,|2" is also an entire function, we have

n=L
lim E nlayb, = 0.
N—o0,L—00
n=N

This proves Lemma.

We use notations a = (ay, as, . ..),etc., ab = (a1by, asbs, . ..) and

p(a) = limsup|a,|'", 7(a) = —
n—00 p(a)
Here, we set r(a) = oo if p(a) = 0, and r(a) = 0 if p(a) = oo, r(a)
is the convergence radius of the power series > a"2".

Lemma 3. The followings hold.
1. p(b) = 0 if ab converges for all a with p(a) < co.
2. p(a) < oo if ab converges for all b with p(b) = 0.

Proof. To show 1, we use p(a) = [£], ifa = (£,&2,...), where { is
an arbitrary complex number. Then set fi,(2) = > b,2", fu(§) =
ab converges if 1 is hold. Therefore convergence radius of f,(2) is
oo. This proves 1.

If p(a) = oo, there is a subseries (ay,,, @n,, - . .) of (aj.ag,...) such
that

lim |a,, "™ = oco.

k—o0
Then limy_ |ag, [Y™ = oo, if 0 < € < 1. We define a series
I

b”k = ‘a”k

b = (by,bs,...) by . Then p(b) = 0 and ab

b, = 0, otherwise
diverges, because limsup,,_, . |a,b,| = co. Hence we have 2.
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Definition 1. We define the spaces Exp(C); and Ent(C)s by

Exp(C)s = {f(0)|f € Exp(C)}, (1)
Ent(C)s = {f(9)[f € Ent(C)}. (2)

By using these notations, we have

Theorem 1. The followings hold.
Exp(C)s = Ent(C), Ent(C)s = Exp(C)'. (3)

Proof. Let f(z) =), a,2" € Exp(C) and g(z) € Ent(C). Then
we have

F(0)g(z) =Y (=D nlanby,  g(6)f(z) = D _(=1)"nlapbn.  (4)

n n

These right hand sides converges by Lemma 2. Hence we have
Exp(C); C Ent(C)', Ent(C); C Exp(C)'. (5)

Since C|[z] is dense both in Exp(C) and Ent(C), linear functional
T on these spaces is determined by 72", n = 0.1,2,.... f T2" = ¢,,
we have c
T2" = (—1)”—?5(")7;”.
n!

Hence to set h(z) = En(—l)”c—"'z", we may write T = h(d).Then
n!

Lemma 3,1 show Exp(C)" C Ent(C)s and 2 shows Ent(C)" C Exp(C)s.
Therefore we have Theorem.

Note. Theorem 1 is essentially reinterpretation of the duality of
O, the algebra of germs of holomorphic functions at the origin and
Ent(C) given by

(@) = 5 § F@9() T f(2) € 0,(x) € Ent(C).

Precisely, since

1 1 C 1d'f(x)

- dr. —
2mi x”*lf@) s n! dxn

|z:0a
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if ¢(x) is hlomorphic at x = 0, we get

o(6)f(2) = —— 74 Blé(— 1) f(w)de,

27 T

if f %@)E Ent(C). Hence we obtain Th.2 from the duality of O and
Ent(C).

3. Taylor expansion of ¢,

If f(2) is an entire function, we have

a" ..,
f(a) = nz; Hf( )(0), aeC.
Therefore we obtain
fla) = Sy sE). ae ()

This means taking Ent(C) or Exp(C) as the space of testing func-
tions, the following Taylor expansion of §, = §(z — a) holds

o0

’nan n
da =Y (1) H(S( ). (7)
n=0

Let D((d:;c be the C-vector space spanned by {&(Jc)\a e Ck =
0,1.2,...}. Then by (7), we have

Proposition 1. By the map

5 — 3 (—1)n g, (8)
n=0

n!

D¢.c is regarded to be a subspace of Exp(C)s.

Note. This Proposition and Theorem 1 are already proved in [4]
and [5].

We can extend p_, ¢ on Exp(C);. Then we obtain the map

Yopu_py: Exp(C)s — a.
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This map becomes an isomorphism if we define a to be

{ch )1+ 5) |chz € Exp(C)} (9)

Definition 2. We set

toxp = { > _ W (1+5)] > c,2" € Exp(C)}. (10)
n=0 n=0

The Lie algebra Cdi @ Gexp, With the brackets
s

[ d
ds’
is denoted by gr.exp-

UM (146 =01 +5), n=0,1,2,...,

The sum Y o2, ¢, U™ (1+5) is formal. We ask can we give mean-
ings to these formal sum?

We also denote A(hc;expu the multiplicative group p—,.¢Exp(C)s.
Then we have

cn ¥ y(n—1) s)
Aoy = {H (+s) IZC 2" € Exp(C)}. (11)

Here U~1(1 4 s) = log(I'(1 4 s)). We denote A% __ the subgroup

R:exp
AE@ xp CONsisted those elements whose coefficients ¢, in (11) are real
numbers.

Lemma 4. We can define the action 7,; 7,f(x) = f(z + a) on
Oexp

Proof. First we note that ) (1+s5+a),a ;é 0 does not appear
directly in dey,. It appears as the sum » >, —\Il (k+n)(1+s).

Hence to handle Y, ¢z U™ (1 4 s+ a) in deyp, we  need to rewrite

ch\ll(l +s+4a)= ch Z \I/k+n(1 + s)
k=0 k=0  n=0
=3 alyuena ),
m=0 k+n=m ’
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Since Y, cx2" is a finite exponential type function, |cy| satisfies es-
n

timate |cx| < C'—. Hence we have
n!

Hence 07 (3, i Ck)2™ is a finite exponential type function.
Therefore we obtain Lemma.
b

Riexp-

By this Lemma and (11), 7, acts on A

Definition 3. We denote G.exp the extension of Al

R;exp by R =
{74Ja € R}. The group Gg,exp is similarly defined.

Note. In Exp(C)s, we identify J, and Zfzo(—l)”a—'é(”). Then
n/!
by the same computations and estimate as in the proof of Lemma
4, To; To0M = 5C(Ln), acts on Exp(C)s.But since

0 (2)] = (=1)" f"(a) = 67, f(2)],

we obtain this conclusion more simply by Theorem 1, not only for
Exp(C)s but also for Ent(C)s..

Then we have
R x EXp((C)(; = G(C;exp- (12)

We also note by previous discussions, the following isomorphisms
hold.
fi—pow : Exp(C); = A’ 0 : A

C:exp? C;exp

> ey (13)

Proposal. We take a.p, etc., as appropriate completions of a,
etc..

Note. To define 9 : AL —a, 3 a—|\11(”)(1 + s) should belong to
n

a. Therefore, to define ¥, it seems aexp'is the minimal completion of
a (or a® C).
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4. The map ty=v0 p_, v

We denote ¥ o p_, ¢ by ty. Let T be a (generalized) function (or
distribution), then we have by the definitions of ¥ and p_,.¢

LT =T,V (1+x+1). (14)

Strictly saying, W(1 4+ x + ) needs to belong the domain of T;.
Otherwise, we need some modification to give meanings of (14). For
example, to get

Lq,é(”) _ (_1)n\1,(n)(1 +z), n=0,1,2 ..., (15)

we need to assume |z + t| < 1. But since ¥ (1 + ) is a single
valued meromorphic function on C, we justify (14) for all x € C, by
analytic continuation.

Adopting this argument, we justify

vyt Exp(C)s = aexp, (16)

as an adaptation of (15). Note that since W(1+x+1t) ¢ Ent(C), we
need take care to use discussions in §1 to the study of ¢y.

The topology of aeyp, is transfered from the topology of Exp(C)
via the map (16). For the simplicity, we denote Y., ¢, U™ (1 + z)
by fH(¥(1+ x)), where f(z) =" c,2™ € Exp(C), then we define

Definition 4. A series {ff (¥(1 + 7))} of e is said to be
fH(¥(1 + x)) if and only if the series f,(x) converges to f(z) €
Exp(C) by the topology of Exp(C).

Since ¥(1 4 z) is holomorphic on the unit disc D = {z||z| < 1},
if a € D then

d"®o(1
PRUET)) e,
dz™ T
where C, . = maxgeg, |P(1 + )] and M~ = mingeg, , yeslz — y|.
Here S, = {y|ly — a| = €} is assumed to be contained in D and

S = {z||z| = 1}. Hence if f(z) = B[g(s)](x), where g(s) is an entire
function, f*(¥(1 + x)) converges on {y|ly — a| < €}. Because set
g(z) =3, cpx™, we have

UL+ 2)()] <D CoeMlea My, |y —al <e

Hence we have
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Proposition 2. If f(z) = Blg(s)](z), g(s) is an entire function,
then f*(¥(1 + z)) converges and holomorphic on D.

Note We denote formal series Z c,®™(z) by f#(®(x)), where
S cux™ = f(z). Then denoting f(z) = 3, (—1)"c,2"(= f(—x)),

we have
Fi(@(x)) = f5[@(x)], (17)
provided f*(®(z)) has a meaning.

Since ) a—‘é(”) and 9, are identified and ¢, is regarded as an
n!

element of Exp(C)s, we can identify ) —\I/ M) (1 4+ ) and ¥(1 +

x+a), so that we may regard W(1+x+ a) to be an element of a.eyp.

To search meanings of f#(¥(1 + z)) is a problem. For example,

denoting f,(t) = f(st), we have f,(t) = > (c,s™")t". if f(t) =

>, cnt™. Hence, since
U(l+ )= —7+Z 1) (n + 12"

fHU(1 + ) converges if |sz| is sufficiently small. This suggests we
may give meanings of f*(¥(1 + x)) by using analytic continuation

of fH(¥(1+2x)) to s =1. When f(t) = e, originally, it should be
FAU(14tx) = U(1 +ts+ta), |ts+ta] <1.

But by analytic continuation, we regard this wright hand side to
be a (single valued) meromorphic function on the (¢, s)-space C2.
Then put t = 1, we get f*(¥(1+ x)) = U(1 + s+ a) on the whole
z-space C. We note if f,(t) = e*, we have allowing to use analytic
continuation

FU(142)) = 6,8 U (1+t+2) = 6 U(1+t+2+a) = U(1+a+a),

which gives another justification of f3(¥(1+z)) = ¥(1 +z + a) if
we allow to use analytic continuation.

In these discussions, we use the following properties of W(1 + x);

1. U(1+2), V(1 +x), V@ (1+2),... are linear independent over
C.
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2. U(1 + x) is a single valued meromorphic function on C.

Other properties of W(1 + z) are not used above discussions. We
ask to search the reason why W(1 + x) is selected in the definition
of vy in one hand and are there exist a function ¢ which satisty the
above 1, 2, and ¢, @ 14T = Ty¢(x + t) is useful to the study Exp(C)s
or similar space of generalized functions, on the other hand.

In general, if T' = f(0) € Exp(C)s, where f(z) =" ¢,e**, then

wl =Y e V(1+z+ay) (18)

We also note we can regard 7' = ) ¢,7,, as a linear operator on
Ent(C). We ask can we extend these arguments for more general f.
For example, if f allows Fourier expansion f =Y ¢,e*"™* are the
followings have meanings 7;

peT = e U(1+ z + 2n7i), (19)

Here T = f(0) and f(z) =", ¢,e*"™*.
Note. If f(z) = [T g(t)e”dt, we may have

o0

Mjwy:/ g@@mm%mw:/ gV (1 + 2+ ct)dt.
Since ¥(1 + ¢) has poles on real axis, if ¢ is an imaginary number,
V(1 + x + ct) is smooth on R\ {0}. Hence we need not to take
care on singularities when f = F[g], F is the Fourier transform.
For example, by the Paley-Wiener Theorem ([12], [15], Chap.VI), if
f(z) ia a finite exponential type function and rapidly decreasing at
|z| — £o0, on real axis, then py f(0) is smooth except = = 0.

On the other hand, when f = L[g], we need to take care of
singularities on real axis.

Similarly if f(x) is a finite exponential type function, then f(z) =
B[o(t)](x),where ¢(t) is holomorphic at the origin ([10]). This sug-
gests the following formula holds for any finite exponential type
function f.

1 ¢(8)

mel0)= 5 | T %)dé. (20)

59



1
Since V(1 + = + E) has poles at £ = —x — %, n=1,2,..., this right
hand side depends on the choice of € If f(z) is an entire function,
1
then we can take e sufficiently large to include all poles of \Il(l+x+g)

inside {z||x| < €} which should be the appropriate choice of €. But
otherwise, how to choose € in (20) should be a problem,

If (20) is valid, we can give concrete meaning of the map pg :
Exp(C) — Gexp.

5. Interpretation of elements of a., as operators

Taking suitable function space as the space of testing functions, we
have

RN = [ /s

:/oo z' C(1+1) flt—a)dt = R[F(l—mtaf(t)](x),

(e8] xs—i—a

o T4+ (1 +t —a) (l1+t—a)
where t': 5 4 a.Then since logx = %MO and %Mo = _di:lv’
we obtain
log R (9)]() = o RIF(5)] (@)oo
oDl = [ W) = D
== RIN1+ ) (g (@)

Hence we have

Lemma 5. If R~!log 2R is defined as an operator on a function
space, then

d 1
! =T(1+s)—=——. 21
R logaR =T( +S)dsF(1—|—s) (21)

Here log x and I'(1; z) are regarded as multiplication operators
logz(f(x)) =log f(x) and I'(1 4 s)(f(s)) = I'(1 + ) f(s).
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Corollary. We have

R 'logz)"R = (—1)"T(1 + s)d—— (22)

By the above calculation and log(i)R[f(s)](x) =R| B ),

we also have

(log x + log(dd

i

DRIf($)](z) =R[T(A+5)f(s)](z).  (23)
Adopting (21), we have

loa(-). log 2 + log(-0)|RIf($)](x)
R w1+ s — w1+ 9T w) = Rw 4 9@

Repeating same calculations, we obtain

Proposition 3. If U™ (1 + s) is defined as an operator of a
function space, then

n

—_— n

R [1og(%)7 E [log(%), log  + log(%)mR
0™ (1 + ). (24)

Examples of spaces on which W™ (1 + s); W™(1 + s)[f(s)] =
U (1 4 5) is defined, are H_nnt1 and Hoy oo = Np>1Honn, where
H_n.n is the space of those smooth function f such that f(—i) =

f(s)
I'(1+s)
at s = +£oo. We may use H‘i};{n which is horomorophic on upper
half plane and extended to the completion of the upper half plane
whose restriction on the real axis belongs to H_y,,. The space H* .,

0,7 € N with order at least n and f(s) is rapidly decreasing

is similarly defined. By definition, we have N,>; H‘i’Nim = {0}, we can
not consider Hf’sioo.

Note. Proposition 3 is essentially obtained in our previous study
of the structure of gg ([6]). But its explicit description (24) was not
given.
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6. >, Cndg, as an element of Exp(C);

Let a = (a1, az,...) # 0 and ¢ = (¢1, ¢, ...) # 0. We have discussed
under what conditions on a, ¢, the sum ) | ¢,,0,, has a meaning ([7]).

an
In this section, we treat same problem describing §, = > —‘(5(").
n!

By this description, formally we have

S enba, = 30 S . (25)

n

Hence if | Y] cpalt] < CM™, Y ¢pnd,,, belongs to Exp(C)s. To
evaluate > c,al”, we assume a € (?(N), that is ||a||, < oo, ||a|lp =
(X, lanP)Y?, p > 1. By assumption {|ai], |as|,...} is a bounded

set. We set 1
Supn{|a1|7|a’2|""}:u> bzaa

Then set b = (by.by,...), we have |b,| < 1,n = 1,2,.... Since
a = ub, ||b||, = u'|all, < co. We denote (b7, b5",...) = b™.
Then, since |b,| < 1 for all n, we have ||b™||, < ||b|l, < co.Hence
we get

[a"™ [, = w™[[b™[|, < u™[[b][,. (26)

1
+ — = 1, by the Holder

Therefore, if p > 1 and ¢ € (4(N), -
q

=

inequality ([15]), we obtain

1D caa'] < llalllla™ [, < lelqu™ o™, = w™lellgllall,  (27)

n

For the convenience, we set ||al|o. = sup{|ai1],|az/|, ...} and set £*°(N) =
{a|||aljsc < o0}. Then we have

1> caa| <umellollall, a€ f'(N),c€ £¥(N),  (28)
1> cnar| < JlalZllelh,  a€ e®(N),ce /(N (29)

By (27), (28) and (29), we obtain
Theorem 2([7]). Let (p,q) a pair of positive numbers including
0o, such thatp > 1,¢g > 1 and —+ — =1, where ¢ = 0 if p =1
p q
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and ¢ = 1 if p = oo. Then by the identification ¢, and ) %(5("),
> Cnda, belongs to Exp(C)s, if a € #(N) and ¢ € ¢4(N). '

Corollary. Under the same assumptions on (p, q), > ., ¢ndq, acts
on Ent(C), if a € /7(N) and c € ¢¢(N).

Note. We introduce Sobolev k-norm ||allo by />, (n¥|a,])?.
Then Y, ¢yda, € Exp(C)s, if a € £ 2,k(N), k < 0 and ¢ € ¢*(N).
But when k£ > 0, it seems there are no appropriate class of ¢ to
contain ) ¢,0,, in Exp(C)s.

Let D be a positive elliptic operator whose spectral (-function
Cp(s) = >, A,° is defined and allow analytic continuation to whole

C. We set
TD’t(S> = Z /\;S(;)\%.

tn
Describing i, = >, —”'(5(”), formally, we can set
n!

Tous) = 30 (32 st = 300 s g0

m

Hence if Rt < 0, Tp,; belongs to Exp(C)s.In this case, we have
lim,, ,o AL, = 0. So this conclusion seems not interesting. But as
a function of ¢, it is analytic. Therefore we can consider analytic
continuation of T to t = to, Rty > 0 (cf.[3]).

Example We assume A, = n, that is (p(s) = ((s), the Riemann

(-function. Since ((—n) = — Z—Hl’ where B,, is the n-th Bernoulli
n

number, Tp o (2¢) is a finite sum, hence belong to Exp(C)s. While

if ¢ is a odd positive integer and s is even, or t is a positive even

integer and s is odd, T +(s) does not belong to Exp(C)s.

7. Remarks on several variables case

" g
The group Grn generated b . a= (ay,...,a,) €
group Ggn g y{ax[{l axgn| (a1 )
R"} and {z{*,...,z%]a € R™} is isomorphic to the extension of

the multiplicative free abelian group R™'Ag-R by R", where Agn
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T(1 4 1) I'(1+ )

i ted b R"}. H
is generate y{F(1+x1—a1)’ ,F(1+$n_an)|a€ }. Here
R = Ry is defined by
/ H s)ds,
n (1 —l— Si)
Consequently, we have
/_;1_\ f_/n*
Grrn EGr X -+ X Gr., Arn ZAg X - - X Ap (31)
The groups G%n and AE{n are also n-products of GE& and A]%.
0 0
Similarly, the Lie algebra gg» generated by log(=——), . .., log( )
0xy ox,,
—N—
and logxy,...,logz, is isomorphic to gr @ - - - P gr.It is generated

by — 55 and ¥(1+ sy)dsy, ..., ¥ (1+s,)ds,. Let agn be the

ideal of ggn generated by U(1 + s1)dsy,...,¥(1+ s,)ds,. Then we
have
agn = ads; @ --- D ads,,.

Definition 5. We define agn.ex, by
ARnexp = OexpdS1 D« -+ D Aexpdsp. (32)

Precisely, aexpds; in (31) means

AexpdS; = Z cn U (1 + s4))ds;| Z cma™ € Exp(C)}.

We consider agn.x, to be a good completion of ag.. We also

define A%, by
Ao, = A X AL (33)
Rexp — ' 'R; exp R;exp *
Then by the map p: p(g) = g~ 'dg, we have
P Ah ;exp = aRn§‘3XP' (34)
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For the simplicity, we set Exp(C)s|p—s, dz1®- - - DEXP(C)s|pms, dx,, =
(A'Exp(C)s)™. Then as vector spaces, we have

acrsexp = (AlEXp((C)(S)n

Note. To regard elements of agn to be 1-forms reflects to this
isomorphism.

On the other hand, it seems we can not use A'Exp(C"), the space
of 1-forms having Exp(C") as coefficients, and its subspaces as the
origin of A%n;exp. instead of Exp(C)™;

Exp(C)" = Exp(C)|o=s, ® - - - ® Exp(C) s,
. In fact, take the submodule Exp(C")s;

Exp(C"), = {Z fiz)|fi(x) € Exp(C)},

there is a map o : Exp(C)" — Exp(C")s;
o(filz1) @ @ fulzn)) = filz1) + -+ + fulzn).

Then we have
o(Exp(C)") = Exp(C")s,
Kero = {z1 ® - ® x,|(x1,...,2,) €C* 2y + -+ 2, =0}
Therefore Exp(C)™ and Exp(C"), are different.
The isomorphism from Exp(C)? is given by

H—zy;0 X X Mz 0 EXp(C>g = A[uR":exp‘ (35)

Here, T' € Exp(C")sx is written as T' = @' ,T;, T; € Exp(C)s|s—s,-
Hence Th.2 is automatically extended to the elements of Exp(C)j.
But definitions of agn.exp, etc. depend on the choice of coordinate
of C™. Moreover, even a linear transform of C", it does not acts
on Exp(C)§, etc. To extend agn.exp, €te., to allow action by suitable
class of linear transform of C* .should be a problem.

Note. To define Exp(C")s, etc., we introduce the notation d;,

§itseesin (xllcl L. ZJTCLn)

B {(—1)k1+~-+knz’1!...z'n!, (kry o kn) = (it . in),

..... in)

0, (ki ) 2 (iny - in).
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7;1 in o . . .
xy' -z} is holomorphic at the origin

Then if f(x) =),

of C", we set

FO) =Y ey, 0 (37)

By using this notation, we define Exp(C")s, etc., by
Exp(C")s = {f(0)|f(x) € Exp(C")}.
Then we have
Exp(C")s = Ent(C™)', Ent(C")s = Exp(C™). (38)

As noted in §2, (39) is a reinterpretation of the duality of O™, the
algebra of germs of holomorphic functions at the origin of C" and
Ent(C");

O™ = Ent(C")T, Ent((C”) >~ (O™,

27”% ?{f ’”’xln)dx

via the isomorphism B : O™ = Exp(C"). Because e have

ai1+~~+inf(x>

8$Z11 <+ Oxln

— ll“l‘ +in
= j{ f “+1 xznﬂdx.

Although Exp(C")s do not have direct relation between comple-

(f(x),9(x))

e (o] = (1)

tions of ag» and AE{H as remarked above, we expect (38) may serve
to the study of agn.exp, €tc., near future.
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