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Abstract 

The Poisson-Lomax distribution, with decreasing and upside down shapes of failure rate, is considered 

as a lifetime distribution. Its genesis may appear in the complementary risks model and parallel systems. 

Based on progressive type-II censoring, the maximum likelihood, unweighted least squares, weighted 

least squares and Bayes (using linear-exponential and general entropy loss functions) estimation 

methods are considered to estimate the involved parameters. The performance of these methods is 

compared through an extensive numerical simulation, based on mean squared errors and relative 

absolute biases of the estimates. Two real data sets are used to compare the Poisson-Lomax distribution 

with the exponentiated Lomax distribution, exponentiated Weibull Poisson distribution, exponentiated 

exponential geometric distribution, exponentiated exponential Poisson distribution and Lomax 

distribution which have showed that the former distribution is better to fit the data than the other five 

distributions. 

Keywords: Complementary risks model; Poisson-Lomax distribution; Progressive type-II censoring; 

Maximum likelihood estimation; Unweighted and weighted least squares estimations; Bayes estimation; 

Simulation. 

1. Introduction 

Pareto (1897) proposed his distribution as a model for the distribution of income. There are different 

forms of the Pareto distribution in statistical literature, which were used as models in the fields of 
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insurance, business, economics, engineering, hydrology, reliability and other areas as well, see for 

example Arnold (1983), Johnson et al. (1994), Ali Mousa (2003), Nigm et al. (2003) and Raqab et al. 

(2010). 

Lomax (1954) suggested the use of Pareto distribution of the second kind known as Lomax 

distribution (LD) as a model for business failure data. Bain and Engelhardt (1992) proposed LD as a 

model for biomedical problems, such as survival time following a heart transplant. Howlader and Hossain 

(2002) proposed Bayesian survival estimation of Pareto distribution of the second kind based on 

failure-censored data. Soliman (2008) discussed Bayesian and maximum likelihood estimates (MLEs) for 

the parameters, reliability, and hazard functions based on a general progressively type-II censored data 

from LD. Cramer and Schmiedt (2011) studied competing risks model based on LD under progressive 

type-II censoring. 

In reliability and survival analysis, engineering, demographic, actuarial literature, econometrics, 

biological or medical studies, units might fail owing to one of several risk factors. Basu and Klein (1982) 

established an idea of the complementary risks (CR) model which describes the lifetime of a parallel 

system. In CR model, if the risks are latent, then a difficulty arises about which factor was responsible for 

the component failure and hence the lifetime associated with a particular risk can not be observed. It can 

be observed only, in this case, the maximum lifetime value among all risks.  

In the statistical literature, several distributions have been introduced to model lifetime data by 

compounding some distributions. Adamidis and Loukas (1998) and Kuş (2007) introduced the exponential 

geometric and exponential Poisson distributions, respectively, which have decreasing failure rate, and 

studied their properties, while Barreto-Souza and Cribari-Neto (2009) added a power parameter to the 

distribution proposed by Kuş (2007). Cancho et al. (2011) and Louzada et al. (2011) obtained thePoisson 

exponential (PE) and the complementary exponential geometric distributions, which have increasing 

failure rate, and studied their properties. Louzada et al. (2013) proposed the complementary exponentiated 

exponential geometric distribution, which has a one shape and two scale parameters accommodating 

increasing, decreasing and bathtub failure rates and discussed their properties. Based on the CR model, 

Mahmoudi and Sepahdar (2013) proposed a four-parameter distribution, which has an increasing, 

decreasing, bathtub-shaped and unimodal failure rates known as the exponentiated Weibull Poisson 

distribution (EWPD). Tomazella et al. (2013) considered a Bayesian reference analysis for the PE 

distribution following the technique presented in Cancho et al. (2011). Singh et al. (2014) considered the 

estimation problem of the parameters of PE distribution using maximum likelihood (ML) and Bayes 
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procedures. Rezaeia et al. (2013) and Ristić and Nadarajah (2014) proposed the exponentiated exponential 

geometric distribution (EEGD) and exponentiated exponential Poisson distribution (EEPD), respectively, 

which have decreasing, increasing and upside-down bathtub failure rates. AL-Zahrani and Sagor (2014) 

considered the Poisson-Lomax distribution (PLD) and studied its properties.  

In medical or industrial applications, censoring usually applies when the experimenter is unable to 

get total information on lifetimes for each unit or reducing the total test time and the associated cost. 

Type-I and type-II are two commonly used censoring schemes (CSs), see for example, Mann et al. (1974), 

Meeker and Escobar (1998) and Lawless (2003). These types of censoring cannot allow the experimenter 

to remove units from a life test at various stages during the experiment. The experimenter can overcome 

this problem by using progressive type-II censoring which is considered to be a generalization of type-II 

censoring. It allows the experimenter to remove units from a life test at various stages during the 

experiment, see Balakrishnan and Aggarwala (2000).  

In this paper, we consider the PLD, with decreasing and upside down shapes of failure rate, as a 

lifetime distribution under CR model. Five estimation methods for the parameters, based on progressive 

type-II censoring, are discussed and compared through a simulation study. we compare among PLD, 

exponentiated Lomax distribution (ELD), EEPD, EEGD, EWPD and LD based on two real data sets.  

The rest of the paper is organized as follows: Section 2, presents the PLD. Some estimation methods 

are discussed in Section 3. Applications of PLD to two real data sets are given in Section 4. Simulation 

study followed by conclusions are presented in Sections 5 and 6, respectively. 

2. Formulation of PLD under CR Model 

Following AL-Zahrani and Sagor (2014), the PLD can be derived as follows: Assume that K  is a 

random variable, with realization k , denoting the number of CR associated with the occurrence of a 

given event. If K  has a zero truncated Poisson distribution, then its probability mass function (PMF) is 

given by 

 ( ) 1 2 ( 0)
(1 )

keP K k k
k e

α

α

α α
−

−= = , = , , , > .
! −

  (2.1) 

Suppose that 1 2 … kX X X, , ,  denote the failure times due to k  CR and iX , 1i k= , ,  has LD 

with probability density function (PDF) and cumulative distribution function (CDF) given, respectively, 
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by  

 ( 1)( ) (1 ) 0 ( 0)X
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− +; , = + , > , , > ,  (2.2) 
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 

 (2.3) 

where β  and γ  are scale and shape parameters, respectively.  

Since only the largest of 1 2 … kX X X, , ,  is usually observed for CR, then we write  

 1 2max{ }kZ X X X= , , , ,   

to denote the overall failure time of a test unit. Then the PDF and CDF of Z  can be derived as follows:  

The conditional density function of Z , given K k= , is given by  
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The marginal PDF of Z  is given by the countable mixture  
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Therefore, the CDF of Z  is given by  
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The survival function (SF) and hazard rate function (HRF) of PLD with CDF (2.5) are given, 
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respectively, by  
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Remark 1. If 0α → , then CDF (2.5) of PLD is reduced to traditional CDF (2.3) of LD.  

PDF (2.4) and HRF (2.7) of PLD are plotted in Figure 1 for different values of α β,  and γ . It can 

be noticed from this figure that the PDFs and HRFs are decreasing and unimodal. Table 1 displays the 

mean, median, mode and variance of PLD for different values of α β,  and γ .  

From Table 1, it can be noticed that:  

1. For fixed values of β  and γ , by increasing α , the mean, median, mode and variance 

increase.  

2. For fixed values of α  and γ , by increasing β , the mean, median, mode and variance 

increase.  

3. For fixed values of α  and β , by increasing γ , the mean, median, mode and variance 

decrease.  
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Figure 1. Left (Right) panel: PDF (HRF) of PLD for different values of α β,  and γ . 

Table 1. The mean, median, mode and variance of PLD for different values of α β,  and γ . 

 
0 5β = .  2 0β = .  

1 0α = .  5 0α = .  10 0α = .  1 0α = .  5 0α = .  10 0α = .  

2 5γ = .   

mean 0.4456 0.9239 1.3704 1.7823 3.6959 5.4816  

median 0.2364 0.6064 0.9543 0.9456 2.4257 3.8172  

mode 0.0000 0.3320 0.5978 0.0000 1.3279 2.3912  

variance 0.8264 2.1584 3.7435 13.2230 34.5350 59.8956  

5 0γ = .   

mean 0.1617 0.3053 0.4226 0.6469 1.2213 1.6904  

median 0.1068 0.2438 0.3527 0.4272 0.9751 1.4109  

mode 0.0000 0.1652 0.2641 0.0000 0.6607 1.0563  

variance 0.0349 0.0634 0.0840 0.5585 1.0143 1.3439  
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3. Estimation Methods 

In this section, based on progressive type-II censoring, we consider five estimation methods to 

estimate the parameters α , β  and γ . The methods are ML, unweighted least squares (UWLS), 

weighted least squares (WLS) and Bayes (using linear-exponential (LINEX) and general entropy (GE) 

loss functions) estimations. 

Progressive type-II censoring can be applied as follows: Suppose that m (<  n ) and 1R , 2R , …, 

mR  are fixed before the experiment. 1R  surviving units are randomly removed from the test when the 

first failure time occurs and 2R  surviving units are randomly removed from the test when the second 

failure time occurs. The test continues in the same manner until the m -th failure at which all the 

remaining surviving units mR  =  n  −  m  −  
1

1

m

j

−

=∑  jR  are removed from the test, thereby 

terminating the life test. The data from progressively type-II censored samples are as follows: ( 1 m nz : : ;

1R ), …, ( m m nz : : ; mR ) where 1 m nz : :  <  …<  m m nz : :  denote the m  ordered observed failure times and 

1R , …, mR  denote the number of units removed from the experiment at failure times 1 m nz : : , …, m m nz : : .  

1. Maximum Likelihood Estimation 

The likelihood function under progressive type-II censoring from the PLD with PDF (2.4) and CDF 

(2.5) is given by  

 ( )L ;zθ _
1

( )[1 ( )] i

m
R

i i
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f z F z
=

− ,∏  (3.1) 

where z  = 1( ) 1m i i m nz z z z i m: :, , , ≡ , = , ,   and 1 2 3( )θ α θ β θ γ= = , = , =θ .  

Based on Equations (2.4) and (2.5), the log-likelihood function takes the form  
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i i
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The MLEs ˆ MLα , ˆ
MLβ  and ˆMLγ  of α , β  and γ  could be obtained by solving the likelihood 

equations,   0
iθ

∂
=

∂
, 1 2 3i = , , , with respect to iθ . These MLEs can not be obtained in closed forms and 

hence a numerical iteration method for the likelihood equations should be used.  

The local Fisher information matrix, I , for ˆ ˆ( )ˆ ML MLML γα β, ,  is the 3 3×  symmetric matrix of 

negative second partial derivatives of $ with respect to α , β  and γ , see Nelson (1990). So that I  is 

given by  

 
2

3 3

 ̂ 1 2 3
i j

i j
θ θ

×

 ∂
= − , , = , , ,  ∂ ∂ 

I   

where 1 2 3( )θ α θ β θ γ= = , = , =θ  and the caret  ̂  indicates that the derivative is calculated at 

ˆ ˆ( )ˆ ML MLML γα β, , . The elements of the matrix I  can be easily obtained.  

The inverse of I  is the local estimate V  of the asymptotic variance-covariance matrix of 

ˆˆ ˆ( )α β γ, , . That is  

 1

3 3
cov 1 2 3i j i jθ θ −  

  
   ×

= = , , , = , , .V I  (3.3) 

Following the general asymptotic theory of MLEs, the sampling distribution of  

 
ˆ ˆˆ and

ˆ ˆvar( ) var( )ˆ var( )
ML ML ML

ML MLML

β γα β γα
γα β

− −−
, ,   

can be approximated by a standard normal distribution which is useful in constructing confidence intervals 

(CIs) for the unknown parameters.  

A two-sided (1 )100%τ−  normal approximation CIs for the parameters α , β  and γ  can then 

be constructed as  

$ 

$ 
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 2 2 2
ˆ ˆ ˆ ˆvar( ) var( ) and var( )ˆ ˆML ML ML MLML ML

z z zτ τ τγ γα α β β/ / /± , ± ± ,   

where 2zτ /  is the value of a standard normal random variable leaving an area 2τ /  to the right and 

var( )ˆ MLα , ˆvar( )
MLβ  and ˆvar( )MLγ  can be obtained from (3.3).  

2. Unweighted and Weighted Least Squares Estimations 

The UWLS estimates ˆUWα , ˆ
UWβ  and ˆUWγ  of α , β  and γ  can be obtained by minimizing 

the following quantity with respect to α , β  and γ .  

 
 

[ ]
2

1
1 1

1

( ) ( )( ) log log 1 log log 1 ( )
2

m
i i

i
i

F z F z F z−

=
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∑zθ   

where ( )iF z  is the empirical CDF which can be written as, see Meeker and Escobar (1998),  

 



1

( ) 1 (1 ) 1
i

i j
j

F z i mp
=

= − − , = , , ,∏    

where  

 

12

1 1
1jj

kk

j mp
n R j 

 −=  

= , = , , ,
− − +∑

   

where 12

j
kk

R −=∑  is equal zero if k j> .  

The UWLS estimates ˆUWα , ˆ
UWβ  and ˆUWγ  can be obtained by solving the equations 1 0

iθ
∂Ψ

=
∂

, 

1 2 3i = , ,  with respect to iθ .  

On the other hand the WLS estimates ˆWα , ˆ
Wβ  and ˆWγ  of α , β  and γ  can be obtained by 

minimizing the following quantity with respect to α , β  and γ .  
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where iW  is the weight factor which was proposed by Faucher and Tyson (1988). It may be 

approximated by:  

 
   

0 025

1 1( ) ( ) ( ) ( )3 3 27 5 1 1 1 2 3
2 2

i i i i
i

F z F z F z F zW i
.

− −
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The WLS estimates ˆWα , ˆ
Wβ  and ˆWγ  can be obtained by solving the equations 2 0

iθ
∂Ψ

=
∂

, 

1 2 3i = , ,  with respect to iθ .  

3. Bayes Estimation 

Symmetric loss functions may be inappropriate in many real life situations, because they give 

overestimation or underestimation of the parameters. Overestimation of the parameters can lead to more 

severe or less severe consequences than underestimation,or vice versa. For example, when we estimate the 

average reliable working life of the components of a spaceship or an aircraft, overestimation is usually 

more serious than underestimation. Therefore, research has been directed towards asymmetric loss 

functions. A number of asymmetric loss functions is introduced for use, among these, the LINEX loss 

function and the GE loss function. The estimators of the parameters under the asymmetric loss function 

demonstrate their superiority over the estimators obtained under symmetric loss function, see for example 

Canfield (1970), Zellner (1986), Srivastava and Tanna (2001), Soliman et al. (2012) and Singh et al. 

(2014). 

1. Bayes estimation under LINEX loss function 

Varian (1975) suggested the use of LINEX loss function to be of the form  

 ( ) 1 0eνδδ νδ ν∝ − − , ≠ ,   
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where ˆ BLδ = −ΘΘ  and ˆ BLΘ  is the LINEX estimate of Θ .  

The Bayes estimate of Θ , based on the LINEX loss function, is given by  

 
1ˆ log[ ( )]BL E e ν

ν
− Θ−

= | .Θ z  (3.4) 

Suppose that the prior belief of the experimenter is measured by a function ( )π α β γ, , , where α  is 

independent of β  and γ , so that the prior density function is given by  

 1 2( ) ( ) ( )π α β γ π α π β γ, , = , .  (3.5) 

Suppose that 1( )π α  is lognormal 1 1( )µ σ,  with density function  

 

2
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1
1 1 1
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log1
21( ) 0 ( 0)

2
e

α µ
σπ α α µ σ

σ α π

 −−
 
 = , > , −∞ < < ∞, > .  (3.6) 

Let  

 2 3 4( ) ( ) ( )π β γ π β γ π γ, = | ,  (3.6) 

where 3( )π β γ|  is lognormal 2( )µ γ,  and 4 ( )π γ  is lognormal 3 2( )µ σ,  with respective densities,  

 

2
2

3 2

log1
1 2( ) 0 ( 0)

2
e

β µ
γπ β γ β µ γ

γβ π

 −−
 
 | = , > , −∞ < < ∞, > ,  (3.7) 
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2
e

γ µ
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σ γ π

 −−
 
 = , > , −∞ < < ∞, > .  (3.8) 

Using Equations (3.6)-(3.8), the joint prior density function (3.5) is then given by  

 2

1( ) eπ α β γ
αβγ

−∆, , ∝ ,  (3.9) 
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where 
2 22

31 2

1 2

loglog log1
2

γ µα µ β µ
σ γ σ

      −− −
 ∆ = + +    
      

.  

From (3.1) and (3.9) the joint posterior density function of α , β  and γ  is then given by  

 1( ) 0π α β γ η φξ α β γ∗ −, , | = , , , > ,z  (3.10) 

where  
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 (3.11) 

From (3.4) and (3.10) the LINEX estimates of α , β  and γ  are then given, respectively, by  
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2. Bayes estimation under GE loss function 

The GE loss function, proposed by Calabria and Pulcini (1994), is given by  

 
ˆ ˆ

ˆ( ) log 1 0BG BG
BG

ν

ν ν   Θ Θ,Θ ∝ − − , ≠ .Θ    Θ Θ   
   

The Bayes estimate of Θ , based on the GE loss function, is given by  
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From (3.10) and (3.12) the Bayes estimates of α , β  and γ , based on the GE loss function, is then 

given, respectively, by  
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 = ,  

 = ,  

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

  

where φ , ξ  and η  are given by (3.11).  

Remark 1. In developing the Bayes estimates, we have supposed the LINEX and GE loss functions, 

although some other loss functions also can be easily incorporated.  

4. Applications of PLD to Two Real Data Sets 

In this section, we compare among PLD, ELD, EEPD, EEGD, EWPD and LD based on two real data 

sets as follows:  

 The first data set:  

The data set corresponds to the amount of annual rainfall (in inches) during February 

recorded at Los Angeles Civic Center from 1965 to 2006. The data set is 0.23, 1.51, 0.11, 

0.49, 8.03, 2.58, 0.67, 0.13, 7.89, 0.14, 3.54, 3.71, 0.17, 8.91, 3.06, 12.75, 1.48, 0.70, 4.37, 

0.00, 2.84, 6.10, 1.22, 1.72, 1.90, 3.12, 4.13, 7.96, 6.61, 3.21, 1.30, 4.94, 0.08, 13.68, 0.56, 

5.54, 8.87, 0.29, 4.64, 4.89, 11.02, 2.37. Madi and Raqab (2007) and Raqab et al. (2010) used 

the amount of annual rainfall (in inches) recorded at Los Angeles Civic Center as real data.  

 The second data set:  

We consider the data set consisting of thirty successive values of March precipitation (in 

inches) in Minneapolis/St Paul given in Hinkley (1977). The data set is 0.77, 1.74, 0.81, 1.20, 

1.95, 1.20, 0.47, 1.43, 3.37, 2.20, 3.00, 3.09, 1.51, 2.10, 0.52, 1.62, 1.31, 0.32, 0.59, 0.81, 

2.81, 1.87, 1.18, 1.35, 4.75, 2.48, 0.96, 1.89, 0.90, 2.05. This data set is also studied by 

Barreto-Souza and Cribari-Neto (2009).  
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For the first and second data sets, we compare the PLD with ELD, EEPD, EEGD, EWPD and LD 

through Kolmogorov-Smirnov (K-S) statistic, P-value, Akaike information criterion (AIC), consistent AIC 

(CAIC) and Bayesian information criterion (BIC), where  

 
2ˆ ˆ ˆ2 2   ( ) 2   ( ) log[ ] 2   ( )

1
b mAIC b CAIC BIC b m

m b
= − Ω , = − Ω , = − Ω ,

− −
  

where Ω̂  is the MLE of Ω , ˆ   ( )Ω  is the log-likelihood function calculated at Ω̂ , b  is the number 

of parameters and m  is the sample size. The results are listed in Table 2 in which we can notice that the 

PLD fits the given two data sets better than the ELD, EEPD, EEGD, EWPD and LD. This is done 

graphically by plotting the empirical CDF against the CDF of PLD, ELD, EEPD, EEGD, EWPD and LD, 

see Figure 2.  

The mean, median, mode and variance of PLD for MLEs of the parameters are presented in Table 3. 

The graphs of PDF and HRF of PLD for the first and second data sets are drawn in Figures 3 and 4.  

Table 2. The MLEs, K-S statistic, P-value, AIC, CAIC and BIC. 

 

 

 

 

 

$ $ $ 
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Figure 2. Left (Right) panel: Empirical CDF against CDF of PLD, ELD, EEPD, EEGD, EWPD and LD for the first 

(second) data set. 

Table 3. The mean, median, mode and variance of PLD. 

 mean  median  mode  variance 

The first data set 4.25595 2.07423 0.0000 139.657 

The second data set 1.68412 1.48278 1.16293 1.05093 

 

 

Figure 3. PDF and HRF of PLD of the first data set. 

 

Figure 4. PDF and HRF of PLD of the second data set. 
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5. Simulation Study 

In this section, the ML, UWLS, WLS and Bayes (under LINEX and GE loss functions) estimates of 

the parameters α , β  and γ  are computed and compared via a Monte Carlo simulation study as 

follows:  

1 For given values of the prior parameters ( 1µ , 2µ , 3µ , 1σ , 2σ ), generate values for the 

parameters (α , β , γ ), using Equations (3.6)-(3.8), see AL-Hussaini and Abdel-Hamid 

(2004) and Abdel-Hamid (2008).  

2 Generate a progressively type-II censored sample of size m  from PLD (2.5), according to 

the algorithm given in Balakrishnan and Sandhu (1995).  

3 The ML, UWLS, WLS and Bayes (using LINEX and GE loss functions) estimates of the 

parameters α , β  and γ  are computed as shown in Section 3. 

4 Repeat the above steps ( 5 000)N = ,  times.  

5 If Θ̂  is an estimate of Θ , then the average estimates, mean squared error (MSE) and 

relative absolute bias (RAB) of Θ̂  over the N  samples are given, respectively, by  

 

1

2

1

1ˆ ˆ

1ˆ ˆMSE( ) ( )

ˆˆRAB( )

N

i
i
N

i
i

N

N

=

=

Θ = Θ ,

Θ = Θ −Θ ,

| Θ −Θ |
Θ = .

Θ

∑

∑  

6 Calculate the average estimates of the parameters α , β  and γ  and their MSEs and 

RABs as shown in Step 5. Calculate also the mean of the MSEs (MMSE) and mean of the 

RABs (MRAB) according to the following relations:  

 

ˆˆ ˆMSE( ) MSE( ) MSE( )MMSE
3

ˆˆ ˆRAB( ) RAB( ) RAB( )MRAB
3

α β γ

α β γ

+ +
= ,

+ +
= .
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7 Calculate the CIs of the parameters and then calculate the average interval lengths (AILs) of 

them. Calculate also the coverage probabilities (COVPs) of the parameters α , β  and γ .  

The following four CSs are applied in the generation of the samples:  

 CS1:  

 
2 1

2
0 otherwise

i

i

n mR i

R

−
= , = , , ,

= , ,



 

which means that we remove two units after each observed failure of the first 2
n m−  failures in 

the sample.  

 CS2:  

 
1

0 otherwise
i

i

R n m i
R
= − , = ,
= , ,

 

which means that we remove n m−  units after the first observed failure in the sample.  

 CS3:  

 2
0 otherwise

i

i

mR n m i

R

= − , = ,

= , ,
 

which means that we remove n m−  units after the middle observed failure in the sample.  

 CS4:  

 
0 otherwise

i

i

R n m i m
R
= − , = ,
= , ,

 

which means that we remove n m−  units after the last observed failure in the sample.  

It may be observed that CS4 is equivalent to traditional type-II censoring.  

The values of m  have been taken to represent 60% , 80%  and 100%  of the sample size through the 

simulation study.  

The prior parameters 1 0 851µ = . , 2 3 821µ = − . , 3 0 512µ = . , 1 1 232σ = .  and 2 0 901σ = .  are 

considered to generate population parameter values 5 0α = . , 0 5β = .  and 2 5γ = .  using (3.6)-(3.8).  

The computational results are presented in Tables 4 - 6. Table 4 displays the ML, UWLS and WLS 
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estimates of α , β  and γ  with their MSEs, RABs, MMSE and MRAB, based on 5 000,  simulations, 

for different values of sample sizes n  progressively censored according to four CSs. While Table 5 

displays the Bayes estimates of α , β  and γ  with their MSEs and RABs. The AILs and COVPs of the 

parameters α , β  and γ  are displayed in Table 6.  
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Table 6. The AILs and COVPs (in %) of 95% CIs based on 5,000 simulations. Population parameter values are 
α = 5.0, β = 0.5 and γ = 2.5. 

 
 

 

 

 



Comparison of Estimation Methods for the Parameters of Poisson-Lomax Distribution under 
Progressive Type-II Censoring 

149 

1. Numerical Results 

From the numerical results carried out via simulation studies, it can be observed that the Bayes 

estimates (using LINEX and GE loss functions) are better than the ML, UWLS and WLS estimates via the 

MMSEs and MRABs. For all 0ν < , it can be also observed that the Bayes estimates using LINEX loss 

function are better than those using GE loss function via the MMSEs and MRABs. It can be also observed 

that the WLS estimates are better than the UWLS estimates via the MMSEs and MRABs. By increasing 

the sample size n , we have observed that the MLEs are better than the UWLS and WLS estimates via the 

MMSEs and MRABs.  

 From Tables 4 - 5 the following points can be observed:  

1. For fixed values of n , by increasing m , the MSEs, RABs, MMSEs and MRABs decrease.  

2. For fixed values of m , by increasing n , the MSEs, RABs, MMSEs and MRABs decrease.  

 From Table 5 it can be observed that, for fixed values of n and m, by decreasing υ the MSEs, 

RABs, MMSEs and MRABs decrease. 

 From Table 6 the following points can be observed: 

1. The COVPs are closer to the nominal value (95%) by increasing n except in some rare cases, 

this may be due to fluctuation in the data. 

2. For fixed values of n, by increasing m, the AILs decrease. 

3. For fixed values of m, by increasing n, the AILs decrease. 

Furthermore, it should be pointed out that if the hyper-parameters are unknown, the empirical Bayes 

method to estimate them using past samples may be used, see Maritz and Lwin (1989). Alternatively, the 

hierarchical Bayes method could be used in which a suitable prior for the hyper-parameters is used, see 

Bernardo and Smith (1994). 

Remark 5.1. 

1. Another simulation study based on other population parameter values has been performed from 

which results near to the results given in this simulation study have been obtained. 

2. The integrals presented in Subsection 3.3 may be obtained using Legendre-Gauss quadrature 

formula, Canuto et al. (2006), or subroutine “qand ” in IMSL subroutines. 

3. The mathematica software and IMSL subroutines have been used in the computations. 
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6. Concluding Remarks 

In this paper, we have considered the PLD distribution, with decreasing and upside down shapes of 

failure rate, as a lifetime distribution under CR model. Two real data sets have been used to compare 

among PLD, ELD, EEPD, EEGD, EWPD and LD which have showed that the PLD is better to fit the data 

than the other five distributions. 

Among the motivations of the PLD are: 

1. It could be applied in the CR model and parallel systems. 

2. The PLD has decreasing and upside down shapes of failure rate which make it suitable to fit 

several real data. 

3. Better to fit the data than some other distributions such as ELD, EEPD, EEGD, EWPD and LD. 

Based on progressive type-II censoring, we have discussed five estimation methods to estimate the 

parameters α, β and γ. The methods that have been discussed are ML, UWLS, WLS and Bayes (using 

LINEX and GE loss functions) estimations. The performance of these methods has been investigated 

through a simulation study, based on four different progressive CSs. 
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