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Abstract

In this paper, we obtain the generalized Chebyshev polynomials V, ., (x) and £2,, ,, (x) via matrices and then we
define new recurrence relation for the derivative of these polynomials. Also, we give combinatorial forms for
the derivatives of these polynomials. Then we create tables for derivative polynomial with the help of

combinatorial forms. Finally, we give examples showing how to write derivative polynomials easily.
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1. Introduction

Classes of Chebyshev polynomials, well known sequences of orthogonal polynomials, play a very
important role in the studies on theoretical and applied mathematics, particularly approximation theory.
Interesting properties of the Chebyshev’s polynomials can be found in [3] and [4]. It is well known that
the Chebyshev polynomials of the first kind and second kind are closely related to Vieta-Fibonacci and
Vieta-Lucas polynomials.The recursive properties of Vieta-Fibonacci and Vieta-Lucas polynomials were
given by Horadam [1]. Djordjevic studied the generalized Chebyshev polynomial V;, ,,, (x) and 2, ,,, (x)
[2]. He proved some properties of new polynomials and introduced the generalized Chebyshev polynomial

Vo m (x) and 2, ,, (x) as follows (x is a real variable):
Vom () = xVy_1 10 () = Vo (%); n>m,nmeN
with}, ,(x) =x™, n=123..,m—1, V, ,(x) =x™ — 1.
Moreover,

Dy (X)) =x0 15, (X) =y (x); n=m, nmeN
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with 2, ,,(x) =x", n=1,23...m—1,0, ,(x) =x" -2

Accordingly, the first few terms of V, ,, (x) form = 1, 2, 3 are the following.

Vip(x) = /
Vo1(x) = 2 5

V31(x) =

Vyq1(x) =x7 = 7x% + 21x5 — 35x* +35x3 — 21x2 + 7x — 1

Via(x) =

Va2 (x) = /f

Vaa(x) = x¥—Zx

Via(x) = 7x2 1
Vs2(x) = 2% — 443 #3x

Vo2 (%) = x6//+;x2 -1
Vs 2(x) = x7/~ 6x5 + 10x3 — 4x
Vis(x) = /

Vy3(x) = x[

V33(x) = 7/—

Vaz(x) = x4[l x

Vs30) = xséz
Ves3(x) = x/~ %3 + 1

V;3(x) = x7/~ 5x* + 3x
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In fact, it is easy to write the other polynomials with help of the obtained table from the written
polynomials for m = 1. For example, the written polynomials for m = 2are obtained from the cross sum
up of polynomials in the written table for m = 1. In this way, the written polynomials for m = k are
easily obtained from the tables of the written polynomial for m = k — 1.

2. The Generalized Chebyshev Polynomials Via Matrices

We give the generalized Chebyshev polynomial V, ., (x) with the following Theorem 2.1.
Theorem 2.1.
(i) Forn < m,

Vym (x) = det(A + xB)

0o - 0 1 0
whereA=(: =~ ,B=L, = =~ n=123,..m—1.
0 0 nxn 0 1 nxn

(if) Forn = m,

Vom(x) = det(A+xB) + C

where
a;p; =1 , n=m
A =n—m , n Fm
ak,k_l =0 ) k >4
A= (aij)(n—m+2)x(n—m+2) = QG =1 , k<4
-1 =1 ,
0 ,the other case
and
b22 — xm—Z ,
B = (bij)(n—m+2)x(n—m+2) = by, =1 , n#F2
0 ,the other case
i.e., (n#m)
0O n—m 0 0 0 0
1 0 1 0 0 0
0 1 0 1 0 0
A=1|0 0 0 0 1 0

(=)
(o)
o ...
(e}
o
[N

0 0 0O 00 -0 (n—m+2)x(n—-m+2)

and
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1 0 0 0 0 0
0 x™2% 0 0 0 0
0 0 1 0 0 0
B=10 0 0 1 0 0
0 0 0 0 1 0

[e)
(@)
(e}
(@)

1 (n—-m+2)x(n—m+2)

and

Sima(-DF (PO T D) ot ke — 1) 2 &

0 , n—km—-1)<k

o
Il

Proof.
(i)
Vym(x) = det(A + xB) = x™
when (4),,x, zero matrix, (B),,x, identical matrix.
(ii) Firstly let us write C matrix. Forn — k(m — 1) in C matrix when n = m,;
n—kn—-1)=n(1-k)+k
and k is considered, including the minimum value when k = 2
n(1l-2)+2=-n+2.
It is clear that this expression will be small from 2 since n > 1.
Then it is seen that C = 0. Thus we have

det(A+xB) =x (x™ ! (x.x..x) x*— (x.x..x) )—(x.x..%)

(n—m-=2)item (n—m—1)item (n—m)item

m—l. m—m—Z.xz _ xm—m—l_x -0

=X.X X
Vpm(x) =x™ —1.
Now we consider n # m and n > m, from the equality

Vom(x) = det(A+ xB) + C,

det(A+xB) =x (x™ ! (x.x..x) x> = (x.x..x) )—(n—m) (x.x...x)

~_——
(n—m-—2)item (n—m—1)item (n—m)item
=x.xm L x" M2 x2 —xm "l x — (n—m)x™ ™
=x"—-(n—-—m+ Dx". (1)

On the other hand,
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C = (Tl — 2(;” — 1)) xn—Zm _ (Tl - 3(;” - 1)) xn—3m + (n - 4(;” - 1)) xn—4m ——— (2)

From (1) and (2),

n—2m-+ Z)Xn_Zm _

Vom@) =x"—(n—m+1)x" ™" + ( )

(n—3§n+3)xn—3m + (n_4;n+4)x"—4m — e 3)

Similarly, from the equality
Vocim(x) =det(A+xB) +C
We have

det(A+xB) =x (x™ ! (x.x..x) x> — (x.x..x) )—-(n—-m—-1) (x.x..x)

(n—m-—=3)item (n—m-=2)item (rmn
=x.xMm L xn M3 x2 _x" 2 x —(n—m—1)x"™1
=x"1—(m-m)x» "1, (4)
and

C = (n —1-2(m-— 1)) ,n—1-2m _ (Tl -1-3(m- 1)) xn—1-3m o (71 —1-4(m— 1)) fn—1-4m _

2 3 4
®)
From (4) and (5),
Vn—l,m(x) — xn—l _ (Yl _ m)xn—m—l + (TL - 2;”— + 1) xn—Zm—l _
(n—3gn+2) xn_3m_1 + (Tl—4zl"n+ 3)xn_4m_1 — (6)
And from the equality
Viemm (x) = det(A + xB) + C,
det(A+xB) =x (x™ ! (x.x..x) x*— (x.x..x) )—(m—2m) (x.x..x)
(n—2m-=2)item (n—2m—1)item (n—2m)item
= x. xm—lixn—Zm—Z.xZ _ xn—Zm—llx _ (Tl _ Zm)xn—Zm
=x"" — (n—2m+ 1)x" 2", (7)

On the other hand;

C = (Tl —-m _Zz(m - 1)) x-m—2m _ (n —-m _;’(m - 1)) xn—m=3m
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n—m-—4m-—1)\_n-m-am _ .
Then,
Vo () = 27 = (= 2m o D2 4 (75 E ) pnam (AT ) ynoim
n—55m+4\ n5m
+( 4 )xn m . (9)

In that case from (3), (6) and (9)

an—l,m (x) - Vn—m,m (X)

= x (xn—l _ (Tl _ m)xn—m—l + (n —2m+ 1) xn—Zm—l _ (Tl —3m+ 2) xn—3m—1

2 3
+ (n N 4:1 + 3) xn—Am—1 ) —(x™™ — (n—2m + 1)x" 2"
+ (n — 3;n + Z)xn_gm _ (n — 4;71 + 3) An—dm (n - 5271 + 4>xn—5m )
— X" — (n—m)x"™ + (n - 2;n + 1) xn—2m _ (n - 3;11 + 2) xn-3m (n - 4ln + 3) ,n—4m _
—xhm 4 (’fl —2m+ 1)xn—2m _ (Tl - 3;” + 2) xn—3m + (n - 4’;”— + 3) xn—4m

_ (n - S;n + 4)x"_5m _

=x"—(n—m+1)x”_m+<(n_2m+1)+(n_2m+1)>x”—2m

=x"—(n—m+1)x”_m+(

1 2

_ <(n - B;n + 2) n (n - B;n + 2)) xn-3m 4 ((n - 4;n + 3) n (n - 421 + 3))x"_4m

n— 2;n + 2) xn—2m _ (n - 3;11 + 3) xn-3m (n — 4ln + 4) ,n—4m

= Vam (%).

and

Then, we can give for Theorem 2.1 to the following example.

Example 2.1. Let n = 4, m = 2, then we have the following matrices

0 4—-2 0 0 1 0 0 0
(1 0 1 0 [0 x%272 0o o
A=lo 1 01 B=10o "0 1 0

0 0 0 0 0 0 0 1

(4—-2+2)x(4—2+2) (4—2+2)x(4—2+2)
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C= (-1)> (4 - 2(22 - 1)) x422 =1.x% = 1.

Since V,(x) = det(A+ xB) +C

0 2 0 O 1 0 0 O
_ 1 0 1 0 01 0 O
Vi, (x) = det 01 0 1 + x 00 1 0 + 1
0 0 0 07444 0 0 0 17444
x 2 0 O
_ 1 x 1 0
= det 01 x 1 + 1
0 0 0 x/ 4

= (x(x(x?) —x)—2(x?)) +1
=x*—3x% +1.
Now we give the generalized Chebyshev polynomial 2, ,,, (x) with the following theorem.
Theorem 2.2.
(i) Forn < m,

0y m(x) = det(D + xE)

0o --- 0 1 - 0
where D=(: =~ yE=0 =+ - ,n=123m-—1.
0 0 nxn 0 1 nxn

(if) Forn = m,

0, m(x) =det(D+xE)+F

where
( di; =1 , n=m
dp=n—-m+1 , n#m
D= dk,k—1=0 ,k24
- dk,k—l =1 , k<4
dk—l,k =1 )
k 0 ,the other case
and
ey = xm—Z ,
E= enn = , n*E2
0 , the other case
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and

SO OO K

SO rRrO O

(if n = m inmatrices D and D + xE, a;; = 1.)

And

_ k n—(m—-2)k
Yk=2(—1) Dk

(

SRR OO0 O

0
0
1
0

o ..

O OO O

oo o

n—k(m-1)
k

T OO OO0 O

0

0
0

0

g
)

1
0

\

(n—-m+2)x(n-m+2)

1 (n—-m+2)x(n—-m+2)

Proof of Theorem 2.2 is obtained a similar to Theorem 2.1.

Then we can give the following example for Theorem 2.2.

Example 2.2. Letn = 6,m = 2 then,

"\

6—2(2—-2)
6—22-1)

and

F = (-1)*

0 6—-2+1

1 0 0
0 1 0 0
1 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
(6—2(2—1)
2
) 0=9x2— 2
51 0 0 0
01 0 0 0\\
1 0 1 0 0}
0 0 0 1 0)
0 0 0 0 1
0 00 0O

S OO OO

)x6—2.2 +(=1)3

[N eNoNol o)

S OO RrRrOO

)x"_km, n—k(m-1) >k

, n—k(m-1)<k

cococo Yo
cooro o
cor oo o
orooco o

cCoRr oo o
oOroococo
=A==
\_

6x6

17 6x6

6-32-2)6-3(2-1 _
m( ( ))xé 3.2

3

+9x2 - 2
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X
1
0

VEREES

= x(x(x(x(x?)) — (x(x?)) = 5(x(x(x?) +9x2 — 2

= det +9x2 - 2

O OO R K U
S OO R KR K
O OR RO O
OR PR OO O

O OO0 O

6x6

= x® — 6x* +9x2% — 2.

3. Derivative Polynomials of the Generalized Chebyshev Polynomials and
Combinatorial Forms

We show derivative of the generalized Chebyshev polynomials V,, ,, (x) and (2, ,, (x) respectively
Vn'_m (x) and 02, ,, (x). Firstly, polynomial we define derivative of the generalized Chebyshev polynomials
V, m (x) (Vieta- Fibonnacci polynomial) (x is a real variable and n > 2m).

Definition 3.1. Derivative of the generalized Chebyshev polynomials V,, ,,, (x) is

Vo () = 2V, 10 (0) = 2y () + 27714 ) (1)) H (=0 +0m 1

j=1
where
i G) = a1 () = et =2 (TR ) anon (< 2m)
and
, n—2m+1 . n—1 . _
H(“J)—( j+1 )Aj ) <1S]S[m]>(For]—1A1—1)
_ (=(+D)m)n—-(+Dm+1)..(n=(G+1)m+j) . .
Aj - (n-2m+1)(n—-2m)(n—-2m-1).... 5 J=> 1.

j+1

If we select m = 1 for H(n, j), it is obtained the following table.

1
3 2
6 8 3

10 20 15 4
15 40 45 25 5

Table 1
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The first few terms of Vn'm (x) form = 1, 2, 3 are the following.

Vo1 (x) = 6x°
Vy1(x) = 7x° +105x* — 140x3 + 105x2 — 42x + 7

Vg 1(x) = 8x7 £ 56x° + 168x> — 280x* + 280x> — 168x% + 56x — 8

Viz(x) = 14
Va2 (x) =
Vs (x) =3

Vio(x) = 4

Vs (x) =5

7‘!
Vy3(x) = 7x%= 203 + 3

Vg3(x) = 8% — 30x* + 12x
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It is seen that written polynomial up with the cross member of polynomial Vn',m (x) gives polynomial

Vr;,m+1(x)-

Now we define derivative of the generalized Chebyshev polynomials 2, ,,(x) (Vieta- Lucas
polynomial) (x is a real variable and n = 2m ).

Definition 3.2. Derivative of the generalized Chebyshev polynomials (2, ,, (x) is

By () = X013y () = 20y () + 27 = 27 4 N (<1)] B, f)an=UFOM

=
where
Dy () =1, @ () = e = [2(" T 0T D", m<zm)
and
h(n,j) = (n _jzl";r 1)a,- (1< s[EY) Gorj=1, a = 1),
with

[m+@G—-2)(m-1)-1]
(n—2m—j)(n—2m—j—1)--
m-m—-(m-1)j)(n—-m—-(m—-1)j+1)--
[m+(-2)(m-1)]

g =((n-m)j—(m-2)%-1) Jj>1.

If we select m = 1 for h(n, j), the following table is obtained.

1
3 3
6 11 5

10 26 23 7
15 50 65 39 9

Table 2

The first few terms of Q;,m (x) for m = 1,2,3 are the followings.
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Q3 (x) = 2

254(x) = 2/—

n@@)3ﬁi;

Q41 (%) = 46° —A5x 7

051 (x) = 5¢* — 42x? —32x + 9

061(x) = 6% — 38%* + 80x3 — 90x? + 50x — 11

.(2’7,1(x) = 7x%"— 48x> + 135x* — 200x3 + 165x2 — 72x + 13

21,(0) =7
Qp2(x) = 2277
03,(x) = 31/—}/'
(%) = 4;791
05, (x) = 5«% — 1Bx?

6,(x) =6

0g,(x) = 8x7 < 48¢% + 80x® — 32x

Qg5 (x) = 9x%% 63x° + 135x* — 90x% + 9

md@=f
2,500 =24

%A@=Z@
mﬂw=%i—

_(2::,’3(3() = 5//—46
.(2'6,3(x) = 64> — ¥5x>
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It is clear that written polynomial above with the cross member of polynomial Q;l,m (x) gives
polynomial 02;, ,, 41 (x).

Definition 3.3. Combinatorial formsof derivative polynomial of Vnm (x) and Q;l,m (x)are (n>1)
respectively

B = - m-np ("D, (1=i<[5)

and

b'(n,j)_("_((m (i)?(lr;])mj)<n ]—](m 2)1>’ (US[nT_lD'

The first few terms for m = 1 are given in the following tables.

1 1

2 2 2 3

3 6 3 3 5 8

4 12 12 4 4 15 18 7

5 20 30 20 5 5 24 42 32 9

6 30 60 60 30 6 6 35 8 90 50 11

7 42 105 140 105 42 7 7 48 135 200 165 71 13
Table 3 Array for B'(n, j) Table 4 Array for b'(n, j)

Table3 and 4 will be called derivative polynomial of the generalized Chebyshev polynomials V;, ,,, (x)
and 2,, ,, (x). These tables will change according to value of m. In general terms, n k, the column is
obtained by writing the elements of the tables from the line ((k — 1)m + 1) th. Tables of the derivative of
the generalized Chebyshev polynomials V., (x) and (2, ,,(x) consist of the components of this
polynomial coefficients so derivative polynomial Vn',m (x) and !2,'1,m (x) can be obtained without using the
definition of polynomials

Then, we can write V, ,,, (x) and £2,, ,, (x) from definition 3.3,

=
V@) = Y (=0 = Gn— Dk (77 (@ DI D) i
k=0 k
And
, . (n—(m-2k)(n-mk) (n — k — ((M = 2)k\ _n-m
.Qn,m(x) _Zk=0( 1)k (n— (m— 1)k) (n (km ) k- 1

Example 3.1. Derivative polynomial of V1'0,3 (x)is
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3
Vig3(x) = Z(—l)k(lo - (3 -1k (10 —k— ((i -2k + 1)) 10-3k-1
k=0

— (=1)°(10 = (3 — 1)0) (10 0- ((3 —-2)0+ 1)) 10-30-1

+-Diao-@-pp (01T <(3 = D14+ 10300
+HED?0-@ -1 (10727 @22 D) 000

+(-1)3(10 - (3-1)3) (10 —3- ((3 —2)3+ 1)) 5 10-33-1

= 10x° — 8.7x% + 6.10x3 — 4.1x°
= 10x° — 56x° + 60x3 — 4.

Example 3.2. Derivative polynomial of !2'7_2 (x) is

3
, 2—2)k — 2k _ _
Q;,(x) = z(_l)k( (( k) (7 )(7 k—((2 z)k) e

& (2 - 1k) k
=1 - ((72 _(22)(1)30) = (7 . ((2 - 2)0) X770
Y (7 - (( (Zz)i)gl) 2.1) (7 —1- ((2 _ 2)1) 7211
— (—1)? (7 —((72_—(22)2_)32—) 2.2) 17 ( __ ((2 _ 2)2) 7-22-1
— (—1)? (7 —((72_—(22)3_)§;3—) 2.3) /7 ( _3_ ((2 _ 2)3)){7_2'3_1

B IR HE 6
= 7x% —35x* +42x* - 7.
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