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Abstract

In this paper, the three conventional GMM estimators First-difference, Level
and System GMM estimators with respective efficient initial weight matrices are
considered to estimate the autoregressive panel data model. It is observed that
the bias of first-difference GMM estimator is heigher and the bias of system GMM
estimator is lesser among the above mentioned estimators but as variance ratio in-
creases and as autoregressive parameter approaches to one the bias of all the afore-
mentioned estimators increase. Hence to reduce such bias, second order bias cor-
rection method is considered. Through Monte-Carlo simulation it is observed that
the considered second order bias correction method works well for first-difference
and system GMM estimators, specially when the variance ratio is greater than one.
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1. Introduction

The commonly employed technique to estimate the parameters of autoregressive
panel data models with unobserved individual specific effects is first-difference GMM es-
timator proposed by Arellano and Bond(1991), which is based on lagged level variables
as an instruments. Arellano and Bover (1995) proposed level GMM estimator, which
is based on the level of the model and uses lagged differenced variables as instruments.
Blundell and Bond (1998) proposed system GMM estimator, which is proposed by com-
bining both the instruments of first-difference and level GMM estimators. Unfortunately,
the system GMM estimator does not work well in terms of bias. Bun and Kiviet(2006)
showed that the bias of the system GMM estimator becomes large when the autoregres-
sive parameter is close to unity and when the ratio of the variance of individual effect to
that of the idiosyncratic error term departs from unity. Hence to reduce that bias they
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derived the second order bias of the system GMM estiamtor and examined how the order
of magnitude of bias changes when different set of instruments are used.

Kiviet (1995), Hahn and Kuersteiner (2002) and many others have constructed es-
timators for autoregressive panel data models by modifying the within class estimator.
Bun and Carree (2005) estimator overcomes some of the drawbacks of GMM estimators.
Their estimator mainly depends on the assumption that the regressors are strictly exoge-
nous with respect to the error term.

Hayakawa(2007) proposed second order bias method and considered Wy = 77, as an
initial weight matrix for one-step first-difference GMM estimator, W, = Z" Z" | where
Z]'" is a non-redundant subset of Z; and for one-step system GMM estimator, Wy = Z.Z,
is considered as an initial weight matrix. Through this he showed that why system GMM
estimator gives less bias than the first-difference and level GMM estimators, though it
uses more number of instruments.

In this paper with the same approach to check how well the second order bias ex-
plains the actual bias for above mentioned estimators, we consider the weight matrix
Wy;=N"1 Zf\il ZhAaZg; as an efficient initial weight matrix for one-step first-difference
GMM estimator, which is efficient when the idiosyncratic errors are homoscedastic and
are not serially correlated, where A, is a (T'—2) x (T'—2) matrix with twos in main diago-
nal, minus ones in first subdiagonals and zeros otherwise (See, Arellano and Bond(1991)).
The efficient initial weight matrix for one-step level GMM estimator is given by W, =
N-YSN 71 A Zy;, where A is a (T — 2) x (T — 2) identity matrix (See, Arellano and
Bover(1995)). The initial weight matrix W, = S~ | Z/.A,Z,; is considered for one-step
system GMM estimator, where Ag is a 2(7T — 2) x 2(7T" — 2) matrix and is given by,

Ay = ["éd ﬂ (See, Blundell and Bond(1998)).
l

The rest of the paper is as follows. Section 2 provides the autoregressive panel data
model and its assumptions. Second order bias corrected first-difference, level and system
GMM estimators are discussed in Section 3. Section 4 provides Monte Carlo simulation
design and discussions. Section 5 presents some concluding remarks. Appendix com-
prised of some intermediate results and proofs is given in Section 6. Section 7 contains
Tables and Figures.

2. The Model and Estimators

We consider first order autoregressive panel data model and is given by

Yit = 0Yit—1 + Wi, (2.1)
Uir = 1 + Vit 1=1,2,...,N;t=2,3,...,T.
where § is the parameter of interest with |d| < 1, N is the number of individuals, 7" is
the time period and we make the following assumptions:
(i) v are idiosyncratic error terms which are i.i.d across time and individuals with
E(vy) =0, Var(vy) = 02 and E(v;v;) = 0 where ¢ # s.
(ii) m; are individual effects which are i.i.d across individuals with E(n;) = 0, Var(n;) =
a%. and E(nvy) = 0.

(iii) The initial observations satisfy
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177—i(5 VYwy  for(i=1,2,...,N) (2.2)
where, w;; = Z;io 57 v;1—; and independent of 7;. y;; is not independent of 7 i.e.,
2

E(yan:) = 1%

Yi1 =

Based on these assumptions, we review three types of GMM estimators viz., first-
difference, level and system GMM estimators (For more information See Appendix).

3. Second Order Bias

In this section, we provide analytical forms of the biases of the first-difference, level and
system GMM estimators (Here we consider the case for T=4, notations being similar to
that of Hayakawa (2007) except for the autoregressive parameter).

We consider the general one-step GMM estimator based on the following moment
condition E[g;(do)] = 0. An efficient one-step GMM estimator is defined as

6 = argmin §(6)W~'§(8) (3.1)

where §(0) = N7' 0N, 6i(8), W = N-'S2N W, and W, = W(z) are symmetric and
positive definite matrices which do not depend on parameter 0.

Theorem 1: The Second order bias for the one-step GMM estimator is given by

E(GW'W,W™lg))  trace(W™'E(g:G})) G'W 'E(gGH)W™'G

N-Bias(0) ==z GW-1G (GW-1G)2
_EEW gGWITIG) | GWaw G,
(CWIG) (CWIG)
GWIOWB(G)W G 3 (GWIOWG) (W Gy)
CW1G)? 2 (GG
+157’(106(1/[/'_1E(G1)V[/_lﬂ) N §(G’W‘lE(Gl)W_lG)(G’W‘lS)W_lG)
GG 2 (GG
— Bl+ B2+ B3+ BA+ B5+ B6 + BT + B8+ BY (3.2)
where
2
G; :59(%(;0) G=EG;) Gs=FE (6 g%(j())) Q = E[gi(d0)gi(0)’]

Proof is same as Theorem 1 in Hahn, Hausman and Kuersteiner (2001).

The weight matrix considered in this study does not involve the parameter, which
implies £(G) = 0 so sixth, eighth and ninth terms of Theorem 1 equal to zero. Also, the
moment restriction is linear in the parameter in interest, which implies G5 = 0 so fifth
and seventh terms of Theorem 1 equal to zero.

Therefore,
N.Bias()) = Bl + B2+ B3+ B4 (3.3)
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Let,

Ta =(E(Z);AaZ4i)) " E(ZyAyi 1)

—o2(2+9) —02[2F+6[4(C+D)?—(C+38D)?]-3(C+D)(C+8D)] —c2[(C+D)—8(C+6D)] !

- [3(1+6)(C+D) 6(1+0)(C+D)F
= [7Td1 T2 7Td3],
m =(E(Z; A1) E(Zyyi, 1)

_[; 511 (2—6><6+1>]’
=2 B=6-07 [E-(-17

=[7Tll T2 7T13]/

where
0'727 o? 2 2
Also,

ba =E(Ay;  Zai)(E(ZyAaZai)) " E(Zy Ay )

2

Oy

= — 1 n 5[71'[11 —|—(57Td2 —|—7Td3]

o =E(y; 1 Zi)(BE(Z,;A1Z1)) " E(Zyyi, 1)
B 03 n 203
C2(140)  [4—(0—-1)?

Os =B(s} 1 Zu)(B(ZAsZs)) ' E(ZL;8i-1)

2

Oy

= 1 — g1 — dmge — Tas)]

(1+9)

2(140)F

Next, the second order biases of one-step first-difference, level and system GMM es-

timators are provided. The derivations are provided in the appendix.

N.Bias(daiy) = Biais + Boais + Baais + Baais

Theorem 2: The second order bias of one-step first-difference GMM estimator is given
by (using 6.4.1 - 6.4.4)

2 2 2
d d
+27goma3(C + 6D) — g mas[(2 — 0)C — §(26 — 3) D]

202

8
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Theorem 3: The second order bias of one-step level GMM estimator is given by (using
6.5.1 - 6.5.4)

N'Bias(glev) = Bllev + BQlev + BSleU + B4lev

302 —2 [ 20202
_ d)(l—n(s)—i_? |:(1 7752) {7Tl21—|—7rl22—|—71'123—|—271'11ﬂ'12—(1—5)71'1171'[3— (1—5)71'[271'13}
l - 1 -
afj 203 9
—|—1 n (5 {(2(5 — 1)71'117'('[3 + 271'[171'[2} + m [27’(’[171’[271'13 + (5 — 1)71'117'('13}

Theorem 4: The second order bias of one-step system GMM estimator is given by (using
6.6.1 - 6.6.4)

N.Bias(gsys) = Bigys + Basys + Basys + Buasys
_ [ 20, op(T+ 25)] ;i 1 [2%1072702 Tado07  od(26 — 1)

o 10 6 2 2| T1=5  (1=02 20140

n 0705 Tpot[20 —14+6(20%2 — 46 +1)]  mawol(20® —25+1)  masdoiol
1-6 1—§2 1 — 62 (1—9)2
T30y (2 — 30) 2 1 [(6—1)o!  mpol(6?—25+1) 2mj0.0;
—— | t 5 Buir+ 3 -

1— 02 2 o | a6+ 1) 2(1+9) 10
Taodod  2M50007  TaMas0n0r  MaiTa0.0  TaT30a0, W00,
2(1+49) 1-9¢ 1-9¢ 1-9¢ 1-9¢ 146

4
+ T30,
2(1+49)

Theorem 5: The second order bias corrected one-step first-difference, level and system
GMM estimators are respectively given by

8dz’f = 8dz’f - Bias(gdif)
Slev = Slev - Bia's(glev)
5Sys = Ssys — Bias((gsys)
where
< _ Buaig + Bauig + Baais + Bua
Bias(bsy) = 1dif + D2d f]-i\-[ 3dif T Dadif
N B ev B ev B ev B ev
Bias(biy) = liev T Dag ;\Lf 3lev + Dai
~ B SyYS B SYs B SYS B SYs
Bias(d,,,) = 1sys T 2y]_\|—[ 3sys T Dasy

4. Simulation Design

To investigate the finite sample perferomance of the above mentioned estimators we
carry out the Monte Carlo simulation. The data generating process for the autoregressive

panel
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data model is as follows

Yit = 0Yir—1 + 1 + Vit
/A Wi

%1:1_5

0,2

1— 42
for the number of individuals N = 50, time period T" = 4, variance of idiosyncratic error
term o2 = 1, values of parameter § = {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} and variance

1
of individual effects 02 = {Z’ 1, 4} and the results are based on 10000 replicatons.

wi; ~ N (O, ) DM~ N(O,afz) . vy ~ N(0,0?)

4.1 Discussions

Table 1 presents Mean, Bias and Root Mean Square Errors (RMSEs) of one-step first-
difference, level and system GMM estimators. Figures 1 and 2 show the comparison
between first-difference, level and system GMM estimators in terms of bias and RMSE
repectively. As § approaches unity and as the variance ratio (vr = 07/07) increases, the
bias of all the above estimators increase. When vr < 1 and for § < 0.5 the bias of level
and system GMM estimators are almost same. For different values of 6 and vr the bias
of system estimator is less than the bias of other two estimators. From figure 2 it is
observed that for different values of § and for different values of vr, the RMSE of system
GMM estimator is less than the first-difference and level GMM estimators.

As of Hayakawa (2007), it is observed that how well the second order bias explains
the actual bias by comparing relative biases of actual bias and second order bias. Table
2, 3 and 4 describe the relative biases of actual and second order biases of first-difference,
level and system GMM estimators for different values of ¢ and vr. Relative bias is given
by Bias(8)/8x100. From Table 2 it is observed that, for different values of vr the relative
biases of actual bias and second order bias of first-difference GMM estimator are very
close to each other when ¢ < 0.8 (Figure 3). Where as in case of level GMM estimator
(Table 3), when vr = 1/4 the relative biases of actual bias and second order bias are close
when 0 < 0.5. As vr increases, the actual bias does not explain second order bias well
for any values of § (Figure 4). From Table 4 it is observed that for vr < 1, the relative
biases of actual bias and second order bias of system GMM estimator are close when
0 < 0.5. For vr = 4, the relative biases of actual bias and second order bias of system
GMM estimator are close for all values of ¢ (Figure 5).

Table 5 describes the comparison between first-difference GMM estimator’s actual
mean, bias and RMSE and the second order bias corrected first-difference GMM esti-
mator’s mean, bias and RMSE. Similarly, Table 6 compares system GMM estimator’s
actual mean, bias and RMSE with that of the second order bias corrected system GMM

estimator. Second order bias corrected estimator gives less bias and less RMSE compared
to actual bias and RMSE.

59



5. Conclusion

In this paper, the three conventional GMM estimators first-difference, level and system

GMM estimators with respective efficient weight matrices are considered to estimate the
autoregressive panel data model. It is observed that first-difference GMM estimator gives
more bias than the other two estimators for different values of § and vr, whereas, system
GMM estimator has least bias and RMSE among the three. But for the case vr > 1 and
approaches unity, bias and RMSE of system GMM estimator increase. So this study
performs second order bias correction to reduce the actual bias and RMSE of first-
difference and system GMM estimators.

1]

[10]
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6. Appendix

Here, we review the conventional one-step first-difference, level and system GMM esti-
mators with efficient initial weight matrices (for more information see, Blundell, Bond
and Windmeijer (2000)).

6.1 First-difference GMM estimator

Based on (7' — 1)(T" — 2)/2 moment conditions, Arellano and Bond(1991) proposed
one-step first-difference GMM estimator given by

E(Z,Au;) =0 (6.1.1)

where Zy; is a (T'—2) x (T'— 1)(T — 2)/2 instrumental matrix and Aw; is a (T'—2) x 1
vector.

Ly = . y.l y.2 . . . ;o Auy = . !
0 0 0 ... yan ..o WYir_o Au;r

Based on the moment conditions (6.1.1) the one-step first-difference GMM estimator
is obtained and is given by,

dais = (DY ZaW, " ZiAy )~ Ay, ZaWy  ZiAy) (6.1.2)
where Ay; , is the 1 x (T' — 2) vector (Ayia, Ayis, ..., Ayir—1), Ay; is the 1 x (1" — 2)
vector (Ayis, AYia, . - ., Ayir), Ay_q1 and Ay are stacked across individuals. Z; is a N(T —
2) x (T — 1)(T — 2)/2 matrix (Zg, Zag, - -, Zay) and Wy = NSV 7' AqZy;, where
Ayis a (T — 2) x (T — 2) matrix with twos in main daigonal, minus ones in first sub
diagonals and zero otherwise.

6.2 Level GMM estimator

Arellano and Bover (1995) proposed level GMM estimator which is based on the moment
conditions

E(Zju;) =0 (6.2.1)
where Zj; is a (T'—2) x (T — 1)(T — 2)/2 instrumental matrix and Au; isa (7" —2) x 1
vector.

Zip=| . . . . . ;oou = |
0 0 0 .. Aylg . AyiT—l Ui

Based on the moment conditions (6.2.1) the one-step level GMM estimator is obtained
and is given by,

diew = (Y 2V 21y 1) (1 ZW Ziy) (6.2.2)
where y; ; is the 1 x (T — 2) vector (Yo, ¥i3,---,¥ir-1), y; is the 1 x (T' — 2) vector
(Yis, Yias - - -, YiT), Y—1 and y are stacked across individuals. Z; is a N(T —2) x (T'—1)(T —
2)/2 matrix (Zi, Zig, . .., Ziy) and Wy = N=V SN 78 Ay Zy;, where A, is the (T — 2) x
(T — 2) identity matrix.
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6.3 System GMM estimator

Blundell and Bond(1998) proposed system GMM estimator in which the moment condi-
tions of first difference and level GMM estimators are jointly used. The moment condition
used in constructing one-step system GMM estimator is given by

E(Z'a.) =0 (6.3.1)

st st

el 3] -

with Z]!" is a non-redundant subset of Z;; (See Blundell et al (2000)).

where,

Based on the moment conditions (6.3.1) the one-step system GMM estimator is given
by,

Oys = (8 ZW 125 1)U, Z W Zs) (6.3.2)

where s; | is the 1 x 2(T — 2) vector (Ayiz, ..., AYir—1,¥i3,---,Yir-1), S; is the 1 x
2(T — 2) vector (Ayiz, .., Ayir, Yis, - - -, Yir), S—1 and s are stacked across individuals.
Zsisa 2N(T —2) x ((T' = 2) + (T — 1)(T — 2)/2) matrix (Zg, Zs2, ..., Zsn) and Wy =
Nt Zf\il 2! A Zi, where A is a 2(T — 2) x 2(T — 2) matrix and is given by

44 0
=7 4

6.4 Proof of Theorem 2

E[E(Ay; 1 Zai)(E(ZyAaZai)) ™ ZggAaZai(E(Zg AaZai)) ™ Z Aui]
E(Ay; 1 Zai) (E(ZyAaZai) " E(Z3;Ayi,-1)
7Td2(C—|— D) B 7Td1(C—|- (Sl))2

Biagiy = —

1 Td1 3
— — | BB Aw
b [(C+D) (i “13)+< F 2(C+ D)F
g1 (C + 6D T2 (C + 6D wy3(C 4+ D
+( a1 ( B )_2 a2 = )+ a3 — ))E(yflyizAum)
n _7Td1(C+D) N 7a2(C + D) _27Td3(0—|—5D)
2F F F
7a3(C + D)
* F

) E(?J%AUM)

> E(yilyiQQAuizl)

E (yszuM)]

Since
E(y} Auis) = E(y}, Auy) = E(yhynAui) = E(yayhAuu) = E(yhAu) = 0.

Therefore Byg45 reduces to
Biaiy = 0. (6.4.1)
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Next
trace|E(Z;AqZai) " E(Z);Au Ny, Zg;)]
E(Ayz{,—lZdi)E(Zc,liAdZdi)_IE(Zc,liAy@—l)
_ L 2E(yh AyinAui) + E(yh AyAui) + E(yh AyisAuig)
P 3(C+ D)
+ [4(C + D)2 —(C + 5D)2]E(?J?1Ayi3AUi4)
6(C+D)F
(C + D)E(y5Ayi3Au:4) — 2(C + dD) E(yinyin AyisAugy)
2F

Bogiy =

+

Since
E(yi AyiAug) = B(yi AyisAui) = E(ynAyisAui) = —0y(C + D);
E(y} AyinAuy) = 0; E(y;AyiAus) = 02(2 — 6)(C + D);
E(yinynAyisAuy) = —0(C + 6D)

[herefore Bygp reduces to
% + 20
L (7T+2 6.4.2

Bogiy = —

E(Ay; 1 Zai)E(ZyAaZai) E(ZyAulNy; o Zai) E(Zy AaZai) ™ E(Zy Ay 1)
[E(AY; 1 Zai) E(Zy;AaZai) E(Zy;Ay;1)]?

Bsgig = —2

2
= E [ngE(yiAyizAUi:&) + ngE(yiAyisAUm) + 7T§3E(yi22Ayi3AUi4)
d
+ a1 Tas B (YA Ayia Atig) + Tan T2 E (7 AyisAuis) + Tarmas B (Yin Yin Ayin Aty
+7Td17Td3E(yi1y¢2Ayi3AU¢3) + 27Td27Td3E(yilynAyi:}AuM)]
Since
E(y} AyipAuig) = E(yi AyisAuig) = E(yhAyisAuy) = —os(C + D);
E(y3 AynAu) = 0; E(yh AyisAugs) = 02(2 — 6)(C + D);
E(ynynAyisAuy) = —02(C + 0D); E(yanynAynAuy) = 0;

Therefore Bsgi¢ reduces to

2
Byair = % (72, + 7% + 7%)(C + D) + 1arman(8 — 2)(C + D) + 2ms745(C + 6D)
d
—Ta1ma3[(2 — 0)C — 6(26 — 3)D]] (6.4.3)
B E [E(Ay; 1 Za) E(ZyAaZa) "' Zy A E(Ay; _ Zai)
Adif =

[E(Ay; Zai) E(Z);AaZai)  E(Z Ay 1))
XE(ZAaZai) " 2y AaZai E(ZyAaZa) " E(ZyAy; 1))
(E(AY; 1 Zai)E(Z]AaZai) 7 E(Z Ay 1)]?
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qbifl {(27@1 - 277?1177d2 + 27Td17T§2)E(y§1AUi3) + (27317%2 - 27Td17T§2 + 2732)E(931Aui4>
213 E(yin Auia) + (ATamaomas — 27 maz) B (Y yin Auia)
+(47 5y Tas — AT a1 TaaTas + 273y Tas + 27 5y mas) B (yi1 yin Aua)
+(47apigs — 2ma o) B (Yinyin Auia) + 2mamas E(yanyin Auss)]
Since
E(yjAui) = E(yn Aui) = E(ypAuis) = E(yhyielAua) = E(yaynAug) = 0;
E(yz'21yz‘2AUi3) = —012)(0 + D); E(QilynguiS) = —203(0 +0D)

Therefore Byg4;5 reduces to

—20?2
B4dif = ¢—Zv [(27Td17Td27Td3 — ngﬂdg)(C =+ D) =+ 27Td17T§3(C =+ 5D>] (644)

6.5 Proof of Theorem 3

The proof of the Theorem 2 is the same as Theorem 1. The second order bias of one-step
level GMM estimator is given by

B E[E<y£,—1Zli>E(Zl,iAlZli)_IZl/z‘AlZliE(Zl,z’AlZli)_IZl/iui]

B ev / / /
! By, _12u) E(Z;; A1 Z) " E(Z]yi, 1)
-1
Bijew = 2= (5= 120 1201+ 8)miz { E(Ay}yuia) + E(AyinAyisuia) }
+2(1 + 6)ms { E(Aysuis) + B(Ay,Ayisui) b + 2ms(1 — 02) E(AyinAyistg)
(1406
+2m5(1 — 6%) E(Ayi Ayisui)| — UZ(U—%Z)E(AZJ?QW:&)
Since

BE(Ayjyui) = E(Ayiui) = E(AynAyiui) = E(AysAyisua) = E(Aybus) =0
Therefore
Biiew = 0. (6.5.1)
trace[E(Zl’iAlZli)*lE(Zl’iuiyg,_lZli)]
E(yg,qzli)E(Zz,z‘AlZli)71E(Zl/iyi,—1)
1 [(1+9) 2(1+9)
o ogl4—(0—1)7

¢l 20’2
E (yiSAyiQ Ayi3ui4)

B2lev =

E(ynAynus) + {E(ymAy?QUm) + E(Qi:sAyngum)}

2(1 — 6?)
oy[d— (6 —1)%

Since
2 2
20,0,

E(ynAynuis) = E(yisAyhmua) = E(yi3Ayi23Ui4) = (1—02)’

2 2
—0,0,

E(yisAyinAyistig) = T
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Therefore

302
Bojoy = ——21— 6.5.2
A di(1 —6) (6.52)
B 2E(Ayg,—lZli)E<Zl/iAlZli)71E(Zl/iuiyz/’,—1Zli)E(leiAlZli)ilE(Zl/iyi,—l)
3lev — —

[E(Y;,—12) E(Z1;A120) T E(Zy 1)
-2 (77 E(yin Ayiyiz) + T E (Yis Ay tia) + T E(Yis Ayiuig)
¢l2 11 Yia QY ;9U43 12 YizAY;oUig 13 Yi3 AY;3Uia

+7Tl177l2E<yi2Ayi22ui4) + 7Tz17Tl2E(yz‘3Ay¢22Ui3) + T T3 E(Yin AYio Ayistia)
+7m7r13E(yi3Ay¢2Ayi3u¢3) + 277127Tl3E(yi3Ayi2Ayi3Ui4)]

Since
, , ) ) 2072703
E(ynAyipuis) = E(yinAypus) = E(yslypua) = E(ysAyizus) = 1— 52
202
E(yisAyinAyizuis) = E(YiaAyinAyiztia) = 1 jz (5v
25202 204 —o20? (20 — 1)04
E(yisAypuis) = —— 5 E(yisAyinAyipui) = — :
(y3 yz2u3) 1_52+1+5’ (y3 Yiz y3U3) 1+6 14+46
Therefore
—2 [ 20202
Byew = 52 |02 59 {7+ mi + 7 + 2mume — (1= d)mums — (1 — 6)mems }
: _
o
+3 _:5 {(20 — 1)mpms + 2mpmpe } (6.5.3)

Bun — E [E(y; _, Zu)E(Z}, A1 Zy) 7 Ziui By, Zi)
(E(y; _12u) E(Z; A1 Zy)  E(Zyy,-1))
X E(Z; A Zu) " Z3 A2 B(Z5 A Z) ~ E(Zyi, )]
[E(Yi,—121) E(Z;; A1 Z0) " E(Zyyi,-1) )P

1
E [W%E(A?J%Uﬁ%) + 7rl32E(Ayf’2u,~4) + 7rl33E(Ayf’3u,~4) + 7Tl2177l2E(Ay?2Ui4)
]
+mms E(Ayh Ayistis) + mnmin E(Ayjyuis) + 21 mis B (Ayn Ayisti)
+2mp mams E(Ayh Ayisuis) + 3mpmis E(AypAyiud) + 7Tl17T123E(A?Ji2A%23Uz‘3)}

Since

E(Aybuis) = E(Ayhuu) = E(Ayjsuu) = E(AyhAysui) = BE(AypAyiug) =0

204
E(AyhAyisugs) = § +U5>
2046 — 1
E(AyﬂA?J?gUi:a) = &(T(D)
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Therefore
204

By — — v

[27rl17rl27T13 + (0 — 1)7T117Tl23} (6.5.4)

6.6 Proof of Theorem 4

The proof of the second order bias of one-step system GMM estimator is given by

E[E(Sg,—lzsi)E(Z;iASZsi>_IZ;iAsZsiE(ZgiAsZsi)_IZ;iusi]

B sys —
e E(s; 1 Zu)E(Z4AsZsi) P E(Zsi-1)
1 Td1 3 7Td1(C—|—(5D)2 3 7Td2(0+D) 3
= — E(u? Aie) — —2— "7 F(y2 Au.s Mk S TN TP
¢s C+D (yzl uz3) 2(0 + D)F (yzl uz4) + I (yzl U”L4)
7 (C'+ 0D Ta2(C + 0D m43(C 4+ D
‘f’%E(?J%?JQAUm) - 2%E(yiyi2ﬁui4) + %E@%yﬂﬁum)
7 (C+ D Ta2(C + D ma3(C' + 0D
_ME(Z/H%%AUM) + ME(@/@‘I%%AUM) - 2ME<%1%22AU¢4)
2F F F
7a3(C + D) 146 1446
+3TE(?J?2AW4) + T‘gE(A?/?QWS) + T‘%E(Ayfg,um
Since all the above expectations are equal to zero.
Bigys = 0. (6.6.1)
B trace|E(Z;AsZs) " E(Zlusis; 1 Zsi)]
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n [4(C + D)? = (C + 6D)*| E(yf AyizAuia) N (1+0)[E(yinAyiuiz) + E(yisAyizuia)]
6(C+D)F 202
(C' + D)E(y;AyisAuiy)
2F
Since

E(yi AyinAuiz) = E(yi AyisAui) = E(yinAyisAuy) = —a3(C + D);
E(yh AyinAuy) = 0; E(y; AyisAug) = 02— 6)(C + D)
E(ynyinAyisAuy) = —o(C 4+ 0D)

20202
E(yizAZ/izguizs) = E(Z/i:sAyngum) = ! 3
(1—10%)
Therefore
1 [ 20,  o%(7+26)
Bogys = — U 6.6.2
S 6 (6:62)
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= ;T; (70 E(yi AyinAuis) + Ty E(y7 Ayis Auis) 4+ mas E (Y Ayis Aug)
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1
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0202
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E(Uitia Aia A lin) = e .
(%1%3 Yi3 qu) (1 . 5)2 (1 _ 52)
Therefore
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E [E(Sg,—lZsi>E(Z;iAsZsi)_1Z§iusiE(sg,—lzsi)
(E(s; 1 Zsi) E(Z4AsZsi) E(ZL;51,-1)]2
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T,
+7T§3 [E(yngyiguis) + E(%QQA%:%UM)] - d12 @ [E(yi1y¢2Ayi2Uz‘3) + E(yilyﬂAyiSUM)]}
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—20202 —24020?
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—o20? 200202
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and all other expectaions are equals to zero.
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7. Tables and Figures

Table 1: Comparison of biases and RMSEs of one-step first-difference, level and system
GMM estimators

1)

ur 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Mean | 0.0838 | 0.1779 | 0.2735 | 0.3624 | 0.4491 | 0.5270 | 0.5782 | 0.5259 | 0.3036
Diff ™ Bias | -0.0162 | -0.0221 | -0.0265 | -0.0376 | -0.0509 | -0.0730 | -0.1218 | -0.2741 | -0.5964
RMSE | 0.1586 | 0.1763 | 0.1982 | 0.2285 | 0.2688 | 0.3402 | 0.4818 | 0.7470 | 1.1096
Mean | 0.1010 | 0.2021 | 0.3025 | 0.3966 | 0.4972 | 0.5978 | 0.6982 | 0.8194 | 0.9400
1/4 | Lev [ Bias 0.0010 | 0.0021 | 0.0025 | -0.0034 | -0.0028 | -0.0022 | -0.0018 | 0.0194 | 0.0400
RMSE | 0.1518 | 0.1575 | 0.1672 | 0.1768 | 0.1845 | 0.1930 | 0.2217 | 0.2559 | 0.2248
Mean | 0.0978 | 0.1971 | 0.2970 | 0.3917 | 0.4888 | 0.5874 | 0.6798 | 0.7835 | 0.9056
Sys [ Bias | -0.0022 | -0.0029 | -0.0030 | -0.0083 | -0.0112 | -0.0126 | -0.0202 | -0.0165 | 0.0056
RMSE | 0.1355 | 0.1425 | 0.1521 | 0.1607 | 0.1691 | 0.1770 | 0.1855 | 0.1916 | 0.1797
Mean | 0.0777 | 0.1689 | 0.2637 | 0.3336 | 0.4122 | 0.4314 | 0.4170 | 0.3179 | 0.1596
Diff ™ Bias | -0.0223 | -0.0311 | -0.0363 | -0.0664 | -0.0878 | -0.1686 | -0.2830 | -0.4821 | -0.7404
RMSE | 0.1997 | 0.2227 | 0.2617 | 0.3105 | 0.3992 | 0.5468 | 0.7315 | 0.9089 | 1.1447
Mean | 0.1174 | 0.2207 | 0.3226 | 0.4212 | 0.5335 | 0.6452 | 0.7736 | 0.8999 | 0.9785
1 | Lev [Bias 0.0174 | 0.0207 | 0.0226 | 0.0212 | 0.0335 | 0.0452 | 0.0736 | 0.0999 | 0.0785
RMSE | 0.1931 | 0.2039 | 0.2130 | 0.2317 | 0.2444 | 0.2889 | 0.2856 | 0.2549 | 0.1590
Mean | 0.1143 | 0.2180 | 0.3210 | 0.4160 | 0.5225 | 0.6198 | 0.7316 | 0.8565 | 0.9634
Sys [ Bias 0.0143 | 0.0180 | 0.0210 | 0.0160 | 0.0225 | 0.0198 | 0.0316 | 0.0565 | 0.0634
RMSE | 0.1595 | 0.1684 | 0.1788 | 0.1857 | 0.1967 | 0.2009 | 0.2055 | 0.1978 | 0.1525
Mean | 0.0730 | 0.1563 | 0.2342 | 0.3036 | 0.3359 | 0.3275 | 0.2760 | 0.1690 | 0.1146
Diff ™ Bias | -0.0270 | -0.0437 | -0.0658 | -0.0964 | -0.1641 | -0.2725 | -0.4240 | -0.6310 | -0.7854
RMSE | 0.2548 | 0.3037 | 0.3626 | 0.5163 | 0.5548 | 0.7799 | 0.8891 | 1.1049 | 1.1571
Mean | 0.1917 | 0.3133 | 0.4290 | 0.5655 | 0.6832 | 0.8079 | 0.9023 | 0.9598 | 0.9930
4 | Lev [Bias 0.0917 | 0.1133 | 0.1290 | 0.1655 | 0.1832 | 0.2079 | 0.2023 | 0.1598 | 0.0930
RMSE | 0.2895 | 0.3168 | 0.3407 | 0.3751 | 0.3814 | 0.3634 | 0.3264 | 0.2365 | 0.1203
Mean | 0.1726 | 0.2831 | 0.3897 | 0.5101 | 0.6211 | 0.7466 | 0.8590 | 0.9405 | 0.9893
Sys [ Bias 0.0726 | 0.0831 | 0.0897 | 0.1101 | 0.1211 | 0.1466 | 0.1590 | 0.1405 | 0.0893
RMSE | 0.2205 | 0.2363 | 0.2491 | 0.2564 | 0.2657 | 0.2672 | 0.2573 | 0.2141 | 0.1249

69




Table 2: Comparison of relative biases of one-step First-difference GMM estimator(in %).

or 1/4 1 4

6 | Actual Bias | Second Order Bias | Actual Bias | Second Order Bias | Actual Bias | Second Order Bias
0.1 -16.234 -15.206 -22.311 -21.115 -27.039 -27.618
0.2 -11.063 -9.935 -15.543 -14.629 -21.837 -20.220
0.3 -8.817 -8.595 -12.110 -13.507 -21.929 -19.793
0.4 -9.394 -8.425 -16.606 -14.238 -24.093 -22.193
0.5 -10.177 -9.030 -17.563 -16.550 -32.819 -27.542
0.6 -12.174 -10.604 -28.101 -21.295 -45.411 -37.992
0.7 -17.400 -14.112 -40.432 -31.442 -60.575 -60.422
0.8 -34.259 -23.437 -60.262 -58.831 -78.879 -122.476
0.9 -66.265 -67.576 -82.264 -194.900 -87.263 -442.658

Table 3: Comparison of relative biases of one-step Level GMM estimator(in %).

or 1/4 1 4

6 | Actual Bias | Second Order Bias | Actual Bias | Second Order Bias | Actual Bias | Second Order Bias
0.1 0.984 2.719 17.353 15.539 91.747 66.818
0.2 1.036 0.443 10.368 6.656 56.651 31.507
0.3 0.844 -0.401 7.534 3.464 43.014 18.924
0.4 -0.838 -0.889 5.300 1.660 41.377 11.855
0.5 -0.553 -1.243 6.692 0.355 36.647 6.746
0.6 -0.371 -1.550 7.525 -0.800 34.656 2.200
0.7 -0.251 -1.878 10.519 -2.075 28.898 -2.863
0.8 2.429 -2.354 12.493 -3.976 19.980 -10.467
0.9 4.441 -3.541 8.721 -8.759 10.337 -29.633

Table 4: Comparison of relative biases of one-step System GMM estimator(in %).

ur 1/4 1 4

6 | Actual Bias | Second Order Bias | Actual Bias | Second Order Bias | Actual Bias | Second Order Bias
0.1 -2.175 -0.874 14.277 16.492 72.583 84.432
0.2 -1.450 -1.266 8.979 8.875 41.544 47.610
0.3 -0.984 -1.559 6.998 6.127 29.908 34.935
0.4 -2.087 -1.910 4.006 4.431 27.524 28.027
0.5 -2.243 -2.406 4.498 2.954 24.230 23.168
0.6 -2.094 -3.156 3.296 1.357 24.439 19.102
0.7 -2.892 -4.311 4.512 -0.545 22.719 15.299
0.8 -2.058 -6.051 7.068 -2.819 17.561 11.535
0.9 0.623 -8.443 7.040 -5.390 9.927 7.752
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Table 5: First-difference GMM estimator

ur 1/4 1 4
6 Actual | Bias Corrected | Actual | Bias Corrected | Actual | Bias Corrected
Mean | 0.08377 0.09897 0.07769 0.09880 0.07296 0.10058
0.1 | Bias | -0.01623 -0.00103 -0.02231 -0.00120 -0.02704 0.00058
RMSE | 0.15863 0.15780 0.19968 0.19844 0.25481 0.25337
Mean | 0.17787 0.19775 0.16891 0.19817 0.15633 0.19677
0.2 | Bias | -0.02213 -0.00225 -0.03109 -0.00183 -0.04367 -0.00323
RMSE | 0.17627 0.17490 0.22273 0.22056 0.30374 0.30060
Mean | 0.27355 0.29933 0.26367 0.30419 0.23421 0.29359
0.3 | Bias | -0.02645 -0.00067 -0.03633 0.00419 -0.06579 -0.00641
RMSE | 0.19816 0.19639 0.26167 0.25917 0.36256 0.35659
Mean | 0.36243 0.39613 0.33358 0.39053 0.30363 0.39240
0.4 | Bias | -0.03757 -0.00387 -0.06642 -0.00947 -0.09637 -0.00760
RMSE | 0.22854 0.22546 0.31048 0.30344 0.51632 0.50731
Mean | 0.44911 0.49426 0.41218 0.49493 0.33590 0.47362
0.5 | Bias | -0.05089 -0.00574 -0.08782 -0.00507 -0.16410 -0.02638
RMSE | 0.26881 0.26401 0.39924 0.38950 0.55478 0.53062
Mean | 0.52696 0.59058 0.43140 0.55917 0.32753 0.55548
0.6 | Bias | -0.07304 -0.00942 -0.16860 -0.04083 -0.27247 -0.04452
RMSE | 0.34018 0.33237 0.54681 0.52177 0.77993 0.73214
Mean | 0.57820 0.67698 0.41698 0.63707 0.27597 0.69893
0.7 | Bias | -0.12180 -0.02302 -0.28302 -0.06293 -0.42403 -0.00107
RMSE | 0.48180 0.46672 0.73146 0.67741 0.88914 0.78152
Mean | 0.52593 0.71342 0.31790 0.78855 0.16897 1.14878
0.8 | Bias | -0.27407 -0.08658 -0.48210 -0.01145 -0.63103 0.34878
RMSE | 0.74702 0.70030 0.90887 0.77056 1.10489 0.97171
Mean | 0.30362 0.91180 0.15962 1.91372 0.11463 4.09856
0.9 | Bias | -0.59638 0.01180 -0.74038 1.01372 -0.78537 3.19856
RMSE | 1.10956 0.93573 1.14471 1.33784 1.15706 3.30949
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Table 6: System GMM estimator

ur 1/4 1 4
1) Actual | Bias Corrected | Actual | Bias Corrected | Actual | Bias Corrected
Mean | 0.09783 0.09870 0.11428 0.09778 0.17258 0.08815
0.1 | Bias | -0.00217 -0.00130 0.01428 -0.00222 0.07258 -0.01185
RMSE | 0.13553 0.13552 0.15953 0.15890 0.22048 0.20853
Mean | 0.19710 0.19963 0.21796 0.20021 0.28309 0.18787
0.2 | Bias | -0.00290 -0.00037 0.01796 0.00021 0.08309 -0.01213
RMSE | 0.14246 0.14243 0.16838 0.16742 0.23633 0.22157
Mean | 0.29705 0.30172 0.32099 0.30261 0.38972 0.28492
0.3 Bias -0.00295 0.00172 0.02099 0.00261 0.08972 -0.01508
RMSE | 0.15206 0.15204 0.17884 0.17762 0.24909 0.23286
Mean | 0.39165 0.39929 0.41602 0.39830 0.51010 0.39799
0.4 Bias -0.00835 -0.00071 0.01602 -0.00170 0.11010 -0.00201
RMSE | 0.16073 0.16051 0.18570 0.18502 0.25644 0.23161
Mean | 0.48878 0.50081 0.52249 0.50772 0.62115 0.50531
0.5 Bias -0.01122 0.00081 0.02249 0.00772 0.12115 0.00531
RMSE | 0.16912 0.16875 0.19672 0.19558 0.26570 0.23653
Mean | 0.58744 0.60637 0.61978 0.61164 0.74663 0.63202
0.6 Bias -0.01256 0.00637 0.01978 0.01164 0.14663 0.03202
RMSE | 0.17696 0.17663 0.20089 0.20025 0.26720 0.22565
Mean | 0.67975 0.70993 0.73158 0.73540 0.85904 0.75194
0.7 | Bias | -0.02025 0.00993 0.03158 0.03540 0.15904 0.05194
RMSE | 0.18550 0.18466 0.20545 0.20607 0.25726 0.20878
Mean | 0.78353 0.83195 0.85654 0.87909 0.94049 0.84821
0.8 | Bias | -0.01647 0.03195 0.05654 0.07909 0.14049 0.04821
RMSE | 0.19156 0.19351 0.19781 0.20540 0.21406 0.16855
Mean | 0.90561 0.98160 0.96336 1.01187 0.98934 0.91957
0.9 | Bias 0.00561 0.08160 0.06336 0.11187 0.08934 0.01957
RMSE | 0.17974 0.19732 0.15245 0.17816 0.12487 0.08941
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Figure 1: Comparison of biases of First-difference(Dif), Level(Lev) and System(Sys)

GMM estimators.
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Figure 2: Comparison of RMSEs of First-difference(Dif), Level(Lev) and System(Sys)
GMM estimators.
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Figure 3: Comparison of relative biases of actual bias and second order bias of first-
difference GMM estimator.
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Figure 4: Comparison of relative biases of actual bias and second order bias of level GMM

estimator.
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Figure 5: Comparison of relative biases of actual bias and second order bias of system
GMM estimator.
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