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Abstract

This paper investigates sharp coefficient bounds, integral representation, extreme
point, and operator properties of a certain class associated with functions which are
meromorphic in the punctured unit disk.
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1 Introduction

Let > denote the class of meromorphic functions of the form
1 (e o]
= ;+Zanzn (an, >0, meN), (1.1)
which are analytic and univalent in the punctured unit disk A* = {z: 0 < |z| < 1}.

For f(z) € Y, Ghanim and Darus [3] were defined a linear operator I* (k =0,1,2,...)

as follows:
1°f(2) = f(2)
I*f(2) = 2(IF 1 f(2)) + 2 = L+ 325 nFagem

For A=B+(C—-B)(1-D),-1<B<C<1land0<D <1, welet ZE,B consists of
function f € > satisfying the condition

(1.2)

_zF(4)(z) < 1+ Az
F"(2) 1+ Bz’

(1.3)

where F(z) = I¥f(z) is defined by (1.2).
For other subclass of meromorphic univalent functions, we can see the recent works of
many authors in [1] and [2].

2 Main results

In this section we find sharp coefficient bounds and Integral representation for the class
k
dAB-
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Theorem 2.1 Let f(z) € >, then f(z) € ZZB if and only if
an+1 1)(n—=2)2n -5+ 4(B+ (C — B)(1 — D))]a, < 24(C — B)(1 = D). (2.1)

The result is sharp for the function G(z) given by

1 24(C — B)(1 - D)
G(z) = 2 W (1) (n—2)2n =5+ 4B+ (C = B)(1=D))]

Proof. Let f(z) € ZA g then the inequality (1.3) or equivalently

111

2FW(2) +4F" (2)
zBF®)(z) +4[B + (C — B)(1 — D)|F" (2)

<1,

holds true, therefore by making use of (1.2) we have

S b (n — 1)(n — 2)%a,27

‘ 2(C = B)(1-D)s + Skt (n— D)(n— 20— 3+ 4B +(C - B)(1 - D)Jans"3|

Since Rez < |z| for all z, thus

Re { Sz nt (n — 1)(n = 2)%an2"0 } .
—24(C — B)(1 = D)z=4 + Y % nk+l(n — 1)(n — 2)[n — 3+ 4(B + (C — B)(1 — D))]a,z"3

By letting z — 1 through real values, we get the required result.
Conversely, let (2.1) holds true. If we let z € OA*, where OA* denotes the boundary of
A*, then we have

2FD(2) +4F" (2)
zBF®M)(2) +4[B+ (C — B)(1 — D)|F"(2)

SaZa T (n = 1)(n — 2)*|an|
24(C — B)(1 = D) = > 25 n*+1(n —1)(n — 2)[n — 34+ 4(B + (C — B)(1 — D))]|ay|

< 1.

Thus by the mazimum modolus Theorem we conclude f(z) € S2F 4.
Now the proof is complete.

Theorem 2.2 If f(z) € ZZ’B, then

///exp/ozl—BW ;d dBd~do

where A= B+ (C — D)(1 — D) and [W(z)| < 1.
Proof. Since f(z) € EZ’B, so (1.3) holds true or equivalently we have

2F®(2) +4F" (2) '<1

a

2BF®(2) + 4AF" (z)
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where A= B+ (C — D)(1 — D). Hence

"

2F®(2) +4F" (2)
2BFW(z) + 4AF" (2)
where |W(2)| < 1, z € A*. This yields

Fi(z)  4(AW(2))—1
F"(2)  z(1-BW(2))

= W(2),

after four times integration we obtain the required result.
Remark. Theorem 2.1 shows that if f(z) € Y% 5, then

24(C — B)(1 - D)
|an| <
T2 x 3RHL(1 4+ 4A) 7

=3,4,.. (2.3)

where A= B + (C — B)(1 - D).

3 Extreme points and convex linear combination

Our next theorems involve extreme points and convex linear combination property.

Theorem 3.1 The function f(z) of the form (1.1) belongs to ZZ,B if and only if it can
be expressed by

“+oo
f(z) = Zdnfn(z) dp > 0,
n=2

where  fao(z) =271,

24(C — B)(1 — D)
nF 1 (n —1)(n—2)2n — 5+ 4(B + (C — B)(1 — D))]

zn

fn(z) =z +

—+00
(n=3,4,... and Zdn =1)
n=2

Proof. Let f(2) = 3.1 dufu(2)

b0 - 24(C — B)(1 - D)
= A+ 3 | T B 54 4E O~ I DI

n

24(C' — B)(1 — D)

“+o0o
= +n§ W (n— 1)(n— 220 5+ 4(B 1 (€~ BY(1 - D)™

Now by Theorem 2.1 we conclude that f(z) € ZZ,B'
Conversely if f(z) is given by (1.1) belongs to ZZ,B’ by letting do = 1 — Z:{i’é dy,, where
nk*t(n —1)(n —2)2n — 5+ 4(B + (C — B)(1 — D))]

dn, = 24(C — B)(1 - D) an, n=3,4,..

we conclude the required result.
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Theorem 3.2 The class ZIZ p s closed under convex linear combination.

Proof. Suppose that the function fi(z) and fo(z) defined by
_ 1 + g " =1,2, 2 € A"
I Ap.iZ =1,2, z
> (I J

are in the class ZZ’B. Setting
f(2) =nfi(z) + A =n)falz), (0<n<1)
we obtain

fle)=2+ S (s + (1 = )"
Jntheqnew(y‘Thanenzgj,zmzhauenzg
S5 n (= 1)(n = 2)[2n = 5+ 4(B + (€ — B)(1 - D))](nans + (1 - n)an2)
— S (0 — 1)(n — 220 — 5+ A(B + (C = B)(1 - D))Jan
(1= 7) S5 (= 1)(n — 2)[2n — 5+ 4(B + (C = B)(1 = D))lan
§[24(C = B)(1 - D)) + (1 - )[24(C — B)(1 - D)

= 24(C — B)(1 - D),

which completes the proof.

4 Special operators

The main objective of this section is to define two operators on the functions f € ZZ B-
Furthermore, we verify properties of these operators.
For f € ZZ p we define

1. 77(f(2)) = ’yfol u f(uz)du, v>1

2. L*(a,c)f(2) = ¢(a, ¢ z) * f(z), where

qga ¢ 2) Un1 anz", ¢#0,-1,-2,... ,ae€C—-{0},
n+1
(z)n is the pochhammer symbol and ” *” denotes the Hadamard product.
We note that ¢(a,c;z) = L1, a,¢ z) where
+o0
N (b)n(a)y 2"
2F1(bya,c;2) = nz:o (On

is the well-known Gaussian hypergeometric function, see [4].
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Theorem 4.1 If f € ZZ,B then TV(f(z)) and L*(a,c)f(z) are also in the same class.

Proof. By a simple calculation we conclude that

—+00

1 Y
¥ —— . .n
M) =+ e
n=3
and since Mﬂ, by theorem 2.1 we conclude the required result.

Also by using Hadamdard product we obtain

1 =2

L*(a,e)f(z) = -+

z
n=3

(a)n+1
(C)n-i-l

anz",

and we easily conclude the result.
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