Journal of Mathematics and Statistical Science, Volume 2016, 124-153 | Science Signpost Publishing

"Science Stays True Here" S S PU b <

Comparison of Estimation Methods for the
Parameters of Poisson-Lomax Distribution under
Progressive Type-II Censoring

Alaa H. Abdel-Hamid and Atef F. Hashem

Department of Mathematics, Faculty of Science, Beni-Suef University, Egypt.

Abstract

The Poisson-Lomax distribution, with decreasing and upside down shapes of failure rate, is considered
as a lifetime distribution. Its genesis may appear in the complementary risks model and parallel systems.
Based on progressive type-II censoring, the maximum likelihood, unweighted least squares, weighted
least squares and Bayes (using linear-exponential and general entropy loss functions) estimation
methods are considered to estimate the involved parameters. The performance of these methods is
compared through an extensive numerical simulation, based on mean squared errors and relative
absolute biases of the estimates. Two real data sets are used to compare the Poisson-Lomax distribution
with the exponentiated Lomax distribution, exponentiated Weibull Poisson distribution, exponentiated
exponential geometric distribution, exponentiated exponential Poisson distribution and Lomax
distribution which have showed that the former distribution is better to fit the data than the other five
distributions.

Keywords: Complementary risks model; Poisson-Lomax distribution; Progressive type-Il censoring;
Maximum likelihood estimation; Unweighted and weighted least squares estimations; Bayes estimation;

Simulation.

1. Introduction

Pareto (1897) proposed his distribution as a model for the distribution of income. There are different

forms of the Pareto distribution in statistical literature, which were used as models in the fields of
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insurance, business, economics, engineering, hydrology, reliability and other arcas as well, see for
example Arnold (1983), Johnson et al. (1994), Ali Mousa (2003), Nigm et al. (2003) and Raqab et al.
(2010).

Lomax (1954) suggested the use of Pareto distribution of the second kind known as Lomax
distribution (LD) as a model for business failure data. Bain and Engelhardt (1992) proposed LD as a
model for biomedical problems, such as survival time following a heart transplant. Howlader and Hossain
(2002) proposed Bayesian survival estimation of Pareto distribution of the second kind based on
failure-censored data. Soliman (2008) discussed Bayesian and maximum likelihood estimates (MLEs) for
the parameters, reliability, and hazard functions based on a general progressively type-II censored data
from LD. Cramer and Schmiedt (2011) studied competing risks model based on LD under progressive
type-II censoring.

In reliability and survival analysis, engineering, demographic, actuarial literature, econometrics,
biological or medical studies, units might fail owing to one of several risk factors. Basu and Klein (1982)
established an idea of the complementary risks (CR) model which describes the lifetime of a parallel
system. In CR model, if the risks are latent, then a difficulty arises about which factor was responsible for
the component failure and hence the lifetime associated with a particular risk can not be observed. It can
be observed only, in this case, the maximum lifetime value among all risks.

In the statistical literature, several distributions have been introduced to model lifetime data by
compounding some distributions. Adamidis and Loukas (1998) and Kus (2007) introduced the exponential
geometric and exponential Poisson distributions, respectively, which have decreasing failure rate, and
studied their properties, while Barreto-Souza and Cribari-Neto (2009) added a power parameter to the
distribution proposed by Kus (2007). Cancho et al. (2011) and Louzada et al. (2011) obtained thePoisson
exponential (PE) and the complementary exponential geometric distributions, which have increasing
failure rate, and studied their properties. Louzada et al. (2013) proposed the complementary exponentiated
exponential geometric distribution, which has a one shape and two scale parameters accommodating
increasing, decreasing and bathtub failure rates and discussed their properties. Based on the CR model,
Mahmoudi and Sepahdar (2013) proposed a four-parameter distribution, which has an increasing,
decreasing, bathtub-shaped and unimodal failure rates known as the exponentiated Weibull Poisson
distribution (EWPD). Tomazella et al. (2013) considered a Bayesian reference analysis for the PE
distribution following the technique presented in Cancho et al. (2011). Singh et al. (2014) considered the

estimation problem of the parameters of PE distribution using maximum likelihood (ML) and Bayes
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procedures. Rezaeia et al. (2013) and Risti¢ and Nadarajah (2014) proposed the exponentiated exponential
geometric distribution (EEGD) and exponentiated exponential Poisson distribution (EEPD), respectively,
which have decreasing, increasing and upside-down bathtub failure rates. AL-Zahrani and Sagor (2014)
considered the Poisson-Lomax distribution (PLD) and studied its properties.

In medical or industrial applications, censoring usually applies when the experimenter is unable to
get total information on lifetimes for each unit or reducing the total test time and the associated cost.
Type-I and type-II are two commonly used censoring schemes (CSs), see for example, Mann et al. (1974),
Meeker and Escobar (1998) and Lawless (2003). These types of censoring cannot allow the experimenter
to remove units from a life test at various stages during the experiment. The experimenter can overcome
this problem by using progressive type-II censoring which is considered to be a generalization of type-II
censoring. It allows the experimenter to remove units from a life test at various stages during the
experiment, see Balakrishnan and Aggarwala (2000).

In this paper, we consider the PLD, with decreasing and upside down shapes of failure rate, as a
lifetime distribution under CR model. Five estimation methods for the parameters, based on progressive
type-Il censoring, are discussed and compared through a simulation study. we compare among PLD,
exponentiated Lomax distribution (ELD), EEPD, EEGD, EWPD and LD based on two real data sets.

The rest of the paper is organized as follows: Section 2, presents the PLD. Some estimation methods
are discussed in Section 3. Applications of PLD to two real data sets are given in Section 4. Simulation

study followed by conclusions are presented in Sections 5 and 6, respectively.

2. Formulation of PLLD under CR Model

Following AL-Zahrani and Sagor (2014), the PLD can be derived as follows: Assume that K is a
random variable, with realization k, denoting the number of CR associated with the occurrence of a
given event. If K has a zero truncated Poisson distribution, then its probability mass function (PMF) is

given by

ake™®

PE=0 ==y

k=12,....(a>0). 2.1)

Suppose that X, X,,..., X, denote the failure times due to k¥ CR and X,, i=1,...,k has LD

with probability density function (PDF) and cumulative distribution function (CDF) given, respectively,
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fX<x;ﬂ,y>=%<1+%)‘<”", x>0, (B,7>0), (2.2)

Fy(x;B8,7) =1—(1+%J_ , (2.3)

where S and y are scale and shape parameters, respectively.

Since only the largest of X, X,,..., X, is usually observed for CR, then we write

Z =max{X,X,,...., X},

to denote the overall failure time of a test unit. Then the PDF and CDF of Z can be derived as follows:

The conditional density function of Z, given K =k, is given by

. k]/ - e - =(r+1)
z|k)=k[F,(z (@)= 1-|1+— 1+— .
f(zk) [()]f()ﬁ[ (+ﬂj}(+ﬁ)

The marginal PDF of Z is given by the countable mixture

1= fI WP =k)

k-l
0 e o |a=(145)0)]
- ﬁ(nij € — (2.4)
p p 1-e“ 3 (k-1)!
() -afi+5)”
SYLIP LA I —
yij yij l-e“
Therefore, the CDF of Z is given by
z e_am%)_y —e™
F(2)=| f(n)dy= - (25)
0 I-e

The survival function (SF) and hazard rate function (HRF) of PLD with CDF (2.5) are given,
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respectively, by

l—eiamﬁ)?y
S(z)= — R (2.6)
|
—(7+D)
1+£
h(z) = ra(1+5) 2.7)

ety
Remark 1. If a — 0, then CDF (2.5) of PLD is reduced to traditional CDF (2.3) of LD.
PDF (2.4) and HRF (2.7) of PLD are plotted in Figure 1 for different values of «,f and y. It can
be noticed from this figure that the PDFs and HRFs are decreasing and unimodal. Table 1 displays the

mean, median, mode and variance of PLD for different values of o, and y.

From Table 1, it can be noticed that:

1. For fixed values of # and y, by increasing « , the mean, median, mode and variance

increase.

2. For fixed values of « and y, by increasing f, the mean, median, mode and variance

increase.

3. For fixed values of o and /@, by increasing y, the mean, median, mode and variance

decrease.
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Figure 1. Left (Right) panel: PDF (HRF) of PLD for different values of &, and y.
Table 1. The mean, median, mode and variance of PLD for different values of @, and ¥ .
£=0.5 p=2.0
a=1.0 a=5.0 a=10.0 a=1.0 a=5.0 a=10.0
mean 0.4456 0.9239 1.3704 1.7823 3.6959 5.4816
55 median 0.2364 0.6064 0.9543 0.9456 2.4257 3.8172
V=4
mode 0.0000 0.3320 0.5978 0.0000 1.3279 2.3912
variance 0.8264 2.1584 3.7435 13.2230 34.5350 59.8956
mean 0.1617 0.3053 0.4226 0.6469 1.2213 1.6904
50 median 0.1068 0.2438 0.3527 0.4272 0.9751 1.4109
y=>.
mode 0.0000 0.1652 0.2641 0.0000 0.6607 1.0563
variance 0.0349 0.0634 0.0840 0.5585 1.0143 1.3439
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3. Estimation Methods

In this section, based on progressive type-II censoring, we consider five estimation methods to

estimate the parameters «, f and y. The methods are ML, unweighted least squares (UWLS),
weighted least squares (WLS) and Bayes (using linear-exponential (LINEX) and general entropy (GE)
loss functions) estimations.

Progressive type-1I censoring can be applied as follows: Suppose that m (< n)and R, R,, ...,

R~ are fixed before the experiment. R, surviving units are randomly removed from the test when the

first failure time occurs and R, surviving units are randomly removed from the test when the second

failure time occurs. The test continues in the same manner until the m -th failure at which all the

.. .. . m—1
remaining surviving units R, = n — m -— ZH R, are removed from the test, thereby

terminating the life test. The data from progressively type-II censored samples are as follows: (z,.,,,;

R), ..., (2, R,) wWhere z < ...< z, = denote the m ordered observed failure times and

mn

R, ..., R, denote the number of units removed from the experiment at failure times z,, ., ..., z

m:m:n *

1. Maximum Likelihood Estimation

The likelihood function under progressive type-II censoring from the PLD with PDF (2.4) and CDF
(2.5) is given by

L@« fN-FE), G.1)

where z =(z,...,z,),z, =z

i=1...m and =0, =a,0,=p.0,=7).

iim:n?

Based on Equations (2.4) and (2.5), the log-likelihood function takes the form

£=log[L(6;2)] ocmlog[%}_(y+l)i log {“—%}_ag (1_'_%)

i=1
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m+iRl}log[1—e"“}+iR[ log

i=l1 i=l1

1— e—a(1+%)_y

(3.2)

The MLEs @, » ﬁ ., and 7w, of a, f and y could be obtained by solving the likelihood

. 0 . . . .
equations, oL =0, i=1,2,3, with respect to 6, . These MLEs can not be obtained in closed forms and

1

hence a numerical iteration method for the likelihood equations should be used.

The local Fisher information matrix, I, for (&, IB ML,Q?ML) is the 3x3 symmetric matrix of

negative second partial derivatives of £ with respectto «, £ and y, see Nelson (1990). So that 1 is

given by

2 A
I=- a£ ’ i’j:1’2937
89iac9j 3x3

where 8=(0,=a,0,=f,0,=y) and the caret " indicates that the derivative is calculated at

(& s I@ >V ) - The elements of the matrix I can be easily obtained.
The inverse of I is the local estimate V of the asymptotic variance-covariance matrix of

(&, 3,7). That is

V=1 =[cov[9i,9j)] . i j=123. (3.3)

3%3

Following the general asymptotic theory of MLEs, the sampling distribution of

dML_a IBML_ﬂ and ?ML_j/

Jvar(@ ) ’ Jvar(ﬂAML) yvar(y,,) ’

can be approximated by a standard normal distribution which is useful in constructing confidence intervals

(ClIs) for the unknown parameters.

A two-sided (1-7)100% normal approximation CIs for the parameters «, f and y can then

be constructed as
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Atz var(@), Bon T2y Var(ﬁML) and y,*tz, v var(y,, ),
where z_, is the value of a standard normal random variable leaving an area 7/2 to the right and

Jvar(@u) . fvar(j3,,) and \/var(7,,) canbe obtained from (3.3).

2. Unweighted and Weighted Least Squares Estimations

The UWLS estimates gy » ﬁUW and 7., of a, f and y can be obtained by minimizing

the following quantity with respectto o, f and y.

2

\PIE‘PI(Q;Z)Ii log —log{l—W} ~log[ ~log[1-F(z)]] |,

i=1
where 1/‘7\' (z;) isthe empirical CDF which can be written as, see Meeker and Escobar (1998),
F(zi)zl—lj:!(l—pj), i=1,...,m,

where

where Zzzz R, , isequal zeroif k> j.

. ~ A . . . oY
The UWLS estimates gy, f3,, and y,, can be obtained by solving the equations L=0,

i=1,2,3 withrespectto 6.
On the other hand the WLS estimates ¢y , ﬁ’W and ]7W of o, B and y can be obtained by

minimizing the following quantity with respectto «, f and y.
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2

—log [— log[1- F(z,.)]] ,

W, =,(0:2)= > W, log _1og{1_w}
i=1

where W, is the weight factor which was proposed by Faucher and Tyson (1988). It may be

approximated by:

~ ~ ~ -~ 0.025
Wiﬂjw_m l[le i1

. A N . . . oY
The WLS estimates gy, f3, and y, can be obtained by solving the equations 2=0,

i=1,2,3 withrespectto 6.

3. Bayes Estimation

Symmetric loss functions may be inappropriate in many real life situations, because they give
overestimation or underestimation of the parameters. Overestimation of the parameters can lead to more
severe or less severe consequences than underestimation,or vice versa. For example, when we estimate the
average reliable working life of the components of a spaceship or an aircraft, overestimation is usually
more serious than underestimation. Therefore, research has been directed towards asymmetric loss
functions. A number of asymmetric loss functions is introduced for use, among these, the LINEX loss
function and the GE loss function. The estimators of the parameters under the asymmetric loss function
demonstrate their superiority over the estimators obtained under symmetric loss function, see for example
Canfield (1970), Zellner (1986), Srivastava and Tanna (2001), Soliman et al. (2012) and Singh et al.
(2014).

1. Bayes estimation under LINEX loss function

Varian (1975) suggested the use of LINEX loss function to be of the form

L(5) e’ —vo—1, v#0,
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where 0 =@, —® and @, isthe LINEX estimate of ©.

The Bayes estimate of ® , based on the LINEX loss function, is given by

®BL = TIOg[E(67@ | Z)] (34)

Suppose that the prior belief of the experimenter is measured by a function 7 (a, f,7), where « is

independent of £ and ¥, so that the prior density function is given by

77(05,/8,7):771(05)”2(ﬂa7)~ (35)
Suppose that 7, () islognormal (z,0,) with density function

—1f logar — ’
2 o,

1
—e ,
o,aN2r

(o) = a>0, (—o<pu <w,0 >0). (3.6)

Let

(B, y) = (By) 7 (1), (3.6)

where 7,(f|y) islognormal(u,,y) and m,(y) islognormal(4,,0,) with respective densities,

2
—1f log - 4,
1 2 %

7 ( = e , >0, (—o<u, <wn,y>0), (3.7)
3(B17) N B Hy <0,y
2
_l(logV_/v%]
7,(7) =;e 2 72 , >0, (o<, <xo,0,>0). (3.8)
o,yN2rx

Using Equations (3.6)-(3.8), the joint prior density function (3.5) is then given by

|
m(a, B,y) < o e, (3.9)



Comparison of Estimation Methods for the Parameters of Poisson-Lomax Distribution under 135
Progressive Type-II Censoring

2 2 2
where A:% (loga_’ulj +(10gﬂ_ﬂ2j +(-log?/—ﬂ3J '

Gl 7/ 0-2

From (3.1) and (3.9) the joint posterior density function of ¢, £ and y isthen given by

(e, Boylz)=n""¢&, a, B,y >0, (3.10)

where

¢= — |
- (1+%) (%)
A >
1 e
é:_ﬁzj/l—e_a’ (311)

n:.[:jowfow¢§ dadgdy. /

From (3.4) and (3.10) the LINEX estimates of ¢, S and y are then given, respectively, by

“

o =—rtog| [} [ [ e g daapay |

IBBL - %llog :77_1.[: J.an .[: e’ pcdadp d]/:

-

Pu=—rtog|n” [ [ [T gcdadpr].

2. Bayes estimation under GE loss function

The GE loss function, proposed by Calabria and Pulcini (1994), is given by
5 Ous | Osc
L ,0) oc -vlo -1, v#0.
(©56-©) [ o j g{ o }

The Bayes estimate of ® , based on the GE loss function, is given by
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Ose = [E(®‘V)T- (3.12)

From (3.10) and (3.12) the Bayes estimates of «, f and y, based on the GE loss function, is then

given, respectively, by

oo = n [ 1, ] e dédadp dy]l,

b

NN A

P [ [ s dadpar |

<L

where ¢, & and 7 are given by (3.11).

Remark 1. In developing the Bayes estimates, we have supposed the LINEX and GE loss functions,

although some other loss functions also can be easily incorporated.

4. Applications of PLD to Two Real Data Sets

In this section, we compare among PLD, ELD, EEPD, EEGD, EWPD and LD based on two real data
sets as follows:

*  The first data set:
The data set corresponds to the amount of annual rainfall (in inches) during February
recorded at Los Angeles Civic Center from 1965 to 2006. The data set is 0.23, 1.51, 0.11,
0.49, 8.03, 2.58, 0.67, 0.13, 7.89, 0.14, 3.54, 3.71, 0.17, 8.91, 3.06, 12.75, 1.48, 0.70, 4.37,
0.00, 2.84, 6.10, 1.22, 1.72, 1.90, 3.12, 4.13, 7.96, 6.61, 3.21, 1.30, 4.94, 0.08, 13.68, 0.56,
5.54, 8.87,0.29, 4.64, 4.89, 11.02, 2.37. Madi and Ragab (2007) and Raqab et al. (2010) used
the amount of annual rainfall (in inches) recorded at Los Angeles Civic Center as real data.

*  The second data set:
We consider the data set consisting of thirty successive values of March precipitation (in
inches) in Minneapolis/St Paul given in Hinkley (1977). The data set is 0.77, 1.74, 0.81, 1.20,
1.95, 1.20, 0.47, 1.43, 3.37, 2.20, 3.00, 3.09, 1.51, 2.10, 0.52, 1.62, 1.31, 0.32, 0.59, 0.81,
2.81, 1.87, 1.18, 1.35, 4.75, 2.48, 0.96, 1.89, 0.90, 2.05. This data set is also studied by
Barreto-Souza and Cribari-Neto (2009).
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For the first and second data sets, we compare the PLD with ELD, EEPD, EEGD, EWPD and LD
through Kolmogorov-Smirnov (K-S) statistic, P-value, Akaike information criterion (AIC), consistent AIC

(CAIC) and Bayesian information criterion (BIC), where

AIC=2b-2£(), CAIC= % —2£(Q),  BIC =blog[m]-2£(Q),

where Q is the MLE of Q , £ (f)) is the log-likelihood function calculated at Q , b is the number

of parameters and m 1is the sample size. The results are listed in Table 2 in which we can notice that the
PLD fits the given two data sets better than the ELD, EEPD, EEGD, EWPD and LD. This is done
graphically by plotting the empirical CDF against the CDF of PLD, ELD, EEPD, EEGD, EWPD and LD,
see Figure 2.

The mean, median, mode and variance of PLD for MLEs of the parameters are presented in Table 3.

The graphs of PDF and HRF of PLD for the first and second data sets are drawn in Figures 3 and 4.

Table 2. The MLEs, K-S statistic, P-value, AIC, CAIC and BIC.

The first data set
Model o B ~ 0 K-S P-value AIC CAIC BIC
PLD 0.752335  4.253500 2.256430 — — —— | 0.100529 0.78968 204.741  205.373  209.954
ELD ———— 1.504270 0.891119 1.000690 | 0.127507 0.50194 212,563 213.195 217.776
EEPD 0.117117 0.185625 — — ——  0.098868 | 0.624513 1.42 x 107 | 281.273 281.004 286.486
EEGD | 0472062 0.624496 — — —— 0.771739 | 0.443312 1.352 x 1077 | 271.888 272.520 277.101
EWPD | 14.14710 1.456770 0.314837 0.281442 | 0.284897 0.00219 215.596  216.228 220.809
LD ————  0.835917 0.687723 ———— | 0.151948 0.28672 215.498 215.806 218.973
The second data set
Model e Jé; ¥ ] K-S P-value AIC CAIC BIC
PLD 5.62753 10.8902  16.44600 — — —— | 0.058916 0.99994 82.9254  83.8485 87.1290
ELD - —— 0.31152 0.995958 3.788156 0.253782 0.04195 102.997  103.921 107.201
EEPD 5.24382 0.06407 - ——— 0.67426 0.328372 0.00310 117.518 118.441 121.722
EEGD 0.34749 0.78001 - — —— 1.90417 0.151056 0.50032 87.7h45  88.6776 91.9581
EWPD | 2.65188 1.28692  0.944423  1.91978 | 0.11057 0.85674 83.8742 84.7973 88.0778
LD - —— 0.83592 0.859654 — — —— | 0.262857 0.03167 117.137  117.581  119.939
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Figure 2. Left (Right) panel: Empirical CDF against CDF of PLD, ELD, EEPD, EEGD, EWPD and LD for the first
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Table 3. The mean, median, mode and variance of PLD.

mean

median

mode

variance

The first data set

4.25595

2.07423

0.0000

139.657

The second data set

1.68412

1.48278

1.16293

1.05093
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Figure 3. PDF and HRF of PLD of the first data set.
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Figure 4. PDF and HRF of PLD of the second data set.
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5. Simulation Study
In this section, the ML, UWLS, WLS and Bayes (under LINEX and GE loss functions) estimates of
the parameters o, [ and y are computed and compared via a Monte Carlo simulation study as

follows:

1 For given values of the prior parameters (4, i,, M, O,, O,), generate values for the

parameters (a, [, y), using Equations (3.6)-(3.8), see AL-Hussaini and Abdel-Hamid

(2004) and Abdel-Hamid (2008).

2 Generate a progressively type-II censored sample of size m from PLD (2.5), according to
the algorithm given in Balakrishnan and Sandhu (1995).

3 The ML, UWLS, WLS and Bayes (using LINEX and GE loss functions) estimates of the

parameters «, f and y are computed as shown in Section 3.

4 Repeat the above steps N (=5,000) times.

A

5 If ® is an estimate of ©®, then the average estimates, mean squared error (MSE) and

relative absolute bias (RAB) of ©® overthe N samples are given, respectively, by

=

6-1%96,
N3
MSE(®) = iz (©,-0Y,
N3
RAB(@):|®_®|.

6 Calculate the average estimates of the parameters o, f and y and their MSEs and

RABs as shown in Step 5. Calculate also the mean of the MSEs (MMSE) and mean of the
RABs (MRAB) according to the following relations:

MSE(&) + MSE(3) + MSE(7)
3 9

_ RAB(4)+RAB(3) + RAB(Y)
3 .

MMSE =

MRAB
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7  Calculate the Cls of the parameters and then calculate the average interval lengths (AILs) of

them. Calculate also the coverage probabilities (COVPs) of the parameters o, f and y.

The following four CSs are applied in the generation of the samples:

e CSI:

which means that we remove two units after each observed failure of the first #5* failures in

the sample.

e (CS2:

R =n—m, =1,

1

R =0, otherwise,

1

which means that we remove n—m units after the first observed failure in the sample.

* C8S3:
R =n—m, i= ﬂ,
2
R =0, otherwise,

which means that we remove n—m units after the middle observed failure in the sample.
e CS4:
R =n—m, i=m,

R =0, otherwise,

1
which means that we remove 7 —m units after the last observed failure in the sample.

It may be observed that CS4 is equivalent to traditional type-II censoring.

The values of m have been taken to represent 60% , 80% and 100% of the sample size through the

simulation study.

The prior parameters £ =0.851, u, =-3.821, ©,=0.512, 0,=1.232 and o, =0.901 are

considered to generate population parameter values a =5.0, f=0.5 and y =2.5 using (3.6)-(3.8).

The computational results are presented in Tables 4 - 6. Table 4 displays the ML, UWLS and WLS
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estimates of &, £ and y with their MSEs, RABs, MMSE and MRAB, based on 5,000 simulations,

for different values of sample sizes n progressively censored according to four CSs. While Table 5

displays the Bayes estimates of «, f and y with their MSEs and RABs. The AILs and COVPs of the

parameters «, [ and y are displayed in Table 6.
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Table 6. The AILs and COVPs (in %) of 95% ClIs based on 5,000 simulations. Population parameter values are
0=5.0,=0.5and y=2.5.

ATL(a) COVP(a) AlL(a) COVP(a)
AIL(5) COVP(B) AIL(3) COVP(3)
n m | CS | AIL(y) COVP(y) n m | CS | AIL(y) COVP(y)
50 30 1 | 21.7507 99.82 200 | 120 | 1 5.0180 096.74
10.4198 92.04 1.3816 92.48
19.4330 95.18 3.4864 094.74
2 14.2456 99.76 2 6.2181 97.00
4.3977 93.20 1.5873 93.22
10.4918 96.02 3.8213 05.56
3 14588 09.88 3 6.4560 96.74
5.0039 93.36 1.9936 92.94
12.5146 05.08 5.1787 05.28
4 19.1301 09.98 4 | 10.0402 99.80
8.5262 93.00 5.2211 01.36
25.129 94.76 15.2101 93.12
40 1 13.9177 99.36 160 | 1 47277 96.44
3.6707 02.82 1.1857 03.08
0.3560 95.91 2.8138 95.17
2 14.1188 99.48 2 4.9623 96.5
3.9328 03.47 1.2204 02.01
0.8096 96.05 2.8655 95.27
3 13.1804 00.57 3 5.0704 96.63
4.7863 93.42 1.4078 93.58
11.1822 95.77 3.4432 95.51
1 16.1841 00.97 1 6.1000 0852
6.1030 93.51 2.3255 91.82
16.1849 05.12 0.2276 04.18
50 | — | 10.9213 99.03 200 | — | 4.4847 96.50
2.7108 93.79 1.0214 93.48
6.9397 96.37 2.3667 05.25
100 60 1 10.3797 98.62 400 | 240 1 3.4978 95.92
3.0817 92.02 0.8975 93.60
7.9613 05.12 2.1757 05.60
2 11.2446 08.68 2 4.3833 96.18
3.2731 92.30 1.0435 03.32
8.0826 95.62 2.4188 95.34
3 8.8418 OB.82 3 3.2085 96.08
2.8254 92.40 0.8604 03.64
7.7228 95.48 2.1987 95.62
1 14.7265 00.96 1 5.7666 98.50
6.9757 01.48 2.8757 92.24
20.3918 93.34 8.3788 94.02
80 1 8.4715 08.01 320 | 1 3.2479 05.66
2.2096 91.81 0.7365 93.74
5.5625 95.17 1.7363 95.02
2 7.8055 97.80 2 3.2287 05.56
2.0419 92.18 0.7094 94.38
5.1599 95.20 1.6546 95.04
3 83141 0812 3 3.2707 05.68
2.3040 92.19 0.8114 94.30
5.9926 05.16 1.9703 05.38
1 0.4746 99.74 1 3.4465 96.06
3.5346 92.15 1.1192 93.30
0.6164 94.51 2.0045 04.80
100 | — 8.2206 97.32 400 | — 3.1586 95.90
2.1143 92.00 0.6814 04.62
5.0834 04.82 1.5879 05.62
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1. Numerical Results

From the numerical results carried out via simulation studies, it can be observed that the Bayes
estimates (using LINEX and GE loss functions) are better than the ML, UWLS and WLS estimates via the
MMSEs and MRABs. For all v <0, it can be also observed that the Bayes estimates using LINEX loss
function are better than those using GE loss function via the MMSEs and MRABs. It can be also observed
that the WLS estimates are better than the UWLS estimates via the MMSEs and MRABs. By increasing
the sample size n, we have observed that the MLEs are better than the UWLS and WLS estimates via the
MMSEs and MRARBEs.

*  From Tables 4 - 5 the following points can be observed:

1. For fixed values of 7, by increasing m , the MSEs, RABs, MMSEs and MRABs decrease.

2. For fixed values of m , by increasing #, the MSEs, RABs, MMSEs and MRABs decrease.

*  From Table 5 it can be observed that, for fixed values of n and m, by decreasing v the MSEs,
RABs, MMSEs and MRABs decrease.

*  From Table 6 the following points can be observed:

1. The COVPs are closer to the nominal value (95%) by increasing n except in some rare cases,
this may be due to fluctuation in the data.

2. For fixed values of n, by increasing m, the AILs decrease.

3. For fixed values of m, by increasing n, the AILs decrease.

Furthermore, it should be pointed out that if the hyper-parameters are unknown, the empirical Bayes
method to estimate them using past samples may be used, see Maritz and Lwin (1989). Alternatively, the
hierarchical Bayes method could be used in which a suitable prior for the hyper-parameters is used, see
Bernardo and Smith (1994).

Remark 5.1.

1. Another simulation study based on other population parameter values has been performed from
which results near to the results given in this simulation study have been obtained.

2. The integrals presented in Subsection 3.3 may be obtained using Legendre-Gauss quadrature
formula, Canuto et al. (2006), or subroutine “qand ” in IMSL subroutines.

3. The mathematica software and IMSL subroutines have been used in the computations.
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6. Concluding Remarks

In this paper, we have considered the PLD distribution, with decreasing and upside down shapes of
failure rate, as a lifetime distribution under CR model. Two real data sets have been used to compare
among PLD, ELD, EEPD, EEGD, EWPD and LD which have showed that the PLD is better to fit the data
than the other five distributions.

Among the motivations of the PLD are:

1. It could be applied in the CR model and parallel systems.

2. The PLD has decreasing and upside down shapes of failure rate which make it suitable to fit

several real data.

3. Better to fit the data than some other distributions such as ELD, EEPD, EEGD, EWPD and LD.

Based on progressive type-II censoring, we have discussed five estimation methods to estimate the
parameters o, f and y. The methods that have been discussed are ML, UWLS, WLS and Bayes (using
LINEX and GE loss functions) estimations. The performance of these methods has been investigated

through a simulation study, based on four different progressive CSs.
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