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Abstract 

It is investigated that Fan-Gottesman compactification of ( )X d,  is homeomorphic to the completion of 

X dφ 
 
 

,  totally bounded metric space. As application, we construct Fan-Gottesman compactification of 

n
Ed 

 
 

, ,  where Ed  is the euclidean metric and 2n ≥  and show that Fan-Gottesman compactification of 

n
Ed 

 
 

,  is homeomorphic to its completion. 
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1. The Metric ,mdφ   

Let ( )X d,  be a metric space and m X∈ .  Suppose that X Xφ : × →   is a nonnegative 

symmetric function. As a usual, two metrics 1d  and 2d  on a set X  are called equivalent if ( )1X d,  

and ( )2X d,  are homeomorfic.It is defined a metric ,mdφ  on X  which is equivalent to d  in [1]. For 

each x y X, ∈ ,  let  
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 ( ) ( ) ( ) ( ) ( )
1 1min

1 1
m x y d x y x y

d m x d m y
φδ φ,   , = , , + , + + , + ,  

 

And for each x y X, ∈  and n∈ ,  let  

 ( ){ }0 1 0 and for alln
x y n n ix x x x x x y x X i,Γ = , ,..., : = , = ∈  

and  

 n
x y n x y, ∈ ,Γ = Γ  

Notice that x y,Γ ≠  for all x y X, ∈ . In the following definition, the infimum runs over all elements 

of x y,Γ .   

1.1. Definition: 

Suppose that x y X, ∈  . Let  

 ( ) ( ), ,
1

1
inf

x y

nm m
i i

i
d x y x xφ φδ

,
−Γ =

, = ,  

For the sake of simplicity, It is simply writen dφ ,  φδ  to denote mdφ, ,  mφδ ,  respectively. In 

particular, it is writen as  

 ( ) ( )1
1

inf
x y

n
i i

i
d x y x xφ φδ

,
−Γ =

, = ,  

Young Deuk Kim showed that dφ  is a metric on X  and X dφ 
 
 

,  is a homeomorphic to ( )X d, . 

Also he investigated that X dφ 
 
 

,  is totally bounded. He construct the completion ( )X ρ,  of totally 

bounded metric space X dφ 
 
 

, . He applied to Euclidean metric space n  with 2n ≥  in [1] . Therefore 

Young Deuk Kim showed that n
Ed 

 
 

,  is totally bounded and construct its completion.  

X  can be desired as the set of equivalence classes of all Cauchy sequences in X dφ 
 
 

,  with the 
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equivalence relation  

 ( )if and only if lim 0i i i ii
x y d x yφ

→∞
, =  

where a point x  in X  is identified to the equivalence class of constant Couchy sequence { }x .   

Suppose that { } { }i ix y X, ∈ .  The metric ρ  is given by  

 { } { } ( )limi i i ii
x y d x yφρ  

 
  →∞

, = ,  

In particular, we have  

 { } { }( ) ( ) for allx y d x y x y Xφρ , = , , ∈  

Notice that X  is dense subset of X  and ( )X ρ,  is a compact metric space.  

2. Fan-Gottesman Compactification 

A compactification of a topological space X  is a compact hausdorff space Y  containing X  as a 

subspace such that X Y= .  It is known that every metric space has a compactification [3]. In addition 

there are a lot of compactification methods appling different topological space such as Aleksandrov 

(one-point), Wallman, Stone-Cech. But we study with Fan-Gottesman compactification.  

Fan-Gottesman compactification of a regular space is introduced and studied by Fan Ky and Noel 

Gottesman. Let β  is a class of open sets in X . β  contains ∅  and satisfies following three 

conditions,  

( )1  If 1 2B B β, ∈ ,  then 1 2B B β∩ ∈   

( )2  If B β∈ , then XX cl B β− ∈ ,  where closure of B  in X  will be denoted Xcl B.   

( )3  For every open set U  in X  and every B β∈  such that Xcl B U⊂  , there exist a set 

D β∈  such that X Xcl B D cl D U⊂ ⊂ ⊂ .  

Then β  is called normal base. 
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It is considered that is a regular space having a normal base for open set which satisfies above three 

properties of normal base. A chain family on β  is a non-empty family of sets of β  such that  

 1 2X X X ncl B cl B cl B∩ ∩...∩ ≠ ∅  

for any finite number of sets iB  of the family. Every chain family on β  is contained in at least one 

maximal chain family on β  from Zorn lemma. Maximal chain families on β  will be denoted by letters 

as a b∗ ∗, , ...and also the set of all maximal chain families on β  will be denoted by X ∗ . X ∗  is a 

compact hausdorff spaces and compactification of regular spaces. Afterwards this compactification is 

called Fan-Gottesman compactification [2].  

We apply Fan-Gottesman compactification to metric space ( )X d, .  Firstly, we take a base β  for 

open set in metric space ( )X d, .  We check whether β  satisfies normal base conditions or not. β  

consist of ( ) ( ){ }S p x d p xδ δ δ, = : , , ∈   for p X∀ ∈ .   

( )1  If ( )1S p δ, ,  ( )2S p δ β, ∈ ,  then we must show ( ) ( )1 2S p S pδ δ β, ∩ , ∈ .  

i) If ( ) ( )1 2S p S pδ δ, ∩ , = ∅,  it is trivial.  

ii) If ( ) ( )1 2S p S pδ δ, ∩ , ≠ ∅,  ( ) ( )1 2S p S pδ δ, ∩ ,  is a open set in ( )X d, .  Since 

intersection of two open set is open in metric space.  

( )2  If ( )S p δ β, ∈ ,  then we must show ( )( )X cl S p δ β− , ∈ ,  where closure of B  in X  

will be denoted clB.  If we show that every point of ( )( )X cl S p δ− ,  is a interior point of it, the proof 

is completed. Let x  be a arbitrary point in ( )( )X cl S p δ− , .  Then x X∈  and ( )( )x cl S p δ∉ , .  

Since ( )X d,  is a metric space, there exist ( )S x ε∃ ,  such that ( ) ( )( )x S x X cl S pε δ∈ , ⊂ − , .  

Thus ( )( )X cl S p δ− ,  is open and ( )( )X cl S p δ β− , ∈ .   

( )3  We take ( )U S p δ= ,  and ( )3B S p δ= , such that clB U⊂ . Therefore there exists a set 
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( )2D S p δ β= , ∈  for every Rδ ∈  such that clB D clD U⊂ ⊂ ⊂ .  It is clearly that the process is 

correct for every p X∈  and every 0δ .  Thus β  is a normal base for ( )X d, .   

A binding family x∗  is defined as a family of element in β  such that 
1

m

i
i

clB
=

≠ ∅


 for every 

finite family 1 2 mB B B, , ...,  in x∗ . By Zorn’s lemma, every binding family on β  is contained in at least 

one maximal binding family on β.  For every B β∈ ,  B∗  is defined as the set of all maximal binding 

families x∗  such that D x∗∈  for some D β∈  where clD B⊂ .  The set X ∗  of all maximal binding 

families is equipped with a topology having as a base for its open sets the class β ∗  of all sets 

B B β∗, ∈ .  This space X ∗  is a Fan-Gottesman compactification of X .  

Fan-Gottesman compactification of ( )X d,  metric space is homeomorphic to Aleksandrov 

compactification Xα . Really it suffices to show that X X∗ −  has exactly one point in order that it is 

shown X Xα∗ ≅ . Because studied spaces ( )X d,  is local compact X B−  or Xcl B  is compact for 

all B  open subsets of X . Let { }is compactb B X Bβ∗ = ∈ : − . As X  is not compact, we get 

( )
1

n

i
i

X B X
=

− ≠


 for any finite number of sets iB b∗∈ . This implies that b∗  is binding family on β . 

Similarly we take A a∗∈  such that Xcl A  is not compact. Hence X A−  is compact for every A a∗∈ . 

Then a b∗ ∗⊂  and thus a b∗ ∗= . This shows that b∗  is the only point in X X∗ − . Therefore it is 

gotten X Xα∗ ≅ .  

Notice that X  is a dense subset of X  and ( )X ρ,  is a compact metric space [3]. Then our 

compactification Fan-Gottesman X d∗ ∗ 
 
 

,  of ( )X d,  is the completion ( )X ρ,  of the totally 

bounded metric space X dφ 
 
 

, .  
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3. An Application to n
Ed 

 
 

,  

Now we look at application to n
Ed 

 
 

,  of above statement. We must show the completion of 

n dφ 
 
 

,  is a homeomorphic to Fan-Gottesman compactification of n
Ed 

 
 

, .  Firsly, we construct 

Fan-Gottesman compactification of n
Ed 

 
 

, .  We consider that β  consist of 

( ) ( ){ }1 1ES p x d p x, = : ,   for ∀  p ∈ n  as similar to above. It is clearly that β  is a normal base 

in n
Ed 

 
 

, .  A binding family x∗  is family of element in β  such that ( )( )
1

1
m

i
i

cl S p
=

, ≠ ∅


 for 

every finite family ( ) ( ) ( )1 21 1 1mS p S p S p, , , , ..., ,  in x∗  and every binding family on β  is contained 

in at least one maximal binding family on β.  For every ( )1S p β, ∈ ,  B∗  is defined as the set of all 

maximal binding families x∗  such that D x∗∈  for some D β∈  where ( )1clD S p⊂ , .  The set 

n ∗ 
 
 
  of all maximal binding families is equipped with a topology having as a base for its open sets the 

class β ∗  of all sets B B β∗, ∈ .  This space n ∗ 
 
 
  is a Fan-Gottesman compactification of n . Since 

n  is a local compact hausdorff space, we get ( ){ }0 1n n n
Ex d xα

∗ 
 
 

= = ∈ : , ≤ .     

We consider the function defined by Young Deuk Kim. He defined  

 ( )n n
Eh dα ρ 

 
 

: , → ,   

as follows  

 ( ) ( ) ( )

{ } ( )

1 (the constant Cauchy sequence) if 0 1
1 0

if 0 1

E
E

i i E

x d x
d xh x
a x d x

 , − ,= 
 , =



 

where { }i ia x  is a Cauchy sequence not equivalent to any constant Cauchy sequence and 1
i i

i I
a

∈

= .∑

And also he showed that h  is a homeomorphism [1].  
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We know that n nα
∗ 

 
 

=   and if we use this function, we’ll get Fan-Gottesman compactification 

of n
Ed 

 
 

, ,  n ∗ 
 
 
  is homeomorphic to the completion of n dφ 

 
 

, , ( )n ρ, .  
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