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Abstract: In this study, we introduced the concepts asymp-
totically I}, -lacunary equivalence with order o and asymptotically Iy-
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1. Introduction

Let s be the space of real valued sequences and any subspace of s is also
called a sequence space. (. and c denote the spaces of all bounded and
convergent sequences, respectively.

A lacunary sequence is an increasing sequence 6 = (k,) such that ko =
0,h, = k., — k.1 — o0 as r — oo .The intervals determined by 6 will be
denoted by I, = (k,_1,k.] and ¢, = k,./k._1 .These notations will be used
troughout the paper. The sequence space of lacunary strongly convergent
sequences Ny was defined by Freedman et al.[5], as following:

Ny ={x = (x;) € s:lim, h ' Y |z; — s| = 0 for some s}.
i€l,
Orlicz [8] used the idea of Orlicz function to construct the space LY.
An Orlicz function is a function M : [0, co) — [0, 0c0) ,which is continuous,
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nondecreasing and convex with M (0) = 0, M(x) > 0 and M(x) — oo as
T — 00 .

An Orlicz function M is said to satisfy the As-condition for all values of
u, if there exists constant K > 0, such that M (2u) < KM(u) (u > 0). It
is also easy to see that K > 2 aways holds . The As-condition is equivalent
to the satisfaction of inequality M (Lu) < K LM (u) for all values of w and
L>1.

Remark 1. An Orlicz function M satisfies the inequality M(Az) <
AM (z) for all A with 0 < A < 1.

The following well known inequality will be used troughout the paper;

(1) |ai 4 bil?* < T(laq P + [bs[™"),

where a; and b; are complex numbers, 7" = max(1,277!), and H =
sup p; < 00.

Marouf presented definitions for asymptotically equivalent sequences and
asymptotic regular matrices in [7]. Patterson extended these concepts by
presenting an asymptotically statistical equivalent analog of these definitions
and natural regularity conditions for nonnegative summability matrices in
[9]. Subsequently,many authors have shown their interest to solve different
problems arising in this area (see [2], and [10] ).

The concept of I convergence was introduced by Kostyrko et al. [5], which
is a generalization of statistical convergence. Recently, Das et al. [2,3] unified
these two approaches to introduce new concepts such as I- statistical conver-
gence and [-lacunary statistical convergence and investigated some of their
consequences. More investigations in this direction and more applications
can be found in [1, 3, 4, 11].

In this paper we introduce the concepts asymptotically I3, -lacunary
equivalence with order a and asymptotically [,,-lacunary statistical equiv-
alence with order «a,by using a non-trivial ideal [ , an Orlicz function M
,and a sequence of positive real numbers p = (px) and also some inclusion
theorems are proved.

2. Definitions and Notations

In this section, we recall the basic definitions and concepts. For simplicity,
below and in what follows limits run to oo, that is, we use ”limy x;” instead
of "limy_, o 1" .
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Definition 2.1. Two nonnegative sequences = = (z3) and y = (y;) are
said to be asymptotically equivalent if limy, z—: = 1,(denoted by x « y).

Definition 2.2. Two nonnegative sequences x = () and y = (y) are
said to be asymptotically statistical equivalent of multiple L provided that

for every ¢ > 0,
{k‘gn: %—L'ZE}
Yk

(denoted by x & y) and simply asymptotically statistical equivalent, if L = 1.
Definition 2.3.Two nonnegative sequences x = (xy) and y = (yi) are

said to be strong asymptotically equivalent of multiple L provided that,
1

lim —
non
k=

lim — =0

n n

n

E—L‘:O
11 Yk

(denoted by z < 7) and simply strong asymptotically equivalent, if L = 1.

Definition 2.4. Let 6 be a lacunary sequence; the two nonnegative
sequences * = (x) and y = (yx) are said to be asymptotically lacunary
statistical equivalent of multiple L provided that for every € > 0,

{renfii]=e]

(denoted by x ¥4 y) and simply asymptotically lacunary statistical equivalent,
if L=1.

Definition 2.5. Let 6 be a lacunary sequence; the two nonnegative
sequences = = (xy) and y = (y,) are said to be strong asymptotically lacunary
equivalent of multiple L provided that,

1

lim —

" hy £

=0

1
lim —
im n

E—L‘—O
o7, | Yk

(denoted by = % y) and simply strong asymptotically lacunary equivalent, if
L=1.

Definition 2.6. Let M be any Orlicz function; the two nonnegative
sequences = = (xy) and y = (yx) are said to be M-asymptotically equivalent
of multiple L provided that,

hm M(

‘/p =0
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for some p > 0, (denoted by x U y) and simply M —asymptotically equivalent,
if L=1.

Definition 2.7. Let M be any Orlicz function; the two nonnegative
sequences © = (zp) and y = (yx) are said to be strong M-asymptotically
equivalent of multiple L provided that,

111£nnZM

'/p—O

for some p > 0, (denoted by x ol y) and simply strong M —asymptotically
equivalent, if L = 1.

Definition 2.8. Let M be any Orlicz function and 6 be a lacunary
sequence; the two nonnegative sequences = = (xy) and y = (yx) are said to
be strong M-asymptotically lacunary equivalent of multiple L provided that,

hm—ZM

" kel

‘/,0—0

M

for some p > 0, (denoted by x e y) and simply strong M-asymptotically
lacunary equivalent, if L = 1.
Let X be a non-empty set. Then P(X) denote the power set of X

that is, the space of all subsets of X.

Definition 2.9. A family I C P(X) is said to be an ideal in X if the
following conditions hold:

i) 0 eI,

(i) A,B € I imply AUB € I and

(ii) Ae I,BC Aimply B € I.

Definition 2.10. A non-empty family /' C P(X) is said to be a filter in
X if the following conditions hold:

() 0 ¢ F;

(i) A, B € F imply AN B € F and

(iii) Ae F,BD Aimply B € F.

An ideal [ is said to be non-trivial if I # {0} and X ¢ I. A non-trivial
ideal I is called admissible if it contains all the singleton sets. Moreover, if
I is a non-trivial ideal on X, then F' = F(I) = {X — A: A € I} is a filter
on X and conversely. The filter F(I) is called the filter associated with the
ideal I.
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Definition 2.11. Let I C P(N) be a non-trivial ideal in N. A sequence
x = (z1) in X is said to be I-convergent to L if for each € > 0, the set

{ke€N:|zy— Ll >c} el

In this case, we write I — limyx, = L. Let x = (x3) be a sequence in X.
Then it is said to be I —null if L = 0. In this case we write I — limy x;, = 0.

Definition 2.12. A sequence 1z = (xj) of numbers is said to be I-

statistical convergent or S(I)-convergent to L, if for every ¢ > 0 and 6 > 0,

we have 1
neN;—|{k§n:|xk—L|25}|25}e[.
n

In this case, we write x;, — L(S(I)) or S(I) - limy z = L.

Definition 2.13 Let I C P(N) be a non-trivial ideal in N. The two
non-negative sequences = (z3) and y = (yx) are said to be strongly asymp-
totically equivalent of multiple L with respect to the ideal I provided that
for each ¢ > 0,

1 u T
€ N;— — =Ll > el
Uenili -z

11 Yk

(denoted by =z & y) and simply strongly asymptotically equivalent with
respect to the ideal I, if L = 1.

Definition 2.14. Let I C P(N) be a non-trivial ideal in N and 0 = (k,.)
be a lacunary sequence. The two nonnegative sequences x = (xy) and y =
(yx) are said to be asymptotically lacunary statistical equivalent of multiple
L with respect to the ideal I provided that for each € > 0 and v > 0,

1
{rEN;h— {/{:EIT: %—L‘Za}’ 27}61

Yk
I(So) . . .. .
(denoted by = " y) and simply asymptotically lacunary statistical equiv-
alent with respect to the ideal I, if L = 1.

Definition 2.15. Let I C P(N) be a non-trivial ideal in N and 6 = (k)
be a lacunary sequence. The two non-negative sequences z = (z) and y =
(yx) are said to be strongly asymptotically lacunary equivalent of multiple L

5
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with respect to the ideal I provided that for € > 0,

%—L‘zg}el

(denoted by =z ¢ y) and simply asymptotically lacunary equivalent
with respect to the ideal I, if L = 1.

Quite recently Bilgin [1] and Savas[11] have given the following defini-
tions.

Definition 2.16. Let I C P(N) be a non-trivial ideal in N, M be any
Orlicz function, 6 = (k,) be a lacunary sequence and p = (p) be a sequence
of positive real numbers. Two sequences = = () and y = (y,) are said to
be (M, p)-asymptotically lacunary equivalent of multiple L with respect to
the ideal I provided that for each € > 0,

‘M] >6}€1
(M,p)

{T e b3 [
" kel

for some p > 0, (denoted by & " y) and simply (M, p) -asymptotically
lacunary equivalent with respect to the ideal I, if L = 1.

Definition 2.17. Let I C P(N) be a non-trivial ideal in N ,and 0 = (k)
be a lacunary sequence. Two sequences x = (zy) and y = (y) are said to be
asymptotically I-lacunary statistical equivalent of order a;, where 0 < a < 1,
to multiple L provided that for any € > 0 and 6 > 0,

{reN 1 {ke[ ——L‘ }25}6[
he Yk

. . Sg(1)>
In this case we write = "' .

Definition 2.18. Let I C P(N) be a non-trivial ideal in N , 6 = (k;)
be a lacunary sequence and p = (px) be a sequence of positive real numbers.
Two sequences z = () and y = (yx) are said to be strongly asymptotically
I -lacunary equivalent of order «a, where 0 < o < 1, to multiple L for the
sequence p provided that for any € > 0,
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for some p > 0, (denoted by x "~ y).

3. Main Results

In this section we shall give some new definitions and also prove some
inclusion relations.

We begin with the following definitions.

Definition 3.1. Let I C P(N) be a non-trivial ideal in N , M be any
Orlicz function ,and 6 = (k) be a lacunary sequence. T'wo number sequences
x = (xx) and y = (yx) are said to be asymptotically [j-lacunary statistical
equivalent of order «, where 0 < a < 1, to multiple L provided that for any

e>0andd > 0.
1

{reNh ‘/p) }25}6[

In(S)

for some p > 0. In this case we write = " y. if we put M(z) = x for
: 1(S§) 1(sg) . Sg(1)®
xr > 0, we write x " y. Hence =« y is the same as the x "~y of

Savas [11].

Definition 3.2. Let I C P(N) be a non-trivial ideal in N, M be any
Orlicz function, 6 = (k,) be a lacunary sequence and p = (px) be a sequence
of positive real numbers. Two sequences x = () and y = (yx) are said to
be asymptotically I}, -lacunary equivalent of order o, where 0 < a < 1, to
multiple L for the sequence p provided that for any € > 0,

{reN;%Z{M( ’/p] >5}EI

" kel
y). If we take a = 1, we write

{ke[ M(
Yk

Iy (Ng)

for some p > 0, (denoted by x

Iy (Ng) . Iy (Ng) Iy(Ng) .
r M7 y instead of x M’ Hence 2 ™~ y is the same as the
I(N(]\/[ap)

r & yof Bilgin [1).
. . IP(Ng)
Also if we put M(z) = x for x > 0, we write x "~ y instead of

®,(Ng) IP(N) Lp

] 6 . NG (I)CY
x """ y. Hence © "y is the same as the z "~~~ y of Savas [11].
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fe%

P w
If we take ( - ) instead of ( ~),denoted by z T ™) y and simply strongly
Cesaro I}, -asymptotically equlvalent of order «, if L = 1.
. Iy (Ng) . I3, (Ng)
If we take p,, = 1 for all £k € N, we write z “ " " y instead of x "~

We now prove some inclusion theorems.

Theorem 3.1. Let I C P(N) be a non-trivial ideal in N ; M be any
Orlicz function , # = (k,) be a lacunary sequence, p = (pk) be a sequence
(N

of positive real numbers and 0 < a3 < ap < 1 then 2 Y’ "y implies
I (Ng2)

P a1

Iy (Ng ) .
Proof. Let 0 <a; <ay<landx ~ -« " y.Since h, =k, —k,_1 — o0

as r — oo,we can actually choose r, so that A%t < h%? and hiz < }f% Hence
1 Tp Pk 1 Tp Pk
M(|— —L < M(|—= - L )
i |2 = 1] )] < g 3 M2 - 2 )
kel kel,
And so,
N 3 (-] ze b e dre w5 T2 - o 1)
r ey P =¢ r " par o
hr kel Yk g hr kel Yr ’

Finally, we have

1

kel

Iy (Ng?)

‘/p} 25}6]
Hence = & -

One can have the following result by setting a.o =1 in Theorem 3.1.
Corollary. Let I C P(N) be a non-trivial ideal in N | M be any Orlicz
function , = (k,) be a lacunary sequence, p = (py.) be a sequence of positive

I, (NS I,(N,
real numbers, and 0 < a <1, then =z A y implies x u Qo)

Theorem 3.2. Let I C P(N) be a non-trivial ideal in N, M;, M,
be any Orlicz functions, 6 = (k,.) be a lacunary sequence, p = (px) be a

ze}.
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. I ((Ng)
sequence of positive real numbers and 0 < o < 1. Then z MG

i ) Ty +00) (NG)
implies x A

Iy gy (NgY)

y and € > 0. Let the set
——L'/p] <6/2}

——L’/p] <a/2}

Proof. Now suppose that z

A:{TEN;%Z{Ml(

" kel

and

B:{reN;h—laZ[MQ(

" kel

be given for some p > 0. Then we have,

o5

Mﬁ _ [

——4m+%<

——L'/p

AP

——L’/P] lM2(

with 7' = max(1, 2771, and H = supp; < co. So

21l 0]

h—Z[M1+M2

" kel

‘/p} <T{—Z{Ml

7" kel

——L‘/p] +

+os Z{M2

" kel

——L’/p}

<Te=c¢.
It follows that for any &' > 0,

{r € N; h—la 3 [(M1 + M) z]’:

" kel

Mﬂm<*eﬂﬂ

I(ary 4+ 1) (NG
N

which yields that x
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The next theorem shows relationship between the strongly I}, —asymptotically
equivalence and the I}, —asymptotically lacunary equivalence with respect to
the ideal I.

Theorem 3.3. Let [ C P(N) be a non-trivial ideal in N, M be any
Orlicz function, 6 = (k,) be a lacunary sequence, p = (px) be a sequence of
positive real numbers and 0 < a < 1. Then following propositions are true.

T IP N&
(i) If sup, =— > (km — km—1)* = B(say) < oo then z n 8 y implies
r—1 —
Iﬁl(wa)
r -y

I (NG)

P (w®
(i) If sup, £= = C(say) < oo then x ) y impliesx """ y.
P o

. I (NG
Proof. (i): Now suppose that x """y and € > 0. Let

1
A:{TEN;h—?Z{M( ‘/p} <5}
kel,
for some p > 0. Hence,for all j € A and for some p > 0 , we have

Hj:%Z{M(

J kEI]'

‘ /p } <e.
Choose n is any integer with k. > n > k,_; where r € A. Now write

= [ o]

- ifu]"}

k.

o] =g

lel

M +-~-+Z[

kel

“ S [0

kel

:k;_l{%g{ ‘//)] +...+W§{M(%_L‘/m]pk}

= o (P E o+ (b = k) ot (h, — B H )
r—1
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r

1 Ky — K
TR 2 he, 2 [M(

m=1 k€lm,

r

1
== E (K — Kkm—1)“supH,
r—1

m=1

< BsupH;
jEA
< Be =¢".
It follows that for any &' > 0,

{nGN;n—lazn:{M(

k=1

% . L' /p)rk < 5} e F(I)

since for any set
Ae F(I),U{n: k1 <n<k,reA}eF(I).

. . Ii{(wa)
which yields that x "« " .

D @

(ii): Let = far ) y. Let us take ¢ > 0 and define the set,
1 &
A= {k; eN;k—Tz {M(

Pk
%_L‘/p)] <&/,
— Yk

k
for some p > 0. We have A € F(I), which is the filter of the ideal I. For each
k. € A, we have, for some p > 0,

1 Z|: T Pk 1 i T Pk 1 v T Ph
e el D ol e Vo] R el R e 1)
hs kel, Yk = Yk he = Yk
k.
1 «— x Pk
< 3 M2 - o))
k
]CT 1 . T :|pk
< LS a2 g
<> (2 -z o
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<(Ce=¢
It follows that for any &' > 0,

{re g3

T kel

SLE

< g} e F(I)

I3 (Ng)

which yields that x """ y.
Now we give relation between asymptotically [I-lacunary statistical
equivalence and I%,-asymptotically lacunary equivalence of order a.

Theorem 3.4. Let I C P(N) be a non-trivial ideal in N, M be any
Orlicz function , # = (k,) be a lacunary sequence, p = (px) be a sequence of

positive real numbers and 0 < o < 1. If h = inf pp, < suppr = H < oo, then
2, (Ng) 1(5%)
xr Ty implies x o« y.

Proof. Takee > 0 and let ) denote the sum over k € I, with - L‘ >
1
e. Then,
Pk 1
3 2t n]" 2 L5 2 -]
hy kelr "ol
> L {k el |t ‘ > g} M(e/p)P
hy Yk
1
> e {k €l : ? — L’ > 5}‘ min{ M (g/p)", M(g/p)™}
r k
and
{reN,— {k:e]r ﬁ—L‘ }‘ 27}
h Yk

Yk

g{reN;h—laZ{M(

" kel

T _ LMM = Vmin{M(E/ﬂ)h’M@/f))H}} o

But then, by definition of an ideal, later set belongs to I, and therefore
1(5§)
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Theorem 3.5. Let I C P(N) be a non-trivial ideal in N, M be any
Orlicz function, 6 = (k,) be a lacunary sequence, p = (px) be a sequence of

positive real numbers and 0 < o < 1. If h = inf p, < supp, = H < 00, then
I3, (NG I (S§)
'A%y implies 7 -

Proof. Take ¢ > 0 and let Y denote the sum over k € I, with
1

M{(|% ~ L| /p) = e. Then,
Tgﬂ /4mzégﬁw%—4mr
> i frenm(Z o)z}
> h—la {k e M(| - L‘ Ip) > g}‘ min{e", =7}
and

)/p ] > ymin{eh,eH}} el

T kel

I
But then, by definition of an ideal, later set belongs to I and therefore x M
Y.
Theorem 3.6. Let I C P(N) be a non-trivial ideal in N, M be any Or-

licz function that satisfy the As-condition, € = (k) be a lacunary sequence,

I1(Sg I (S
and 0 < o < 1. Then z ) y implies ) Y

[e73

s
Proof. Let x e y and € > 0. We choose 0 < 0 < 1 such that
M(u) < €/2 for every u with 0 < u < 4.

Let(%_L‘/P)§5,thenM(z—:—L)/p)<€/2.For(

we use the fact that (|3 —L’/p) < (|32 —L‘/p)/ts <1+
Since M is non-decreasing and convex, it follows that

L — L) /p) > 9
5 — L /)5
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M5~ L] /p) < MO+(|2 = L] /9)/8) < IM@)+3M (|2 - L] /0)/5).
Since M satisfies the AQ condition, therefore
M|z — | fp) < 3|2 — L] f0)0) M@+ 3K 2 2| pysnr)
= K (|2 - L) /0)/9)M(2).
Hence.
M( ’/ ‘/p/é (2) 4 ¢/2.

Thus

{TGN;h_lg {k:e] M( ‘/p H 27}

c {reN;% {keIT: %—L‘ 25,05/2KM(2)H 27}.

[e%

(s
Since x ) y it follows the later set, and hence, the first set in above

expression belongs to I. This proves that x Tna () y
Let pp = pforall k,t, =t for all k and 0 < p < t. Then we can give

following theorem.

Theorem 3.7. Let I C P(N) be a non-trivial ideal in N, M be an Orlicz

It (Ng
function, 6 = (k,) be a lacunary sequence and 0 < a < 1 then = n (i)
SR I (Ng)
implies x """y
Iy (Ng) : .
Proof. Let x """ y. It follows from Holder’s inequality,
1 p/t
—Z | <= | M ( /p)
’" kel " kel
and
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g{rEN,hQZ [M

kel

t
—L‘ /p)} > at/p} € I. Thus
2 (Ng
we have x Mx(/w : Y.
We now consider that (pg) and (fx) are not constant sequences.
Theorem 3.8. Let I C P(N) be a non-trivial ideal in N , M be an
Orlicz function, § = (k,) be a lacunary sequence, 0 < pr < t; for all k,

t [ [

I (NG)

(tx/pr) be bounded, and 0 < a < 1, then x LN y implies z """ .
It (N@ t
Proof. Let z () Y. zp = [M( e — L‘ /p)} *and A = (pr/ tx), so

that for 0 < A < A\, < 1, we define the sequences (ug) and (vg) as follows.
For 2z > 1ilet up = 2z, and vy = 0 and for z, < 1; let v, = 2z, and u;, = 0.
Then, we have, zk = Up+ Vi; z,? = u k4 v,;\’“. Now it follows that ug M < uy
< 2, and v)* < v}. Therefore,

1
A =

T kel 7" kEL,

s%z 3w
7" cl,

’” keI,

Now for each r;

_Z Z_“k a -

g kel, kel hi
1 1/ 1/1-X
<G| PG
kel, r kel
1 A
< (= w)
" kel,
and so
1 Tp A
L R TP ) SRR SRR B,
" kel Y T kel " kel ’” kel,
kelr

15
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< 1T kel \
- 2(h_°‘ Z Zk) , e < 1
" kel
If Pk
1 T
= M2, >
3 (2 ]/m] :
kel,
then
t
I (R AV T
kel, .
k
X £ /
me [z -] 2 " a<
kel,
Hence
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