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Abstract
In this paper, we obtain the necessary and sufficient optimality conditions for elliptic control problem
with pointwise control constraints generated by elliptic operators infinite order with finite dimensional
and discussion of pointwise optimality conditions.
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1. Introduction

In Dubunski [1, 2, 3] studied the Cauchy Dirichlet problem

Lu)=> (-1)“D“4,(x,D’u)=h(x), xeG
la|=0 )
D”u|,.=0, |lw|=0,1,2,-

infinite order Sobolev spaces

wia,, p, = u(x) € C7(G): p(u) = i 1D ul[}: < o0}

let=0
where a, >0 and p, >1 are numerical sequences and established of w”{a,,p,} and boundary

value problem (1) is investigated where G < R" .
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Gali et al. [10] presented a set of inequalities defining on optimal control of a system governed by
self-adjoint elliptic operators with an infinite number of variables.
Subsequently Lions suggested a problem related to this result but in different direction by taking the
case of operators of infinite order with finite dimensions.
Gali has solved this problem, the result has been published in [8]. I. M. Gali and S.-A. El-Saify and S.
A. El-Zahaby [10,11,12] presented some control problems generated by both elliptic and hyperbolic linear
operator of infinite order with finite number of variables.
El-Zahaby et al [4,5,6,7] obtained the optimal control of problems governed by variational
inequalities of infinite order with bounded domain.
In this paper, we study an optimal control problem governed by a linear elliptic equation of infinite
order operator with finite dimension.
Bounded constraints on the control are included in the formulation of the problem. The aim is to
derive the necessary and sufficient first order conditions for optimality.
The paper is structured as follows:
e In section Two, introduce for functional spaces of infinite order with finite dimension.
e In section Three, we define the elliptic control problem generated by elliptic operator of
infinite order with constraints on the control.
e In section Four, we derive the first order necessary conditions.

e In section Five, Discussion of point wise optimality conditions.

2. Some Functional Spaces [1-3]

The object of this section is to give the definition of some function spaces of infinite order and the

chains of the constructed spaces which will be used later.

We define the Sobolev space W™ {a,,2} which shall denoted by W*{a,,2} of infinite order of

periodic functions @(x) defined on all boundary I' of R", n>1, as follows

W*4a,,2} ={peC”(R"): Y. a,|D*p|; <}

=0
where @, >0 is a numerical sequence and ||-||, is the canonical norm with space L’(R") all

functions are assumed to be the real valued on
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alal
oM ox - (0x )

. o« . . . . n
where a =(a,,a,,"-,a,) isamulti-index for differentiation |a|= ) e
i

The space W *{a,,2} is defined as the formal conjugate space W*{a,,2}, namely:

W (a,.2) = () 1w (x) = Y a, D, (x))

lal=0

where

y,el(R) and Y ally, ()|} <o

lal=0

the duality paining of the space W™”{a,,2} and W "{a,,2} is postulated by the formula

(0= a,[, v, (IDP(x) dx

la|=0

where

peW={a,,2}, veW{a,,2}
From above, W”{a,,2} is everywhere dense in L’(R") with topological inclusions and
W{a,,2} dense the topological dual space with respectto L’(R"), so we have the following chain

W*ia,,2} c '(R" YW “{a,,2}
Analogous to the above chain we have

W la,, 2y c (RS W, " {a,,2}

where W;"{a,,2} is the set of all function of W™{a,,2} which vanish on the boundary I" of R",

1e.,

0

Wy {a,. 20 ={p(x) e CT (R):1¢I" = D a,ID“d; <on,

|a|=0

D"¢|.=0,|w=0,1,--}

Let us consider the elliptic operator of infinite order with finite dimension [§]
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Ay=> (-1)“a,D*y a,>0. )

=0
This operator is bounded self-adjoint elliptic operator mapping W,"{a,,2} onto W, "{a,,2}.

We introduce a continuous bilinear form on W;"{a,,2}
7(y.9) =(4y,9)
S _ 1\l 2a
> (D0, D% y(x), ¢(0)) , s @0 20

la|=0

= > ((=D"a, D y(x),4(x))

=1

8

g, 5

I*(R"

R

where ¢(x) isareal valued function from L,(R") suchthat g(x)>v, 12v>0.

The ellipticity of A is sufficient from the coerciveness of 7(u,v) on W”{a,,2}, see [8]
2
)2Vl . ()

3. Optimal Control Problems for Infinite Order Type Equation

3.1 Problem statement

Assumption 1:

Let Qc RY be a bounded domain in R" with Lipschtiz continuous boundary and suppose that
A20, z,e}(Q), BelL”(Q) for almost all xeT', u,u, € '(Q) with u, (x)<u,(x) faa.

xel Here Q=F.

We consider the problem

minJ(y,u) 1=%|[V_Zd”iz(g) +%HMH;(Q) @
Subject to
Ay = Bu in Q
Y =0 onT, |w|=0,1,2,---on T ©
and

u, (x) <u(x) <u,(x) faa xeQ (6)
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where A denotes an elliptic operator of infinite order having the form (2).
The function u denotes the control in the space U = L*(Q) and y(u) is the solution (state of the

function) associated to the control .

Let us introduce the set of admissible control by

U,=uel’(Q):u,(x) <u(x)<u,(x) faa xeQ

Note that U,, U is non-empty, convex and bounded in L’ ().
The following theorem follows from the Lax-Milgram Lemma and for a proof we refers to [13,14].

Theorem 3.1. With Assumption 1 holding there exist a unique weak solution 'y e W*{a,,2} to (5),

forevery ueL*(Q) ie.

S [ (D PED @ ds+ [ g(0)p()p(x)d
lal=1
= jQ Pupdx  for all pe W*{a,,2}

Furthermore

il 2y < Clll g )

for a constant C depending on [ € L”(Q).

The unique solution y to (5) is called the state associated with u. We define the state space

Y=W={a,,2} andwe write y = y(u) toemphasize the dependence u .

Definition 3.2. An element # €U, is called optimal control and y = y(u) the associated

optimal state provided

J(y,u) <J(y(u),u) forall ueU, (8)

The solution operator G : L*(Q) —W*{a,,2}, u—> y(u) is well-defined by theorem 1. We call

G the control-to-state mapping.

Notice that G is linear and continuous. The continuity follow from (7).

Remark 3.3. The space W™{a,,2} and therefore W, {a,,2} cW™{a,,2} is continuously
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embedded into L, (€2) . In particular
|l‘y||L2(Q) S H)}HWI {a,,2} S CHMHLZ(Q)

for y=Gu and ue *(Q). Hence, we consider G as a mapping from L*(Q) to L*(Q). More
precisely, we define the solution operator

S=E,G:L(Q)— L (Q)
where

E,:W*a,,2} > L(Q)
denotes the canonical embedding operator. The advantage of the operator S is that its adjoint S* is

also defined on L*(Q) and we have operator S is that its adjoint S* is also defined on L*(Q) and

we have
(St1,0) 2y = U S°P) .y, for all g L(Q)

3.2 Existence of Optimal Control

For proving the existence of optimal controls, we transformed the control problems under
investigation into reduced quadratic optimization problem in term of u , namely
min f(u) :=J(Su,u)
uel
©

2

1
=E||Su _Zd”LZ(Q) +EH”||§2(Q)

Theorem 34. Let U, 6 cU :Lz(Q) be nonempty, bounded, closed and convex set and

z, e (Q), A>0. The mapping S is assumed to be linear and continuous operator. Then there

exists an optimal control u satisfy

. 1 ) A 5
min £ () = =2, s g, + 510 (10)

If >0 holdorif S isinjective, then u is uniquely determined.

Proof. Since f(u#) >0 holds, the infimum
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j=1nf f(u)

uel,,

exists. By assumption U, # ¢ . Thus there is a minimizing sequence {u,}, _, satisfying
lim f(u,)=j.
n—®
The set U, is bounded and closed (but in general not compact). From the convexity of U, , we
infer that that U, is weakly sequentially compact. Thus, there exists subsequence {u,, },., of

{u,},.y converges weakly toan element # €U, thatis

u, —u for k— oo

Since § is continuous, f is also continuous. From the convexity of f we find that f is
weakly lower semicontinuous consequently,
f(@) < liminf f(u,) = j
—0©
Recall that j is the infimum of all function f(u), ueU,,.From uelU, wehave f(u)=].

Thus f(u)=j and u isan optimal control for (10).
Note that
f"w)=8"S+A1:U >U

is hessian of f where

S L(Q) - Q)
is the adjoint operator of S
S:(Q)— L (Q)
satisfying
(Su,h)=w,S*h) for all (u,h)eUxU

Notice that
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" _ *
(f"(u)v, v)LZ(Q) =(S"Sv+Av,v)
=[|SvIP+A[vIP

Q)

If 1>0 then
(f"(u)v,v)>0 forall veU\{0}.

On the other hand we have that S injective. Then ||Sv||i2(Q) >0 for all veU|{0}. Thus, we

have in both cases that f"(u) is positive operator. This implies that f is strictly convex and there

exists a unique optimal control.

4. Optimality Condition

We derive first order necessary optimality condition. Let U be a real Banach space,
UcU=L(Q) be open, CclU be convex and f:U - R a function which is Gateaux
differentiable in I/ . Suppose that # € C is a solution to

rllt’lElCl:lf(u)_EH u_ZdHLZ(Q)—l—EHuHLZ(Q)' ( )

Then the following variational inequality holds
f'@)u—-u)>0 for all ueC (12)

If ueC solves(12)and f isconvex,then u isasolutionto (11)[13].

Theorem 4.1. Let U, cU =L*(Q) be nonempty, convex and z,€L’(Q), A>0 be given.

Furthermore assume that S € L(L*(Q), [’ (Q)). Then u €U, solve (11) if the variational inequality

(S"(Su—z,)+ Au,u—u) >0 forall ueU, (13)

Q)

holds.

Proof. The gradient of f is given by

f'@)=8"(Su—z,)+Au
then from (12) we have (13).

The variational inequality (13) can be expressed as
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Su —z,,Su—Su) + AU, u—u) >0 forall uelU,

2(Q) Q)

Definition 4.2. The weak solution p e W;"{a,,2} ofthe adjoint or dual equation

Ap=y-z, in Q

14
P"|.=0 on I 1

with ¥ = Sit is called the associated adjoint or dual state, let z, € L’(€2) . Furthermore,
yeWi{a,,2} — L(Q).

Thus z, -y belong to L’(Q). By Lax-Miligrum there exist a unique state p eW,"{a,,2}

satisfying (14). Let » be the weak solution to problem (5).

Now, choosing p as is the weak formula of (5) we obtain

S [ a, (D PEND" p)) ds+ [ gy p(x) de = [ Bup(x) .

=1

On the other hand, For p we obtain the test function y € W;"{a,,2} that
> [ a, (D PYD Y)) di+ [ g)p)y(x) dv=[ (F-z,)y dx.
lel=1
Since the left-hand sides are equal the assertion immediately follows and we find that
S (ST-2,)=S (F-2,) = Bp.
Substitute in (13) we obtain
(Bp+An,u—u)=0 VYueU,. (15)

Theorem 4.3. Suppose that u is an optimal control for the problem (4)-(6) and let y denote the
associated state. Then the adjoint equation (14) has a unique weak solution p that satisfies the

variational inequality
IQ (Bx)p(x)+Au(x))(u(x)-u(x)) dx=0 V wuelU, (16)

Conversely any control # €U, which, together with its associated state y = y(u)=Su and the

solution p to (14) satisfies the variational inequality (16) is optimal solution to (4)-(6).

Summarizing, a control u is optimal for (4)-(6) if and only if u satisfies together with y and
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p the following first-order necessary optimal system

Ay = pu Ap=y-z,
y‘w‘|1" :Oﬂ |‘/V|:051a29' o p|W\|l_ =0
ueU,

(Bp+iuy—u), (Q)ZO, forall veU ,

)

5. Discussion of Pointwise Optimality Conditions
Next, we turn to a pointwise discussion of the optimality conditions from (17) we derive
J.Q(,Bp+/15)t7 dxéjg(ﬁp+ﬂb7)u dc YueU,

hence

[ (Bp+ i)z dx= mgnjg (Bp+An)udx YueU, (18)

If (Au + P) isknown (18) is a linear programming problem.

Lemma 5.1. The variational inequality (16) holds if and only if for almost all x € Q, we have

u,(x), if  B(x)p(x)+Au(x)>0;
w(x)=1&u, (x)u,(x)], if Bx)p(x)+Ai(x)=0; (19)
u, (x), if  p(x)p(x)+ Au(x)<0.

The following pointwise variational inequality is equivalent to (19)
(Bx)p(x)+Au(x))(v-u(x))=20 V velu, (x),u,(x)] for a.e. x el (20)

Proof.
(1) First, we show that (16) implies (19). We suppose that (19) does not hold and define the

measurable sets

A, () ={x € Q: f(x) p(x) + Au(x) > 0},
A (Ww)={xeQ: B(x)p(x)+ Au(x)<0}.

Analogously, u, and u, stand for arbitrary but fixed representant the claim hold also for

any chosen representants.

By assumption (19) is not satisfied. Thus there exists a set £, < 4 (u) with positive
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measure and

u(x)>u,(x) forall xekF,
oraset £ < A (u) with positive measure and

u(x)<u,(x) forall xeFE
let the function u €U, ,

u,(x), for xek;
u(x)=4 _
u(x), for xeQlE,.

Then
IQ (B(x) p(x) + At (x))(u(x) -1 (x)) dx =
[, (BEIPC)+ AT, ()~ (x)) dx <0
Since
A+ Bp>0
and

u,(x)<u(x) on E c A (u)

Since u €U, holds, we have a contradiction to (16). The other case can be handled in

asimilar way by putting
u(x) =u,(x) on E_

and u(x)=u(x) otherwise.
(i1) Next, we show that (19) implies (20): We have
u(x)=u,(x) on A (u) ae.
Thus
v—u(x)>0  forall  velu,(x),u,(x)] for xed () ae.

Utilizing
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(Pp(x)+Au(x))(v-u(x))20 in A (u) ae.
Analogously, we derive
(Bp(x)+Au(x))(v—u(x))=20 in A (u) ae.
Clearly (20) holds on
Q\(A4,(w)v A4 (u))) a.c.
(iii)  Finally, we show that (20)- implies (16): let u €U, be chosen arbitrary we have
u(x)e [ua (x),u, (x)] faa xeQ.

Using (20) with v=u(x) we have

(Bp(x)+ (X)) (u(x)-@(x))>0 faa xeQ.
By integrating (16) follows immediately.
From (20) we deduce
(Bp(x)+ A (x)i(x) < (Bp(x)+ Ai(x))v  forall v e[u,(x),u,(x)]

From the chain for the regularization parameter A we can deduce further consequences.

Case 1: A =0.using (19) we find

o Ju(x), if o B(x)p(x)>0;
u(x) = w(x), if  Bx)px)<O0.

If f(x)p(x)=0 holds, we do not get any information for #(x) . In this case

L(X)p(x)=0 f.a.a xeQ
we have
u(x)=u,(x) or u(x)=u(x) faa xeQ

In this case we have a so-called bang-bang control.

Case 2: A >0, we derive from (19) that
_ -1
u(x)= 7(/3(X)P(x))

holds if

ey
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B(x)p(x)+ Au(x) =0.

This leads to the following theorem.

Theorem 5.2. Let A >0. Then u is a solution to (4) if and only if

u(x)= }Eua ()it ()] (_71 ﬁ(x)p(x)j

where fia yp @< b, is the projection of R on [a,b] given by

[1].

(2].

[3].

[4].

[3].

[6].

ffa’ it = min(b, max(a,u))

Case 4>0 and U, = L*(Q) (no control constraints). From (16) or (21) it follows directly

1

u=-—pp. 22
) Bp (22)
This we obtain the following optimality system
1
Ay:_zﬂ D, Apzy—Zd
y|W‘|l_ =0’ |W|=O,1’2’. .. p\W‘ |]_ :0 |W’=0,1,2,' ..

Which is a coupled system of two elliptic equations. If p is computed, # is given by (22).
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