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Abstract

This paper deals with a new type of crisp set viz., a¢ -closed set which inherits a-e"-almost compactness of a
space X where the underlying structure on X is a fuzzy topology. Also a new type of continuous-like function
between two fuzzy topological spaces is introduced under which a-e"-almost compactness for crisp subsets
remains invariant.
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1. Introduction

It is clear from definition that taking the idea of fuzzy cover given by Chang [4], many
mathematicians have engaged themselves to introduce different types of compactness in fuzzy set theory.
Gantner et al. [6] generalized the concept of fuzzy cover in 1978 by introducing a-shading where O<a<1.
Using this idea, in [3], a-e"-almost compactness for crisp set is introduced and studied. In [2], fuzzy
e-open set is introduced. Here we introduce a crisp set, viz., a¢ -closed set where the underlying
topology is a fuzzy topology.

2. Preliminaries

In what follows, by (X,z) orsimply by X , we mean an fts in the sense of Chang [4]. A crisp set

A inan fts X means an ordinary subset of the set X where the underlying structure of the set X
being a fuzzy topology 7. A fuzzy set [8] A is a mapping from a nonempty set X into the closed

interval | =[0,1] of the real line, i.e., Ael”. For a fuzzy set A, the fuzzy closure [4] and fuzzy

interior [4] of A in X are denoted by clA and intA respectively. The support [8] of a fuzzy set A
in X will be denoted by suppA and is defined by suppA={xe X : A(x) # 0}. A fuzzy point [7] in

X with the singleton support {Xx} < X and the value o (0<a <1) at x will be denoted by X, .
For a fuzzy set A , the complement [8] of A in X will be denoted by 1, \ A and is defined by
(1, L A)(X)=1-A(x), foreach x e X . For any two fuzzy sets A and B in X, we write A<B
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a® -Closed Set

if A(X) <B(x), for each xe X [8] while we write AgB if A is quasi-coincident (-coincident,
for short) with B [7], i.e., if there exists Xe X such that A(x)+ B(x)>1; the negation of these
statements are writtenas A< B and A@B respectively. A fuzzy set A is called fuzzy regular open [1]
if A=int(clA). A fuzzy set B is called a quasi-neighbourhood (g-nbd, for short) [7] of a fuzzy point
X, if there is a fuzzy open set U in X suchthat x,qU <B. If, in addition, B is fuzzy open (resp.,
fuzzy regular open), then B is called a fuzzy open [7] (resp., fuzzy regular open [1]) ¢-nbd of X . A
fuzzy point X, is said to be a fuzzy o -cluster point of a fuzzy set A in an fts X if every fuzzy
regular open g-nbd U of X, is g-coincident with A [5]. The union of all fuzzy o -cluster points of

A s called the fuzzy O -closure of A and is denoted by OclA [5].

3. Fuzzy e"-open Set: Some Properties

In this section we recall first the definition of fuzzy e"-open set and some of its results from [2].

Definition 3.1 [2]. A fuzzy set A inan fts X is said to be fuzzy e"-open if A<cl(int(dclA)).
The complement of a fuzzy e"-open set is called fuzzy e"-closed.

Definition 3.2 [2]. The intersection of all fuzzy e"-closed sets containing a fuzzy set A in X is
called fuzzy e’-closure of A, to be denoted by e*clA.

Result 3.3 [2]. Afuzzyset A in X isfuzzy e’-closediff A=e’ClA.

Definition 3.4 [2]. The union of all fuzzy e"-open sets contained in a fuzzy set A in X is called
fuzzy e’-interior of A, to be denoted by e’intA.

Result 3.5 [2]. A fuzzy set A is fuzzy e’ -openiff A=¢e"intA.

Result 3.6 [2]. (i) For any fuzzy set A in X, x ee’clA<UgA forany fuzzy e"-open set U

in X with xqU .

(i) for any two fuzzy sets U,V in X where V isfuzzy e"-openset, UgV = e’clUgV .

Definition 3.7. Let X beanftsand A, acrispsubsetof X .A collection U of fuzzy setsin X
is called an o -shading (where 0 <a <1) of A if for each X A, there is some U, el such that

U,(x) >a [6]. If, in addition, the members are fuzzy open (resp., fuzzy e’-open) sets, then I/ is

called a fuzzy open [6] (resp., fuzzy e"-open [3]) « -shading of A.
Definition 3.8 [3]. Let X be an ftsand A, a crisp subset of X . A is said to be « -e"-almost
compact if each fuzzy e’-open « -shading U of A has a finite e"-proximate « -subshading, i.e.,

there exists a finite subcollection I, of U/ suchthat {e’clU :U e{,} isagainan « -shadingof A.

If, in particular A= X , we get the definition of « -e"-almost compact space X .
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4. a® -Closed Set: Some Properties
Let us now introduce a class of crisp sets in an fts X , as follows.
Definition 4.1. Let (X,7) beanftsand Ac X .Apoint Xe X issaid tobean o° -limit point

of A if for every fuzzy e*-openset U in X with U(X)> «a, there exists ye AN {x} such that

(e'clU)(y) > a . The set of all «* -limit points of A will be denoted by [A]%..
The «® -closure of A, to be denoted by @° -ClA, is defined by o -clA= AU[A];’i .

Definition 4.2. A crisp subset A of an fts X is said to be «® -closed if it contains all its &
-limit points. Any subset B of X iscalled o -openif X \_ B is «° -closed.

Remark 6.3. It is clear from Definition 4.1 that for any set Ac X, Agae*-clA and o -
clA=A if and only if [A]” = A. Again it follows from Definition 4.1 that A is a* -closed if and
only if a®-clA=A.Itisalsoclearthat Ac B < X =[A] c[B]..

Theorem 4.4. An @° -closed subset A of an « -e*-almost compact space X is « -e"-almost
compact.

PROOF. Let A(c X) bean a° -closed set in an o - " -almost compact space X . Then for any
X ¢ A, there is a fuzzy e"-openset U, in X suchthat U,(x)>a,and (e'clU,)(y)<a, for every

y € A. Consider the collection U/ ={U, :x¢ A}. For proving A to be « -e"-almost compact,

consider a fuzzy e*-open « -shading V of A. Clearly L{UV is a fuzzy e"-open « -shading of

X . Since X is o -e"-almost compact, there exists a finite subcollection {V,,V,,...,V.} of L{UV
such that for every te X, there exists V;(1<i<n) such that (e'clV,)(t) >« . For every member U,

of U, (e'clU,)(y)<«,forevery ye A.So if this subcollection contains any member of I{, we omit

it and hence we get the result.
To achieve the converse of Theorem 4.4, we define the following.

Definition 4.5. An fts (X,7) is said to be « -e"-Urysohn if for any two distinct points X,y of
X, there exist a fuzzy open set U and a fuzzy e"-open set V in X with U(X)>a, V(y) >«
and min((e*clU)(z),(e’clV(z))<a, foreach ze X .

Theorem 4.6. An « -€"-almost compact setinan « -e"-Urysohn space X is a® -closed.

Proof. Let A be an « -e"-almost compact set and xe X \_A. Then for each ye A, X#Y.

As X is «a-e"-Urysohn, there exist a fuzzy open set U, and a fuzzy e"-open set V, in X such

that U (x)>a,V,(y)>a and min((e'clU )(z),(e’clV,)(z)) <a,forall ze X .. ().
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Then L{:{Vy:yeA} is a fuzzy e"-open « -shading of A and so by « -e" -almost

compactness of A , there exist finitely many points Y,,Y,,...Yy, of A such that
U, :{e*CIVyl,e*CIVyZ,...,e*CIVyn} is again an « -shading of A. Now U :Uyln...ﬂUyn being a

fuzzy open set is a fuzzy e"-open setin X such that U(x) >« . In order to show that A to be a®
-closed, it now suffices to show that (e’clU)(y)<a, for each y e A. In fact, if for some ze A, we
assume (e'clU)(z)>a, then as ze A, we have (e'clV, )(z) >, for some k (L<k<n). Also
(e'clU, )(z) > a . Hence min((e"clU, )(2),(eclV, )(2)) > e, contradicting (1).

Corollary 4.7. Inan « -e"-almost compact, « -e"-Urysohn space X ,asubset A of X is «-

" -almost compact if and only if it is a* -closed.

Theorem 4.8. In an « -€e"-almost compact space X , every cover of X by a® -open sets has a
finite subcover.

Proof. Let U ={U,:i€ A} be a cover of X by a® -open sets. Then for each xe X , there

exists U, e suchthat xeU, . Since X \\U, is a° -closed, there exists a fuzzy e’-open set V,
in X suchthat V,(X)>a and (e’clV,)(y)<e«,foreach ye X\ U, .. (1)

Then {V, :xe X} forms a fuzzy e"-open « -shading of the « -e"-almost compact space X .
Thus there exists a finite subset {x,X,,...,X,} of X such that {e*CIVXi (1=12,..,n} is an «

-shading of X ... (2).
We claim that {U, .U, ,..,U,} is a finite subcover of ¢/ . If not, then there exists

yeXN\YU, =[J(X\U,) . Then by (1), (eclV,)(y)<a , for i=12..n and so
i=1 i=1

(Jeclv, )(y) <a, contradicting (2).

i=1
Theorem 4.9. Let (X,7) bean fts. If X is « -e"-almost compact, then every collection of a®
-closed sets in X with finite intersection property has non-empty intersection.

Proof. Let F ={F :ie A} be a collection of & -closed sets in an ¢ -&"-almost compact space

X having finite intersection property. If possible, let ﬂ F =¢. Then X \ﬂ F =U (XN F)=

ieA ieA ieA
X=>U={X\F:ieA} isan a® -open cover of X . Then by Theorem 4.8, there is a finite subset
A, of A suchthat | J (X N\ F)=X=[)F =4¢,acontradiction.

ieA, ieA,
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5. a® -Continuity: Some Applications

In this section, we now introduce a class of functions under which « -e"-almost compactness
remains invariant.

Definition 5.1. Let X,Y be fts’s. A function f : X —Y issaid to be a* -continuous if for each
point X e X and each fuzzy e"-openset V in Y with V(f(x))>«, there exists a fuzzy e"-open

set U in X with U(X)>a suchthat e'clU < f *(e*clV).

Theorem 5.2. If f:X =Y is «° -continuous (where X,Y are, as usual, fts’s), then the
following are true :

@ f(ALL) <[f (AL, forevery Ac X.

(b) [F (AL < F([A]Z), forevery ACY.

(c) Foreach o -closedset A in Y, f(A) is «° -closedin X .

(d) Foreach o -openset A in Y, f(A) is a° -openin X .

Proof (a). Let x€[A] and U be any fuzzy e -opensetin Y with U(f(x))>a. Then there
is a fuzzy e-open set V in X with V(x)>a and eclV < f*(e"clU). Now xe[A]L and V
is a fuzzy e" -open set in X with V(X)>a=eclV(x,)>a , for some x,e AN {x}
= a<e'clV(x,) < (fHeclU))(x,) =(eclU)(f(x,)) where f(x,)e f(ANL{F(X)}= f(x)e
[f(A)]. . Thus (a) follows.

() By (@), f([f (ML) <[ff (AL c[AL =[F (AL < T ([ALZ).

(c) We have [A]Z =A. By (b), [f’l(A)]Zi c f’l([A]‘;): f’l(A):[f’l(A)]‘; =A==
f(A) is a -closed setin X .

(d) Follows from (c).

Theorem 5.3. Let X,Y befts’sand f:X —Y be fuzzy «° -continuous function. If A(c X)
is o -e"-almost compact setin X, thensois f(A) in Y.

Proof. Let V ={V, :i € A} beafuzzy e -open « -shadingof f(A),where A is «-e"-almost
compact set in X . For each xeA, f(x)e f(A) and so there exists V, €V such that
V. (f(X))>a.As f isfuzzy «® -continuous, there exists a fuzzy e”-open set U, in X such that
U,(x)>a and f(e'clU,)<eclV,. Then {U, :xe A} is a fuzzy e"-open « -shading of A. By
a - € -almost compactness of A, there are finitely many points a,a,,....,a, in A such that

{e'clu, :i=12,..,n} isagainan o -shading of A.
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We claim that {e‘clV, :i=12,...n} is an « -shading of f(A). In fact, ye f(A)= there

exists Xe A such that y=f(x) . Now there is a Uaj (for some j,1<j<n ) such that

(e*cIUaj )(X) >« and hence (e*cIVaj )y) = f (e*cIUaj )(y) = e"‘cIUaj X)>a.

We now introduce a function under which o -closedness of a set remains invariant.
Definition 5.4. Let X,Y be fts’s. A function f:X —Y is said to be fuzzy e"-open if f(A)

is fuzzy e"-openin Y whenever A isfuzzy e"-openin X .

Remark 5.5. For a fuzzy e*-open function f :X — Y, for every fuzzy e*-closed set A in X,

f(A) isfuzzy e’-closedin Y.

Theorem 5.6. If f:(X,7)—> (Y,7;) is a bijective fuzzy e"-open function, then the image of a

a® -closed setin (X,7) is a® -closedin (Y,7,).

Proof. Let A bea «® -closed setin (X,z) and let yeY \_f(A). Then there exists a unique

ze X suchthat f(z)=y.As ye f(A), z¢ A. Now, A being a -closed in X , there exists a

fuzzy e"-openset V in X suchthat V(z)>a and e’clV(p)<a, foreach peA ..(2).

As f is fuzzy e"-open, f(V) is a fuzzy e"-open setin Y, and also (f(V))(y)=V(2)>«.

Let te f(A). Then there is a unique t, € A such that f(t,)=t. As f is bijective and fuzzy

e*-open, by Remark 5.5, e’clf (V) < f(e"clV). Then (e*clf (V))(t) < f(e'clV)(t)=e"clV(t,) <, by

(1). Thus y isnotan a® -limit point of f (A) . Hence the proof.

From Theorem 5.2 (c) and Theorem 5.6, it follows that

Corollary 5.7. Let f:X —Y be a fuzzy a® -continuous, bijective and fuzzy e -open function.

Then A is & -closedin Y ifandonlyif f*(A) is «® -closedin X .
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