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1. Introduction
Let s be the space of real valued sequences and any subspace of s is also

called a sequence space. `∞ and c denote the spaces of all bounded and
convergent sequences, respectively.

A lacunary sequence is an increasing sequence θ = (kr) such that k0 =
0, hr = kr − kr−1 → ∞ as r → ∞ .The intervals determined by θ will be
denoted by Ir = (kr−1, kr] and qr = kr/kr−1 .These notations will be used
troughout the paper. The sequence space of lacunary strongly convergent
sequences Nθ was defined by Freedman et al.[5], as following:

Nθ = {x = (xi) ∈ s : limr h
−1
r

∑
i∈Ir
|xi − s| = 0 for some s}.

Orlicz [8] used the idea of Orlicz function to construct the space LM . 
An Orlicz function is a function M : [0, ∞) → [0, ∞) ,which is continuous,
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nondecreasing and convex with M(0) = 0,M(x) > 0 and M(x) → ∞ as
x→∞ .

An Orlicz function M is said to satisfy the ∆2-condition for all values of
u, if there exists constant K > 0, such that M(2u) ≤ KM(u) (u ≥ 0). It
is also easy to see that K > 2 aways holds . The ∆2-condition is equivalent
to the satisfaction of inequality M(Lu) ≤ KLM(u) for all values of u and
L > 1.

Remark 1. An Orlicz function M satisfies the inequality M(λx) <
λM(x) for all λ with 0 < λ < 1.

The following well known inequality will be used troughout the paper;
(1) |ai + bi|pi ≤ T (|ai|pi + |bi|pi),
where ai and bi are complex numbers, T = max(1, 2H−1), and H =

sup pi <∞.

Marouf presented definitions for asymptotically equivalent sequences and
asymptotic regular matrices in [7]. Patterson extended these concepts by
presenting an asymptotically statistical equivalent analog of these definitions
and natural regularity conditions for nonnegative summability matrices in
[9]. Subsequently,many authors have shown their interest to solve different
problems arising in this area (see [2], and [10] ).

The concept of I convergence was introduced by Kostyrko et al. [5], which
is a generalization of statistical convergence. Recently, Das et al. [2,3] unified
these two approaches to introduce new concepts such as I- statistical conver-
gence and I-lacunary statistical convergence and investigated some of their
consequences. More investigations in this direction and more applications
can be found in [1, 3, 4, 11].

In this paper we introduce the concepts asymptotically IpM -lacunary
equivalence with order α and asymptotically IM -lacunary statistical equiv-
alence with order α,by using a non-trivial ideal I , an Orlicz function M
,and a sequence of positive real numbers p = (pk) and also some inclusion
theorems are proved.

2. Definitions and Notations
In this section, we recall the basic definitions and concepts. For simplicity,

below and in what follows limits run to ∞, that is, we use ”limk xk” instead
of ”limk→∞ xk” .
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Definition 2.1. Two nonnegative sequences x = (xk) and y = (yk) are
said to be asymptotically equivalent if limk

xk
yk

= 1,(denoted by x v y).

Definition 2.2. Two nonnegative sequences x = (xk) and y = (yk) are
said to be asymptotically statistical equivalent of multiple L provided that
for every ε > 0,

lim
n

1

n

∣∣∣∣{ k ≤ n :

∣∣∣∣xkyk − L
∣∣∣∣ ≥ ε

}∣∣∣∣ = 0

(denoted by x
S
v y) and simply asymptotically statistical equivalent, if L = 1.

Definition 2.3.Two nonnegative sequences x = (xk) and y = (yk) are
said to be strong asymptotically equivalent of multiple L provided that,

lim
n

1

n

n∑
k=1

∣∣∣∣xkyk − L
∣∣∣∣ = 0

(denoted by x
w
v y) and simply strong asymptotically equivalent, if L = 1.

Definition 2.4. Let θ be a lacunary sequence; the two nonnegative
sequences x = (xk) and y = (yk) are said to be asymptotically lacunary
statistical equivalent of multiple L provided that for every ε > 0,

lim
r

1

hr

∣∣∣∣{ k ∈ Ir :

∣∣∣∣xkyk − L
∣∣∣∣ ≥ ε

}∣∣∣∣ = 0

(denoted by x
Sθv y) and simply asymptotically lacunary statistical equivalent,

if L = 1.
Definition 2.5. Let θ be a lacunary sequence; the two nonnegative

sequences x = (xk) and y = (yk) are said to be strong asymptotically lacunary
equivalent of multiple L provided that,

lim
r

1

hr

∑
k∈Ir

∣∣∣∣xkyk − L
∣∣∣∣ = 0

(denoted by x
Nθv y) and simply strong asymptotically lacunary equivalent, if

L = 1.
Definition 2.6. Let M be any Orlicz function; the two nonnegative

sequences x = (xk) and y = (yk) are said to be M -asymptotically equivalent
of multiple L provided that,

lim
k
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ) = 0
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lim
n

1

n

n∑
k=1

M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ) = 0

for some ρ > 0, (denoted by x
wM
v y) and simply strong M−asymptotically

equivalent, if L = 1.
Definition 2.8. Let M be any Orlicz function and θ be a lacunary

sequence; the two nonnegative sequences x = (xk) and y = (yk) are said to
be strong M -asymptotically lacunary equivalent of multiple L provided that,

lim
r

1

hr

∑
k∈Ir

M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ) = 0

for some ρ > 0, (denoted by x
NM
θv y) and simply strong M -asymptotically

lacunary equivalent, if L = 1.
Let X be a non-empty set. Then P (X) denote the power set of X,

that is, the space of all subsets of X.
Definition 2.9. A family I ⊆ P (X) is said to be an ideal in X if the

following conditions hold:
(i) ∅ ∈ I;
(ii) A,B ∈ I imply A ∪B ∈ I and
(iii) A ∈ I, B ⊂ A imply B ∈ I.
Definition 2.10. A non-empty family F ⊆ P (X) is said to be a filter in

X if the following conditions hold:
(i) ∅ /∈ F ;
(ii) A,B ∈ F imply A ∩B ∈ F and
(iii) A ∈ F,B ⊃ A imply B ∈ F .

An ideal I is said to be non-trivial if I 6= {∅} and X ∈/ I. A non-trivial
ideal I is called admissible if it contains all the singleton sets. Moreover, if
I is a non-trivial ideal on X, then F = F (I) = {X − A : A ∈ I} is a filter
on X and conversely. The filterF (I) is called the filter associated with the
ideal I.
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for some ρ > 0, (denoted by x Mv y) and simply M−asymptotically equivalent, 
if L = 1.

Definition 2.7. Let M be any Orlicz function; the two nonnegative 
sequences x = (xk) and y = (yk) are said to be strong M -asymptotically 
equivalent of multiple L provided that,
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n ∈ N ;
1

n
|{k ≤ n : |xk − L| ≥ ε}| ≥ δ ∈ I.

In this case, we write xk → L(S(I)) or S(I) - limk xk = L.
Definition 2.13 Let I ⊂ P (N) be a non-trivial ideal in N. The two

non-negative sequences x = (xk) and y = (yk) are said to be strongly asymp-
totically equivalent of multiple L with respect to the ideal I provided that
for each ε > 0, {

n ∈ N ;
1

n

n∑
k=1

∣∣∣∣xkyk − L
∣∣∣∣ ≥ ε

}
∈ I,

(denoted by x
I(w)
v y) and simply strongly asymptotically equivalent with

respect to the ideal I, if L = 1.
Definition 2.14. Let I ⊂ P (N) be a non-trivial ideal in N and θ = (kr)

be a lacunary sequence. The two nonnegative sequences x = (xk) and y =
(yk) are said to be asymptotically lacunary statistical equivalent of multiple
L with respect to the ideal I provided that for each ε > 0 and γ > 0,{

r ∈ N ;
1

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣xkyk − L
∣∣∣∣ ≥ ε

}∣∣∣∣ ≥ γ

}
∈ I

(denoted by x 
I(
v
Sθ ) 

y) and simply asymptotically lacunary statistical equiv-
alent with respect to the ideal I, if L = 1.

Definition 2.15. Let I ⊂ P (N) be a non-trivial ideal in N and θ = (kr)
be a lacunary sequence. The two non-negative sequences x = (xk) and y =
(yk) are said to be strongly asymptotically lacunary equivalent of multiple L
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Definition 2.11. Let I ⊂ P (N) be a non-trivial ideal in N . A sequence 
x = (xk) in X is said to be I-convergent to L if for each ε > 0, the set

{k ∈ N : |xk − L| ≥ ε} ∈ I.

In this case, we write I − limk xk = L. Let x = (xk) be a sequence in X. 
Then it is said to be I − null if L = 0. In this case we write I − limk xk = 0.

Definition 2.12. A sequence x = (xk) of numbers is said to be I-

statistical convergent or S(I)-convergent to L, if for every ε > 0 and δ > 0, 
we have { }
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with respect to the ideal I provided that for ε > 0,{
r ∈ N ;

1

hr

∑
k∈Ir

∣∣∣∣xkyk − L
∣∣∣∣ ≥ ε

}
∈ I

(denoted by x
I(Nθ)v y) and simply asymptotically lacunary equivalent

with respect to the ideal I, if L = 1.

Quite recently Bilgin [1] and Savas[11] have given the following defini-
tions.

Definition 2.16. Let I ⊂ P (N) be a non-trivial ideal in N , M be any
Orlicz function, θ = (kr) be a lacunary sequence and p = (pk) be a sequence
of positive real numbers. Two sequences x = (xk) and y = (yk) are said to
be (M, p)-asymptotically lacunary equivalent of multiple L with respect to
the ideal I provided that for each ε > 0,{

r ∈ N ;
1

hr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≥ ε

}
∈ I

for some ρ > 0, (denoted by x
I(N

(M,p)
θ )
v y) and simply (M, p) -asymptotically

lacunary equivalent with respect to the ideal I, if L = 1.

Definition 2.17. Let I ⊂ P (N) be a non-trivial ideal in N ,and θ = (kr)
be a lacunary sequence. Two sequences x = (xk) and y = (yk) are said to be
asymptotically I-lacunary statistical equivalent of order α, where 0 < α ≤ 1,
to multiple L provided that for any ε > 0 and δ > 0,{

r ∈ N ;
1

hαr

∣∣∣∣{k ∈ Ir :

∣∣∣∣xkyk − L
∣∣∣∣ ≥ ε

}∣∣∣∣ ≥ δ

}
∈ I.

In this case we write x
SLθ (I)

α

v y.

Definition 2.18. Let I ⊂ P (N) be a non-trivial ideal in N , θ = (kr)
be a lacunary sequence and p = (pk) be a sequence of positive real numbers.
Two sequences x = (xk) and y = (yk) are said to be strongly asymptotically

I -lacunary equivalent of order α, where 0 < α ≤ 1, to multiple L for the
sequence p provided that for any ε > 0,
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{
r ∈ N ;

1

hαr

∑
k∈Ir

∣∣∣∣xkyk − L
∣∣∣∣pk ≥ ε

}
∈ I

for some ρ > 0, (denoted by x
N
Lp
θ (I)α

v y).
3. Main Results
In this section we shall give some new definitions and also prove some

inclusion relations.
We begin with the following definitions.
Definition 3.1. Let I ⊂ P (N) be a non-trivial ideal in N , M be any

Orlicz function ,and θ = (kr) be a lacunary sequence. Two number sequences
x = (xk) and y = (yk) are said to be asymptotically IM -lacunary statistical
equivalent of order α, where 0 < α ≤ 1, to multiple L provided that for any
ε > 0 and δ > 0.{

r ∈ N ;
1

hαr

∣∣∣∣{k ∈ Ir : M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ) ≥ ε

}∣∣∣∣ ≥ δ

}
∈ I

for some ρ > 0. In this case we write x
IM (Sαθ )
v y. if we put M(x) = x for

x ≥ 0, we write x
I(Sαθ )
v y. Hence x

I(Sαθ )
v y is the same as the x

SLθ (I)
α

v y of
Savas [11].

Definition 3.2. Let I ⊂ P (N) be a non-trivial ideal in N , M be any
Orlicz function, θ = (kr) be a lacunary sequence and p = (pk) be a sequence
of positive real numbers. Two sequences x = (xk) and y = (yk) are said to
be asymptotically IpM -lacunary equivalent of order α, where 0 < α ≤ 1, to
multiple L for the sequence p provided that for any ε > 0,{

r ∈ N ;
1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≥ ε

}
∈ I

for some ρ > 0, (denoted by x
IpM (Nα

θ )v y). If we take α = 1 , we write

x
IpM (Nθ)v y instead of x

IpM (Nα
θ )v y . Hence x

IpM (Nθ)v y is the same as the

x
I(N

(M,p)
θ )
v y of Bilgin [1].

Also if we put M(x) = x for x ≥ 0 , we write x
Ip(Nα

θ )v y instead of

x
IpM (Nα

θ )v y. Hence x
Ip(Nα

θ )v y is the same as the x
N
Lp
θ (I)α

v y of Savas [11].
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If we take ( 1
nα

) instead of ( 1
hαr

),denoted by x
IpM (wα)
v y and simply strongly

Cesaro IpM -asymptotically equivalent of order α, if L = 1.

If we take pk = 1 for all k ∈ N , we write x
IM (Nα

θ )v y instead of x
IpM (Nα

θ )v y.

We now prove some inclusion theorems.

Theorem 3.1. Let I ⊂ P (N) be a non-trivial ideal in N , M be any
Orlicz function , θ = (kr) be a lacunary sequence, p = (pk) be a sequence

of positive real numbers and 0 < α1 ≤ α2 ≤ 1 then x
IpM (N

α1
θ )

v y implies

x
IpM (N

α2
θ )

v y.

Proof. Let 0 < α1 ≤ α2 ≤ 1 and x
IpM (N

α1
θ )

v y. Since hr = kr− kr−1 →∞
as r →∞,we can actually choose r, so that hα1

r ≤ hα2
r and 1

h
α2
r
≤ 1

h
α1
r
. Hence

1

hα2
r

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≤ 1

hα1
r

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
.

And so,{
r ∈ N ;

1

hα2
r

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≥ ε

}
⊂

{
r ∈ N ;

1

hα1
r

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≥ ε

}
.

Finally, we have{
r ∈ N ;

1

hα2
r

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≥ ε

}
∈ I

Hence x
IpM (N

α2
θ )

v y.
One can have the following result by setting α2 = 1 in Theorem 3.1. 
Corollary. Let I ⊂ P (N) be a non-trivial ideal in N , M be any Orlicz

function , θ = (kr) be a lacunary sequence, p = (pk) be a sequence of positive

real numbers, and 0 < α ≤ 1 , then x
IM (Nα

θ )
v y implies x

IM (Nθ)v y.
Theorem 3.2. Let I ⊂ P (N) be a non-trivial ideal in N , M1, M2

be any Orlicz functions, θ = (kr) be a lacunary sequence, p = (pk) be a
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sequence of positive real numbers and 0 < α ≤ 1. Then x
IM1∩M2

((Nα
θ )v y

implies x
I(M1+M2)

(Nα
θ )

v y.

Proof. Now suppose that x
I(M1∩M2)

(Nα
θ )

v y and ε > 0. Let the set

A =

{
r ∈ N ;

1

hαr

∑
k∈Ir

[
M1(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
< ε/2

}

and

B =

{
r ∈ N ;

1

hαr

∑
k∈Ir

[
M2(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
< ε/2

}
be given for some ρ > 0. Then we have,

[
(M1 +M2)(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
= [M1(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ) +M2(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)]pk

≤ T{
[
M1(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
+

[
M2(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
},

with T = max(1, 2H−1), and H = sup pi <∞. So

1

hαr

∑
k∈Ir

[
(M1 +M2)(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≤ T{ 1

hαr

∑
k∈Ir

[
M1(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
+

+
1

hαr

∑
k∈Ir

[
M2(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
}

< Tε = εp.
It follows that for any εp > 0,{

r ∈ N ;
1

hαr

∑
k∈Ir

[
(M1 +M2)(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
< εp

}
∈ F (I)

which yields that x
I(M1+M2)

(Nα
θ )

v y.
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The next theorem shows relationship between the strongly IpM−asymptotically
equivalence and the IpM−asymptotically lacunary equivalence with respect to
the ideal I.

Theorem 3.3. Let I ⊂ P (N) be a non-trivial ideal in N , M be any
Orlicz function, θ = (kr) be a lacunary sequence, p = (pk) be a sequence of
positive real numbers and 0 < α ≤ 1. Then following propositions are true.

(i) If supr
1

kαr−1

r∑
m=1

(km − km−1)α = B(say) < ∞ then x
IpM (Nα

θ )v y implies

x
IpM (wα)
v y,

(ii) If supr
kr
hαr

= C(say) <∞ then x
IpM (wα)
v y implies x

IpM (Nα
θ )v y.

Proof. (i): Now suppose that x
IpM (Nα

θ )v y and ε > 0. Let

A =

{
r ∈ N ;

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
< ε

}
,

for some ρ > 0. Hence,for all j ∈ A and for some ρ > 0 , we have

Hj =
1

hαj

∑
k∈Ij

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
< ε.

Choose n is any integer with kr ≥ n > kr−1 where r ∈ A. Now write

1

nα

n∑
k=1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≤ 1

kαr−1

kr∑
k=1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk

=
1

kαr−1

{∑
k∈I1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
+ ...+

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk}

=
1

kαr−1

{
kα1
hα1

∑
k∈I1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
+ ...+

(kr − kr−1)α

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk}

=
1

kαr−1

{
kα1H1 + (k2 − k1)αH2 + ...+ (kr − kr−1)αHr

}
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=
1

kαr−1

r∑
m=1

km − km−1
hαm

∑
k∈Im

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk

=
1

kαr−1

r∑
m=1

(km − km−1)αsup
j∈A

Hj

≤ Bsup
j∈A

Hj

< Bε = εp.
It follows that for any εp > 0,{

n ∈ N ;
1

nα

n∑
k=1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
< εp

}
∈ F (I)

since for any set

A ∈ F (I),∪{n : kr−1 < n < kr, r ∈ A} ∈ F (I).

which yields that x
IpM (wα)
v y.

(ii): Let x
IpM (wα)
v y. Let us take ε > 0 and define the set,

A =

{
kr ∈ N ;

1

kr

kr∑
k=1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
< ε

}
,

for some ρ > 0. We have A ∈ F (I), which is the filter of the ideal I. For each
kr ∈ A, we have, for some ρ > 0,

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
=

1

hαr

kr∑
k=1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
− 1

hαr

kr−1∑
k=1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk

≤ 1

hαr

kr∑
k=1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk

≤ kr
hαr

1

kr

kr∑
k=1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
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< Cε = εp

It follows that for any εp > 0,{
r ∈ N ;

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
< εp

}
∈ F (I)

which yields that x
IpM (Nα

θ )v y.
Now we give relation between asymptotically I-lacunary statistical

equivalence and IpM -asymptotically lacunary equivalence of order α.

Theorem 3.4. Let I ⊂ P (N) be a non-trivial ideal in N , M be any
Orlicz function , θ = (kr) be a lacunary sequence, p = (pk) be a sequence of
positive real numbers and 0 < α ≤ 1. If h = inf pk ≤ sup pk = H <∞ , then

x
IpM (Nα

θ )v y implies x
I(Sαθ )
v y.

Proof. Take ε > 0 and let
∑
1

denote the sum over k ∈ Ir, with
∣∣∣xkyk − L∣∣∣ ≥

ε. Then,

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≥ 1

hαr

∑
1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk

≥ 1

hαr

∣∣∣∣{k ∈ Ir :

∣∣∣∣xkyk − L
∣∣∣∣ ≥ ε

}∣∣∣∣M(ε/ρ)pk

≥ 1

hαr

∣∣∣∣{k ∈ Ir :

∣∣∣∣xkyk − L
∣∣∣∣ ≥ ε

}∣∣∣∣min{M(ε/ρ)h,M(ε/ρ)H}

and {
r ∈ N ;

1

hαr

∣∣∣∣{k ∈ Ir :

∣∣∣∣xkyk − L
∣∣∣∣ ≥ ε

}∣∣∣∣ ≥ γ

}

⊆

{
r ∈ N ;

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣)]pk ≥ γmin{M(ε/ρ)h,M(ε/ρ)H}

}
∈ I.

But then, by definition of an ideal, later set belongs to I, and therefore

x
I(Sαθ )
v y.
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Theorem 3.5. Let I ⊂ P (N) be a non-trivial ideal in N , M be any
Orlicz function, θ = (kr) be a lacunary sequence, p = (pk) be a sequence of
positive real numbers and 0 < α ≤ 1. If h = inf pk ≤ sup pk = H <∞, then

x
IpM (Nα

θ )v y implies x
IM (Sαθ )
v y,

Proof. Take ε > 0 and let
∑
1

denote the sum over k ∈ Ir with

M(
∣∣∣xkyk − L∣∣∣ /ρ) ≥ ε. Then,

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≥ 1

hαr

∑
1

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk

≥ 1

hαr

∣∣∣∣{k ∈ Ir : M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ) ≥ ε

}∣∣∣∣ (ε)pk

≥ 1

hαr

∣∣∣∣{k ∈ Ir : M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ) ≥ ε

}∣∣∣∣min{εh, εH}

and {
r ∈ N ;

1

hαr

∣∣∣∣{k ∈ Ir : M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ) ≥ ε

}∣∣∣∣ ≥ γ

}

⊆

{
r ∈ N ;

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≥ γmin{εh, εH}

}
∈ I.

But then, by definition of an ideal, later set belongs to I and therefore x
IM (Sαθ )
v

y.
Theorem 3.6. Let I ⊂ P (N) be a non-trivial ideal in N , M be any Or-

licz function that satisfy the ∆2-condition, θ = (kr) be a lacunary sequence,

and 0 < α ≤ 1. Then x
I(Sαθ )
v y implies x

IM (Sαθ )
v y.

Proof. Let x
I(Sαθ )
v y and ε > 0. We choose 0 < δ < 1 such that

M(u) < ε/2 for every u with 0 ≤ u ≤ δ.

Let (
∣∣∣xkyk − L∣∣∣ /ρ) ≤ δ , then M(

∣∣∣xkyk − L∣∣∣ /ρ) < ε/2 . For (
∣∣∣xkyk − L∣∣∣ /ρ) > δ

we use the fact that (
∣∣∣xkyk − L∣∣∣ /ρ) < (

∣∣∣xkyk − L∣∣∣ /ρ)/δ < 1 + (
∣∣∣xkyk − L∣∣∣ /ρ)/δ.

Since M is non-decreasing and convex, it follows that
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M(
∣∣∣xkyk − L∣∣∣ /ρ) < M(1+(

∣∣∣xkyk − L∣∣∣ /ρ)/δ) < 1
2
M(2)+1

2
M(2(

∣∣∣xkyk − L∣∣∣ /ρ)/δ).

Since M satisfies the ∆2-condition, therefore

M(
∣∣∣xkyk − L∣∣∣ /ρ) < 1

2
K((

∣∣∣xkyk − L∣∣∣ /ρ)/δ) M(2)+ 1
2
K((

∣∣∣xkyk − L∣∣∣ /ρ)/δ)M(2)

= K(
∣∣∣xkyk − L∣∣∣ /ρ)/δ)M(2).

Hence.

M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ) ≤ K(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)/δ)M(2) + ε/2.

Thus {
r ∈ N ;

1

hαr

∣∣∣∣{k ∈ Ir : M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ) ≥ ε

}∣∣∣∣ ≥ γ

}

⊂
{
r ∈ N ;

1

hαr

∣∣∣∣{k ∈ Ir :

∣∣∣∣xkyk − L
∣∣∣∣ ≥ ερδ/2KM(2)

}∣∣∣∣ ≥ γ

}
.

Since x
I(Sαθ )
v y it follows the later set, and hence, the first set in above

expression belongs to I. This proves that x
IM (wα)
v y.

Let pk = p for all k , tk = t for all k and 0 < p ≤ t. Then we can give
following theorem.

Theorem 3.7. Let I ⊂ P (N) be a non-trivial ideal in N , M be an Orlicz

function, θ = (kr) be a lacunary sequence and 0 < α ≤ 1 then x
ItM (Nα

θ )v y

implies x
IpM (Nα

θ )v y.

Proof. Let x
ItM (Nα

θ )v y. It follows from Holder’s inequality,

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]p
≤ (

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]t
)p/t

and {
r ∈ N ;

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]p
≥ ε

}
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⊆
{
r ∈ N ; 1

hαr

∑
k∈Ir

[
M(
∣∣∣xkyk − L∣∣∣ /ρ)

]t
≥ εt/p

}
∈ I. Thus

we have x
IpM (Nα

θ )v y.
We now consider that (pk) and (tk) are not constant sequences.
Theorem 3.8. Let I ⊂ P (N) be a non-trivial ideal in N , M be an

Orlicz function, θ = (kr) be a lacunary sequence, 0 < pk ≤ tk for all k,

(tk/pk) be bounded, and 0 < α ≤ 1, then x
ItM (Nα

θ )v y implies x
IpM (Nα

θ )v y.

Proof. Let x
ItM (Nα

θ )v y. zk =
[
M(
∣∣∣xkyk − L∣∣∣ /ρ)

]tk
and λk = (pk/ tk), so

that for 0 < λ ≤ λk ≤ 1, we define the sequences (uk) and (vk) as follows.
For zk ≥ 1;let uk = zk and vk = 0 and for zk < 1; let vk = zk and uk = 0.
Then, we have, zk = uk+ vk; z

λk
k = uλkk + vλkk . Now it follows that uk

λk ≤ uk
≤ zk and vλkk ≤ vλk . Therefore,

1

hαr

∑
k∈Ir

zλkk =
1

hαr

∑
k∈Ir

(uλkk + vλkk )

≤ 1

hαr

∑
k∈Ir

zk +
1

hαr

∑
k∈Ir

vλk .

Now for each r;

1

hαr

∑
k∈Ir

vλk =
∑
k∈Ir

(
1

hαr
vk)

λ(
1

hαr
)1−λ

≤ (
∑
k∈Ir

[
(

1

hαr
vk)

λ

]1/λ
)λ(
∑
k∈Ir

[
(

1

hαr
)1−λ

]1/1−λ
)1−λ

< (
1

hr

∑
k∈Ir

vk)
λ.

and so

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
=

1

hαr

∑
k∈Ir

zλkk ≤
1

hαr

∑
k∈Ir

zk + (
1

hαr

∑
k∈Ir

vk)
λ

=


1
hαr

∑
k∈Ir

zk , zk ≥ 1

1
hαr

∑
k∈Ir

zk + ( 1
hαr

∑
k∈Ir

zk)
λ , zk < 1


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≤


1
hαr

∑
k∈Ir

zk , zk ≥ 1

2( 1
hαr

∑
k∈Ir

zk)
λ , zk < 1

 .

If
1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≥ ε

then 
1
hαr

∑
k∈Ir

[
M(
∣∣∣xkyk − L∣∣∣ /ρ)

]tk
≥ ε , zk ≥ 1

1
hαr

∑
k∈Ir

[
M(
∣∣∣xkyk − L∣∣∣ /ρ)

]tk
≥
(
ε
2

)1/λ
, zk < 1

 .

Hence {
r ∈ N ;

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]pk
≥ ε

}

⊆

{
r ∈ N ;

1

hαr

∑
k∈Ir

[
M(

∣∣∣∣xkyk − L
∣∣∣∣ /ρ)

]tk
≥ min

{
ε,
(ε

2

)1/λ}}
∈ I.

Thus we have x
IpM (Nα

θ )v y.
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