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Abstract

This paper deals with a new type of compactness viz., a-e -almost compactness for crisp subsets of a space X
where the underlying structure on X is a fuzzy topology. Several characterizations are made by using ordinary
net and power set filterbases as basic tools. It is shown that a-e"-almost compactness implies a-almost

compactness but the converse is true only in a-e -regular space.
AMS Subject Classifications: 54A40, 54D20.
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1. Introduction

The generalized version of fuzzy cover is a-shading introduced by Gantner, Steinlage and Warren [9]
in 1978. Using the concept of a-shading they introduced and studied a-compactness which is a
generalization of compactness in a fuzzy topological space [6] (henceforth abbreviated as an fts, for short).
Afterwards, a-almost compactness [10], a-d,-almost compactness [2], a-f-almost compactness [3] have
been introduced and studied. In this paper using the definition of a-shading, a-e"-almost compactness for
crisp subsets in an fts is introduced and studied. This idea is also characterized by ordinary nets and
power-set filterbases as basic appliances with the notion of adherence suitably defined via the fuzzy
topology of the space. Afterwards, taking A = X, we get the characterizations of a-e -almost compact

space.
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2. Preliminaries

In what follows, by (X,7) or simply by X , we mean an fts in the sense of Chang [6]. A crisp set

A inan fts X means an ordinary subset of the set X where the underlying structure of the set X

being a fuzzy topology 7 . A fuzzy set [13] A is a mapping from a nonempty set X into the closed
interval | =[0,1] of the real line, i.e., Ael”. For a fuzzy set A, the fuzzy closure [6] and fuzzy
interior [6] of A in X are denoted by CIA and intA respectively. The support [13] of a fuzzy set

A in X will be denoted by SuppA and is defined by SuppA={xe X : A(x) #0}. A fuzzy point
[12] in X with the singleton support {X}< X and the value o (0<a <1) at x will be denoted
by X,. For a fuzzy set A , the complement [13] of A in X will be denoted by 1, \ A and is
defined by (1, \ A)(X) =1-A(x), for each xe X . For any two fuzzy sets A and B in X, we
write. A<B if A(X)<B(x), for each xe X [13] while we write AQB if A is quasi-coincident
(q -coincident, for short) with B [12], i.e., if there exists xe X such that A(X)+B(x)>1; the
negation of these statements are written as A< B and A@B respectively. A fuzzy set A is called
fuzzy regular open [1] (resp., fuzzy preopen [11], fuzzy f -open [7]) if A=int(clA) (resp.,
A<int(clA), A<cl(int(clA))). The complement of a fuzzy preopen (resp., fuzzy /3 -open) set is called
fuzzy preclosed [11] (resp., fuzzy /3 -closed [7]). A fuzzy set B is called a quasi-neighbourhood (g-nbd,

for short) [12] of a fuzzy point X, if there is a fuzzy open set U in X such that XqU <B. If, in
addition, B is fuzzy open (resp., fuzzy regular open), then B is called a fuzzy open [12] (resp., fuzzy
regular open [1]) q-nbd of X, . A fuzzy point X, is said to be a fuzzy o -cluster point of a fuzzy set
A inanfts X if every fuzzy regular open g-nbd U of X, is g-coincident with A [8]. The union of

all fuzzy o -cluster points of A is called the fuzzy o -closure of A and is denoted by oOCIA [8].

Afuzzy set A inanfts X is said to be fuzzy o -preopen [4] if A<int(oclA). The complement of a
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fuzzy o -preopen set is called fuzzy o -preclosed [4]. A fuzzy set A inanfts X iscalled a fuzzy o

-pre-g-nbd of a fuzzy point X, in X if there exists a fuzzy & -preopen set V in X such that
X,qV < A [4]. Afuzzy point X, inanfts X is called a fuzzy o -precluster point of a fuzzy set A
in X if every fuzzy & -pre-g-nbd of X, is g-coincident with A [4]. The union of all fuzzy &

-precluster points of A is called the fuzzy & -preclosure of A and will be denoted by & - pclA [4].

3. Fuzzy e"-open Set: Some Properties

In this section we recall first the definition of fuzzy €"-open set and some of its results from [5].

Definition 3.1 [5]. Afuzzy set A inanfts X issaid to be fuzzy e"-openif A<cl(int(doclA)).
The complement of a fuzzy €"-open set is called fuzzy e’ -closed.

Definition 3.2 [5]. The intersection of all fuzzy e"-closed sets containing a fuzzy set A in X is
called fuzzy e’-closure of A, to be denoted by e*ClA.

Result 3.3 [5]. Afuzzy set A in X isfuzzy e’-closed iff A=e"clA.

Definition 3.4 [5]. The union of all fuzzy e"-open sets contained in a fuzzy set A in X is called
fuzzy e"-interior of A, to be denoted by e"intA.

Result 3.5 [5]. Afuzzy set A is fuzzy e"-openiff A=g’intA.

Result 3.6 [5]. (i) For any fuzzy set A in X, X, ee'clA<>UQgA for any fuzzy e"-openset U
in X with xqU .

(i) for any two fuzzy sets U,V in X where V isfuzzy e"-openset, UgV = e'clUgV .

Result 3.7. For a fuzzy set A inanfts (X,7), e’cl(e"clA)=e"clA.

Proof. It is clear that e'clA<e’cl(e’clA).
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Conversely, let x, ee‘cl(e’clA). Then for every fuzzy e -open set U of X with x qU,
Uge'clA. We have to show that UQA . If possible, let UgA. Then A<l N\ U =e'clA<
e'cll, \\U)=1, \ U =UgeclA, a contradiction. Consequently, e"cl(e’clA) <e’clA and hence
e'cl(e*clA) =e"clA, for any fuzzy set A in X.

Result 3.8. For a fuzzy e"-openset U in X, e’cl(e’int(e’clU)) =e"clU .

Proof. Let U be fuzzy e -open in X . Then clearly U <e’cl(e’int(e’clU)) = e'clU <
e*cl(e*cl(e*int(e*cIU)))= e‘cl(e’int(e’clU)) (by Result 3.7). Again e’cl(e’int(e"clU)) <

e‘cl(e’clU) =e’clU (by Result 3.7). Hence e’cl(e’int(e"clU)) = e"clU , for any fuzzy e*-open set
U in X.

Result 3.9. For any two fuzzy sets A, B inanfts X, ecl(AV B)=eclAVecIB.

Proof. Itis clear that e"clAV e*cIB<e’cl(AV B).

Conversely, let x, ee’cl(AV B). Then for any fuzzy e -open set U in X with x,qU ,
Ug(AV B) = there exists ye X such that U(y)+(AV B)(y)>1=U(y)+max{A(y),B(y)}

>1= either UgA or UgB = either x, ee’clA or x, ee’clB= x, ee’clAV e’cIB. Hence the

proof.

Remark 3.10. The union (intersection) of any collection of fuzzy e"-open (resp., fuzzy e"-closed)

setsinan fts X isfuzzy e"-open (resp., fuzzy e -closed)in X .

n n
Remark 3.11. It is clear from Remark 3.10 that e’cl(\, A) =\, e'ClA for fuzzy e -open sets

i=1 i=1

A A, A in X.
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4. g-e"-Almost Compactness: Some Characterizations

The concept of « -shading given by Gantner et al. [9] when applied to arbitrary crisp subsets of X
we get the following definition.

Definition 4.1. Let X beanftsand A, acrisp subsetof X . Acollection U of fuzzy setsin X

is called an o -shading (where 0 <a <1) of A if for each xe A, there is some U, e/ such that
U, (X)>a [9]. If, in addition, the members of ¢/ are fuzzy open (resp., fuzzy €*-open) sets, then U

is called a fuzzy open [9] (resp., fuzzy €"-open) « -shading of A.
Definition 4.2. Let X be an fts and A, a crisp subset of X . A is said to be « -compact [9]

(resp. «a -almost compact [10], « - -almost compact [3], a-5p -almost compact [2]) if each fuzzy
open « -shading (O<a <1)U of A, there is a finite (resp. finite proximate, finite [ -proximate,
finite 5p -proximate) o -subshading of A, i.e., there is a finite subcollection U, of U such that
{U:Uel} (resp., {clU:Uelf}, {pclU:Ueclf}, {0-pclU:Uelf}) is again an «

-shading of A. If A= X in addition, then X s called an « -compact (resp., « -almost compact,

o - f -almost compact, o - é‘p -almost compact) space.

Now we set the following definition.

Definition 4.3. Let X be an fts and A, a crisp subset of X . A is said to be « -e"-almost
compact if each fuzzy e"-open « -shading I/ of A has a finite €"-proximate o -subshading, i.e.,

there exists a finite subcollection U, of U suchthat {e'clU :U €} isagainan « -shading of A.

If in particular A= X , we get the definition of « -€-almost compact space X .

It then follows that

Theorem 4.4. (a) Every finite subset of an fts X is « -€"-almost compact.

(b) If A and A, are «-e"-almost compact subsets of an fts X, thensois A V A,.
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() X is a-e"-almost compact if X can be written as the union of finite number of o -€°

-almost compact setsin X .

Since e'ClA< BclA< pclA< S - pclA for any fuzzy set A in an fts X , it is clear from
Definition 4.2 and Definition 4.3 that o -e"-almost compactness implies o - /5 -almost compactness
implies « - p -almost compactness implies « -5p -almost compactness.

Again as e’ClA<clA, for any fuzzy set A in an fts X, it is clear from literature that « -€"

-almost compactness implies ¢ -almost compactness, but not conversely. To achieve the converse we
need to define some sort of regularity condition in our setting. The following definition serves our

purpose.

Definition 4.5. An fts X is said to be « -€"-regular, if for each point x € X and each fuzzy €’
-open set U, in X with U (X)>a, there exists a fuzzy open set V, in X with V,(X)>a such

that clV, <U,.

Two other equivalent ways of defining « -€"-regularity are given by the following theorem.

Theorem 4.6. For an fts X, the following are equivalent :

(@ X is a-e -regular.

(b) For each point xe X and each fuzzy e"-closed set F with F(X)<1l—a, there is a fuzzy
openset U suchthat (clU)(X)<l-a and F <U.

(c) For each crisp point xe X and each fuzzy e"-closed set F with F(X)<1—a, there exist
fuzzy opensets U and V in X suchthat V(x)>a, F<U and UgV.

Proof. (a) = (b): Let xeX and F be a fuzzy e"-closed set with F(X)<l—-a . Put
V=1 N\ F.Then V(X)>a where V isfuzzy € -openin X .By (a), there exists a fuzzy open set

W in X with W(x)>a and clW <V =1, \ F. Then F <1, N\ clW =int(l, \W)=U (say).
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Then U is fuzzy open in X . Also, clU =cl(int(1, \ W))=cl(l, \ cIlW) =1, \ int(cIlW) <
1L, N\ W .Thus (clU)(x)<Q\W)X)<l-a.

(b)=(a): Let xe X and U be fuzzy e -open set in X with U(X)>ea . Let F=1, \U.
Then F isfuzzy e"-closed setin X with F(X)<1l—«. By (b), there is a fuzzy openset V in X
such that (clV)(X)<l-a and F<V . So (@, N\clV)X)>a , ie, W(X)>a where
W =1 clV =int(1, \V) is a fuzzy open setin X . Now clW =cl(1, \ clV) =1, \ int(clV)
<1, \\V <1, \ F =U . Hence (a) follows.

(b)=>(c): Let xe X and F, a fuzzy e'-closed set in X with F(X)<l—a. By (b), there
exists a fuzzy open set U in X such that (clU)(X)<l-a and F<U . Then x__ ¢clU.
Consequently, there is a fuzzy open set V in X such that x_,qV and VgU , i.e,
V(X)+l-a>1=V(X)>a.

(c)=>(b): Let xe X ,and F,afuzzy e'-closedsetin X with F(X)<1l—a. By (c), there exist
fuzzy opensets U and V in Xsuchthat V(x)>a,F <U and UgV.Now V(X)>a=x_,qV.
Thenas UqV, clUgV = (clU)(x) <1-V(x)<l-«.

Theorem 4.7. Inan o -€"-regular fts X , the o -almost compactness of a crisp subset A of X
implies its « - €"-almost compactness.

Proof. Let U/ be a fuzzy € -open « -shading of an « -almost compact set A in an «-€°

-regular fts X . Then for each a e A, there exists U, e/ such that U, (a) > o . By hypothesis, there
is a fuzzy openset V, in X with V,(a) >« suchthat clV, <U, .. (1).

Let V={V,:aeA}. Then V is a fuzzy open « -shading of A.By « -almost compactness of
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170 e-Almost Compactness via a-shading

A, there is a finite subset A, of A suchthat )} ={clV,:ae A} isan «-shadingof A.Using (1),

U,={U,:ae A} and hence {clU,:ae A} isthena finite « -subshading of /. Hence A is «

-e"-almost compact space.

Theorem 4.8. A crisp subset A of an fts X is « -€"-almost compact if and only if every family
of fuzzy e"-open sets, the € -interiors of whose € -closures form an « -shading of A, contains a
finite subfamily, the €"-closures of whose members form an « -shading of A.

Proof. It is sufficient to prove that for a fuzzy e -open set U , U <e’int(e’clU)<
e‘cl(e’int(e"clU)) =e’clU (By Result 3.8).

Theorem 4.9. A crisp subset A of an fts X is «-€"-almost compact if and only if for every

collection {F, :ie A} of fuzzy e"-open sets with the property that for each finite subset A, of A,

thereis X e A suchthat inf F(x)>1—«, one has inI(e*cIFi)(y)zl—a,for some yeA.

i €0 i

Proof. Let A be « -e"-almost compact. If possible, let for a collection {F, :ie A} of fuzzy e’

-open sets in X with the property that for each finite subset A, of A, there is Xe A such that

inf F(X)>1-« , but inI(e*cIFi)(x)<1—a, for all xe A. Then a<(1x\ﬂe*cIFi)(x) =

iAo ieA

[J @, \ecIF)I(x), for each x e A which shows that {1, \ e’clF, :ie A} isafuzzy e -open «

ieA
-shading of A . By assumption, there is a finite subset A, of A such that
{e'cl@, \eclR):ie A} = {1, \e’int(e’clk):ieA,} is an « -shading of A . Hence

a<[U(1X\e*int(e*cIE))](x) = [1X\(ﬂ e‘int(e’clk))](x) , for each xeA . Then

ieAq ieAq

([ F)(x) <[[") e’int(e"cIF,)](x) <1-a, for each X A, which contradicts our assumption.

ieAq ieAq

Conversely, let under the given hypothesis, A be not « -e"-almost compact. Then there exists a
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fuzzy e’-open «-shading U ={U,:ie A} of A having no finite e’-proximate « -subshading, i.e.,
for every finite subset A, of A, {eclU,:ie A} is not an « -shading of A, i.e., there exists

xe A such that sup(e’clU))(X)<e«, ie, 1, \supieAO(e*cIUi)(x):_inAf(lX Neclu)(x)>1-« .

ieAq
Hence {1, \ e"clU, :ie A} is a family of fuzzy e"-open sets with the stated property. Consequently,

there is some YyeA such that i_nI[e*cI(lx\e*cIUi)](y)zl—a . Then supU,(y)<

sup(e’int(e"clU,))(y) = 1_iiQAf(1X \e"int(e*cIUi))(y):1—iigl‘[e*cl(1X Neclu)l(y)<a . This

ieA

shows that {U, :i € A} failstobean « -shading of A, a contradiction.
Definition 4.10. A family {F, :i € A} of fuzzy sets in an fts X is said to have « -€”-interiorly

finite intersection property (« -e"-IFIP, for short) in a subset A of X, if for each finite subset A, of

A thereexists X e A suchthat [[] e'intR](x)>1-a.

ieA,
Theorem 4.11. A crisp subset A of an fts X is « -€"-almost compact if and only if for every
family F ={F. :ie A} of fuzzy e -closed sets in X with «-€ -IFIP in A, there exists X A

such that i_nI F(X)21-c.

Proof. Let F ={F, :ie A} be a family of fuzzy e"-closed sets in X with «-e"-IFIP in A

where A is «-€"-almost compact subset of X . If possible, let for each x e A, i_nI F(x)<l-«,

ie., (ﬂ F)(X) <1-a and hence [U @, N\ F)I(X)>a . Therefore U ={1, \\ F :ie€ A} isa fuzzy

ieA icA
e"-open « -shading of A. By hypothesis, there exists a finite subfamily A, of A such that

(e, \FIX)>a, ie, 1-([)€intF)(X)>a , ie, ([)e€intF)(x)<l-a , for each

ieAq ieAq ieAq

X € A, which shows that F does not have « -e"-IFIPin A, a contradiction.

Conversely, let U={U,:ieA} be a fuzzy e -open « -shading of A . Then
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F={L,\ U, :ieA} is a family of fuzzy e’-closed sets in X with i_n):(lX N\ U)(X) <1-«, for

each X e A, so that F does not have « -e*-IFIP in A. Then there exists some finite subset A, of

A such that for each xe A, [()e’int(l, \U)I(X)<l-a = 1-(|]e’clU)(X)<1-a, for

ieAq ieAq
each xe A = (U e'clU,)(x)>a,foreach xe A = A is «-€"-almost compact space.
ieAq

5. Characterizations of a-e -Almost Compactness Via Ordinary Nets and

Filterbases

In this section, o -€"-almost compactness of a crisp subset A of an fts X is characterized via

«* -adherent points of ordinary nets and power-set filterbases.

Let us now introduce the following definition:

Definition 5.1. Let {S,:ne(D,>)} (where (D,>) is a directed set) be an ordinary net in A
and F be a power-set filterbase on A, and X e X be any crisp point in X . Then X is called an
«* -adherent point of

(a) the net {S,} if for each fuzzy e"-openset U in X with U(X)>a and for each meD,
there exists ke D suchthat k>m in D and (e'clU)(S,)>e«,

(b) the filterbase F if for each fuzzy e"-open set U with U(X)>a and for each F e F,
there exists a crisp point X in F suchthat (e'clU)(x;:)>«.

Theorem 5.2. A crisp subset A of an fts X is « -€"-almost compact if and only if every net in

A hasan aF -adherent pointin A.
Proof. Let a crisp subset A of an fts X be « -e"-almost compact. If possible, let there be a net

{S, :ne(D,>)} in A ((D,>) being a directed set, as usual) having no «° -adherent point in A.
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Then for each X € A, there is a fuzzy e-openset U, in X with U, (X)>« andan m, e D such
that (e'clU,)(S,)<ea, for all n>m, (neD). Now, U={1, \ eclU, : xe A} is a collection of

fuzzy e"-open sets in X such that for any finite subcollection {1, \e*cIUXi :1=12,....k} (say) of

k
U, there exists meD with m2m,,i=12,..k in D such that (Ue*CIUXi)(Sn)Sa, for all

i=1

n>m (neD), ie, lir]fk(l>< \eclU,)(S,)=21-a, for all n=m. Hence by Theorem 4.9, there

exists some yeA such that im:\[e*cl @1, \eclu)¥Y)]z1l-« : ie.,

(JU)y) <[ eint(e’clu,)I(y) 1-[t-(e'int(e’clu, )(y)] =
xeA XxeA XeA
1—ixrelx[e*cl(l—e*clux)](y)S1—1+a = o . We have, in particular, U (y)<a, contradicting the

definition of Uy. Hence the result is proved.

Conversely, suppose that every netin A hasan «F -adherent pointin A. Let {F. :i€ A} bean
arbitrary collection of fuzzy €*-open sets in X . Let A denote the collection of all finite subsets of
A, then (A,,>) is a directed set, where for p,AeA,, u=A iff uoA.Foreach peA,, put
F, = ﬂ{Fi ciep} . Let for each wpeA, , there be a point X,eA such that
inf F(x,)>21-a..(1).

Xeu

Then by Theorem 4.9 it is enough to show that i_nI (e'clR)(z) 21—« forsome z e A. If possible,
let i_nI(e*cIFi)(z)<1—a,for each ze A ...(2).

Now, S= {X,:ue(A,2)} is clearly a net of points in A. By hypothesis, there is an a®
-adherent point Z in A of this net. By (2), i_nI(e*cIFi)(z) <1l—a = there exists i, € A such that
(e'clF )(z) <1-a, ie, 1-€'cIF (z)>«. Since z is an a° -adherent point of S, for the index

{iye A thereis uye A with u, 2{ig} (e, iy € ) such that ecl(l, \ e'clF )(x, )>a, e,
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174 e-Almost Compactness via a-shading

(e’int(e’clF, ))(x,, ) <l-a . Since ;€ , !nﬂt F(x,)<F (x,)<(intEeclF ))(x, ) <l-a,
which contradicts (1). This completes the proof.

Theorem 5.3. A crisp subset A of an fts X is « -€ -almost compact if and only if every
filterbase F on A hasan «° -adherent pointin A.

Proof. Let A be « -€"-almost compact and if possible, let there be a filterbase F on A having
no «° -adherent point in A. Then for each Xxe A, there exist a fuzzy e"-open set U,  with
U,(X)>a,andan F, € F suchthat (e'clU,)(y)<«,foreach yeF,. Then U= {U,:xe A} is

afuzzy e"-open « -shading of A. Thus there exist finitely many points X, X,,..., X, in A such that

n

n
Uy={e'clU, :i=12,..,n} is also an « -shading of A. Now let F e F be such that F Sﬂ F. -
i=1

Then (e'clU,)(Y)<a, forall yeF and for i=12,..,n. Thus U, fails to be an « -shading of

A, a contradiction.

Conversely, let the condition hold and suppose, if possible, {y,:ne(D,>)} beanetin A having
no «f -adherent point in A. Then for each Xxe A, there are a fuzzy e"-open set U, with
U,(X)> and an m,eD such that (e'clU)(y,)<ea , for al n>m, (neD) . Thus
B={F :xe A}, where F, ={y,:n>m} is a subbase for a filterbase F on A, where F
consists of all finite intersections of members of B. By hypothesis, F has an a* -adherent point Z
(say) in A. But there are a fuzzy e -open set U, with U,(z)>a and an m, €D such that
(e'clu,)(y,)<a, for all n>m,, ie, for all peF, e B(cF), (e'clU,)(p)<a which implies
that z cannot be an &° -adherent point of the filterbase ', a contradiction. Hence by Theorem 5.2,

A is «-e -almost compact.
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Putting A= X in the characterization theorems so far, of « -e"-almost compact crisp subset A,
we obtain as follows :

Theorem 5.4. For an fts (X, 7), the following are equivalent:

(@) X is a-e -almost compact.
(b) For every family U ={U, :ie A} of fuzzy e"-open sets in X such that {e"int(e"clU;):ie A}

is an o -shading of X, there exists a finite subset A, of A such that {e’clU,:ie A} isan «
-shading of X .

(c) For every collection {F :ie A} of fuzzy e"-opensetsin X with the property that for each finite

subset A, of A, there is xe X such that _inAf F(X)>1-«a, one has iinI(e*cIFi)(y)Zl—a, for
some ye X.

(d) For every family {F, :ie A} of fuzzy e’-closed sets in X with a-€"-IFIP in X, there exists

X e X such that i_n): F(X)21-c.

(e) Every netin X hasan a* -adherent pointin X .

(f) Every filterbase on X hasan a® -adherent pointin X .
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